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Preface 


This is a set of exercises and problems for a (more or less) standard beginning calculus sequence. 
While a fair number of the erercises involve only routine computations, many of the exercises and 
most of the problems are meant to illuminate points that in my experience students have found 
confusing. 

Virtually all of the exercises have fill-in-the-blank type answers. Often an exercise will end 


T 
...8o the answer is a\/3 + — where a = and b = .” One 


74 


with something like, 


advantage of this type of answer is that it makes it possible to provide students with feedback on a 
substantial number of homework exercises without a huge investment of time. More importantly, 
it gives students a way of checking their work without giving them the answers. When a student 
works through the exercise and comes up with an answer that doesn’t look anything like a/3 + _ 


he/she has been given an obvious invitation to check his/her work. 

The major drawback of this type of answer is that it does nothing to promote good communi- 
cation skills, a matter which in my opinion is of great importance even in beginning courses. That 
is what the problems are for. They require logically thought through, clearly organized, and clearly 
written up reports. In my own classes I usually assign problems for group work outside of class. 
This serves the dual purposes of reducing the burden of grading and getting students involved in 
the material through discussion and collaborative work. 

This collection is divided into parts and chapters roughly by topic. Many chapters begin with 
a “background” section. This is most emphatically not intended to serve as an exposition of the 
relevant material. It is designed only to fix notation, definitions, and conventions (which vary 
widely from text to text) and to clarify what topics one should have studied before tackling the 
exercises and problems that follow. 

The flood of elementary calculus texts published in the past half century shows, if nothing else, 
that the topics discussed in a beginning calculus course can be covered in virtually any order. The 
divisions into chapters in these notes, the order of the chapters, and the order of items within a 
chapter is in no way intended to reflect opinions I have about the way in which (or even if) calculus 
should be taught. For the convenience of those who might wish to make use of these notes I have 
simply chosen what seems to me one fairly common ordering of topics. Neither the exercises nor the 
problems are ordered by difficulty. Utterly trivial problems sit alongside ones requiring substantial 
thought. 

Each chapter ends with a list of the solutions to all the odd-numbered exercises. 

The great majority of the “applications” that appear here, as in most calculus texts, are best 
regarded as jests whose purpose is to demonstrate in the very simplest ways some connections 
between physical quantities (area of a field, volume of a silo, speed of a train, etc.) and the 
mathematics one is learning. It does not make these “real world” problems. No one seriously 
imagines that some Farmer Jones is really interested in maximizing the area of his necessarily 
rectangular stream-side pasture with a fixed amount of fencing, or that your friend Sally just 
happens to notice that the train passing her is moving at 54.6 mph. To my mind genuinely 
interesting “real world” problems require, in general, way too much background to fit comfortably 
into an already overstuffed calculus course. You will find in this collection just a very few serious 
applications, problem 15 in Chapter 29, for example, where the background is either minimal or 
largely irrelevant to the solution of the problem. 
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x PREFACE 


I make no claims of originality. While I have dreamed up many of the items included here, 
there are many others which are standard calculus exercises that can be traced back, in one form or 
another, through generations of calculus texts, making any serious attempt at proper attribution 
quite futile. If anyone feels slighted, please contact me. 

There will surely be errors. I will be delighted to receive corrections, suggestions, or criticism 
at 


erdman@pdx.edu 


I have placed the the IATRX source files on my web page so that anyone who wishes can download 
the material, edit it, add to it, and use it for any noncommercial purpose. 


Part 1 


PRELIMINARY MATERIAL 


CHAPTER 1 


INEQUALITIES AND ABSOLUTE VALUES 


1.1. Background 


Topics: inequalities, absolute values. 


1.1.1. Definition. If x and a are two real numbers the DISTANCE between x and a is |x — a|. For 
most purposes in calculus it is better to think of an inequality like |x — 5| < 2 geometrically rather 
then algebraically. That is, think “The number z is within 2 units of 5,” rather than “The absolute 
value of x minus 5 is strictly less than 2.” The first formulation makes it clear that x is in the open 
interval (3, 7). 


1.1.2. Definition. Let a be a real number. A NEIGHBORHOOD of a is an open interval (c, d) 
in R which contains a. An open interval (a — 6,a +6) which is centered at a is a SYMMETRIC 
NEIGHBORHOOD (or a 6-NEIGHBORHOOD) of a. 


1.1.3. Definition. A DELETED (or PUNCTURED) NEIGHBORHOOD of a point a € R is an open 
interval around a from which a has been deleted. Thus, for example, the deleted 6-neighborhood 
about 3 would be (3 — 6,3 + 6) \ {3} or, using different notation, (3 — 6,3) U (3,34 4). 


1.1.4. Definition. A point a is an ACCUMULATION POINT of a set B C R if every deleted neigh- 
borhood of a contains at least one point of B. 


1.1.5. Notation (For Set Operations). Let A and B be subsets of a set S. Then 

(1) ce AUBifexeAorxeEB (union); 

(2) ce ANBifxeAandxeB (intersection); 

(3) ce A\BifxeAandx€¢B (set difference); and 

(4) xe ACifxeS\A (complement). 
If the set S is not specified, it is usually understood to be the set R of real numbers or, starting in 
Part 6, the set R”, Euclidean n-dimensional space. 


1. INEQUALITIES AND ABSOLUTE VALUES 


1.2. Exercises 


(1) The inequality |” — 2| < 6 can be expressed in the form a < x < b where a = 


b= 
(2) The inequality —15 < x < 7 can be expressed in the form |x — a| < b where 
a= and b = 


(3) Solve the equation |4x + 23] = |4x — 9]. Answer: 2 = 
(4) Find all numbers x which satisfy |x? + 2] = |x? — 11]. 


Answer: 7 = and x = 
1 
(5) Solve the inequality ae = . Express your answer in interval notation. 
x2+2~ 4-1 
Answer: [ ; 2s )3 
(6) Solve the equation |x — 2|? + 3|” —2|-4=0. 


Answer: xz = and « = 


(7) The inequality —4 < x < 10 can be expressed in the form |x — a| < b where a = 


p= 


(8) Sketch the graph of the equation 7 — 2 = |y — 3}. 


(9) The inequality |” + 4| < 7 can be expressed in the form a < x < b where a = 


= 


(10) Solve the inequality |3a + 7| <5. Express your answer in interval notation. 
). 


(11) Find all numbers x which satisfy |x? — 9| = |x? — 5]. 


Answer: ( ’ 


Answer: © = and x = 
fc Oar 3) 2 A es 
(12) Solve the inequality id < 5 Express your answer in interval notation. 


Answer: [ , 


(13) Solve the inequality | — 3| > 6. Express your answer in interval notation. 


Answer: ( ; ]U[ ; Ws 
; ’ x E+3 a.nd , 
(14) Solve the inequality ae: 2 i Express your answer in interval notation. 
£ oo 
Answer: ( F yeti , Vs 
1 2 
(15) In interval notation the solution set for the inequality — ss z : 3 
C= £ 
is Geer ) U [ ) 2 Ne 
4x? —¢ +19 
(16) Solve the inequality ~ i s a > 1. Express your answer in interval notation. 
i ca we £ 
Answer: ( F |; 
(17) Solve the equation 2|a + 3|? — 15|z +3] +7=0. 
Answer: 2 = A es , and x = 


2 
(18) Solve the inequality « > 1+ —. Express your answer in interval notation. 
x 


). 


Answer: | 0) Ul 


o) 


and 


and 


and 


1.3. PROBLEMS 
1.3. Problems 
(1) Let a, b € R. Show that | |a| — |b] | < ja — 0). 
(2) Let a, b€ R. Show that |ab| < $(a? + 67). 


1. INEQUALITIES AND ABSOLUTE VALUES 


1.4. Answers to Odd-Numbered Exercises 
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(11) —V7, V7 


(13) (—oo, —3] U [9, 00) 
(15) (—00, -3) U[-J,2) 
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CHAPTER 2 


LINES IN THE PLANE 


2.1. Background 


Topics: equations of lines in the plane, slope, x- and y-intercepts, parallel and perpendicular lines. 


2.1.1. Definition. Let (21,41) and (x2, y2) be points in the plane such that 7; 4 x2. The SLOPE 
of the (nonvertical straight) line ZL which passes through these points is 
We Y2— V1 
Es a 
The equation for L is 
Y— Yo = ™, (x — 20) 

where (Zo, yo) is any point lying on L. (If the line L is vertical (that is, parallel to the y-axis) it 
is common to say that it has infinite slope and write m, = co. The equation for a vertical line is 
x = £ where (Zo, yo) is any point lying on L.) 

Two nonvertical lines L and L’ are PARALLEL if their respective slopes m y, and m yz are equal. 
(Any two vertical lines are parallel.) They are PERPENDICULAR if their respective slopes are negative 


L 


reciprocals; that is, if m are (Vertical lines are always perpendicular to horizontal lines.) 
m 
L 


2. LINES IN THE PLANE 


2.2. Exercises 

(1) The equation of the line passing through the points (—7, —3) and (8,2) is ay = «+b where 
a= and b = 

(2) The equation of the perpendicular bisector of the line segment joining the points (2, —5) 
and (4,3) is ax + by +1=0 where a = and b = : 

(3) Let L be the line passing through the point (4,9) with slope 3. The z-intercept of L is 

and its y-intercept is 

(4) The equation of the line which passes through the point (4,2) and is perpendicular to the 

line x + 2y = 1 is an + by+1=0 where a = and b= : 


(5) The equation of the line which is parallel to the line x + 3y = 3 and passes through the 
point (—1,—3) is 2x + ay + b = 0 where a = and 6 = ; 


2.3. PROBLEMS 9 


2.3. Problems 


(1) The town of Plainfield is 4 miles east and 6 miles north of Burlington. Allentown is 8 


WN 


miles west and 1 mile north of Plainfield. A straight road passes through Plainfield and 
Burlington. A second straight road passes through Allentown and intersects the first road 
at a point somewhere south and west of Burlington. The angle at which the roads intersect 
is 7/4 radians. Explain how to find the location of the point of intersection and carry out 
the computation you describe. 


Prove that the line segment joining the midpoints of two sides of a triangle is half the 
length of the third side and is parallel to it. Hint. Try not to make things any more 
complicated than they need to be. A thoughtful choice of a coordinate system may be 
helpful. One possibility: orient the triangle so that one side runs along the z-axis and one 
vertex is at the origin. 
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2. LINES IN THE PLANE 


2.4. Answers to Odd-Numbered Exercises 


CHAPTER 3 


FUNCTIONS 


3.1. Background 


Topics: functions, domain, codomain, range, bounded above, bounded below, composition of 
functions. 


3.1.1. Definition. If S and T are sets we say that f is a FUNCTION from S to T if for every x 
in S there corresponds one and only one element f(x) in T. The set S is called the DOMAIN of f 
and is denoted by dom f. The set JT is called the CODOMAIN of f. The RANGE of f is the set of 
all f(x) such that x belongs to S. It is denoted by ran f. The words function, map, mapping, and 
transformation are synonymous. 

A function f: A — B is said to be real valued if B C R and is called a function of a real variable 
if ACR. 

The notation f: S ~ T: 2 +> f(x) indicates that f is a function whose domain is S, whose 
codomain is J’, and whose value at x is f(x). Thus, for example, f: R > R: x +> 2? defines the 
real valued function whose value at each real number z is given by f(a) = x”. We use dom f to 
denote the domain of f and ran f to denote its range. 


3.1.2. Definition. A function f: S — R is BOUNDED ABOVE by a number M is f(x) < M for 
every x € S, It is BOUNDED BELOW by a number K if K < f(x) for every  € S. And it is 
BOUNDED if it is bounded both above and below; that is, if there exists N > 0 such that |f(x)| < N 
for every x € S. 


3.1.3. Definition. Let f and g be real valued functions of a real variable. Define the COMPOSITE 
of g and f, denoted by go f, by 
(9° f)(@) := g( f(z) 


for all x € dom f such that f(x) € domg. The operation o is called composition. 
For problem 2, the following fact may be useful. 


3.1.4. Theorem. Every nonempty open interval in R contains both rational and irrational numbers. 
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12 3. FUNCTIONS 


3.2. Exercises 


1 
(1) Let f(x) = tT: Then: 
1+— 
1 
1+- 
x 
(a) f(3) = 
(b) The domain of f is the set of all real numbers except : , and 
(aap =9 
2) Let f(a) = ————_.. Then dom f = ; U ; : 
(2) Let f(a) = Se ‘2% Jul 
(3) Find the domain and range of the function f(a#) = 2V4— 2? — 3. 


i 


(4) Let f(a) = x? — 4x? — 112 — 190. The set of all numbers x such that 


Answer: dom f = [ , Jandranf=[__, 


Pac eee ie a, aS 
(5) Let (at) = 2 +5, o() = Ve, and h(«) = 22, Then (90 (h- (go f)))(4) = 
(6) Letra = —iTS 

eae 
1+ aes 


(a) Find f(1/2). Answer. 
(b) Find the domain of f. Answer. The domain of f is the set of all real numbers except 


, and 
Jr —4 
(7) Let f(x) = ae ees Then, in interval notation, that part of the domain of f which 
5 — /36 — x? 
is to the right of the origin is [2,a) U (a, b] where a = and b = 


(8) Let f(x) = (—a? — 7x — 10)-¥/2. 
(a) Then f(—3) = 
(b) The domain of f is(__, se 
(9) Let f(x) = 2° — 4 for all real numbers x. Then for all « 4 0 define a new function g by 


g(x) = (2x)-1(f(1+ 2) — f(1—2)). Then g(x) can be written in the form ax? + br + ¢ 
where a = ,b= ,andc= ‘ 


(10) The cost of making a widget is 75 cents. If they are sold for $1.95 each, 3000 widgets can 
be sold. For every cent the price is lowered, 60 more widgets can be sold. 


(a) If x is the price of a widget in cents, then the net profit is p(x) = ax? + br + ¢ where 
a= ,b= , and c= 


(b) The “best” price (that is, the price that maximizes profit) ist=$ __. 
(c) At this best price the profit is $ 
(11) Let f(x) = 3V25 — x? 4+ 2. Then dom f = [ |: 


(12) Find a formula exhibiting the area A of an equilateral triangle as a function of the length 
s of one of its sides. 


Answer: A(s) = 
(13) Let f(x) = 4x3 — 182? — 427433. Find the largest set S on which the function f is bounded 
above by 15 and below by —15. 


Answer: S = [ 


‘ ] and ran f = | ; 


Jul Jul ; te 


’ 
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(14) Let fe) =4/a, ga). = - > and h(x) = x”. Find (ho ((hogo f) — f))(4). 


Answer: , 
(15) Let f(z) =2+7, g(x) = Vx +2, and h(x) = x”. Find (ho ((f og) — (go f)))(7). 
Answer: 


(16) Let f(x) = /5—2, g(x) = Vx +11, A(x) = 2(2 — 1)7}, and j(x) = 42-1. 
Then (f 0 (g + (ho g)(ho j)))(5) = 


(17) Let f(x) = 27, g(x) = /9+ 2a, and h(x) = — Then (ho(fog—go f))(4) = 


(18) Let f(x) = 2”, g(x) = /9 +2, and A(z) = (x — 1)1/8. 
Then (ho ((f 0 g)(go f)))(4) = __ 


(19) Let f(0) = 2, g(a) = VF and h(x) =0+1. Then (g(f 0.9) + (ge foh))(4) = 


Ci TRG Ss ee A) =a 1s ead = = ‘ino Os 


(21) Let h(x) = eS =, and g(x) = 5 — 27. Then (go j oh)(3) = 


1 
Vr+6 
(22) Let f(z) = 27 + =, ga = = 3° and h(x) = V2x. Then (hogo f)(4) = 


(23) Let f(x) = 3(@ + 1), g(x) = . * , and h(x) = JZ. 
Then (ho (g + (ho f)))(2) = 

(24) Let f(x) = 27, g(x) = Vz +11, A(x) = 2(@ — 1)“, and j(x) = 4a — 1. 
Then (f 0 ((hog) + (ho j)))(5) = 


(25) Let f(x) = 2? —5a7+2—7. Find a function g such that (fog)(z) = 272° + 90x? + 782 —2. 
Answer: g(x) = 


(26) Let f(x) = cosa and g(x) = 2? for all 2. Write each of the following functions in terms of 
f and g. Example. If h(a) = cos? x”, then h = go fog. 


(a) If h(x) = cosz?, then h = 

(b) If h(a) = cos2*, then h= 

(c) If h(x) = cos* x?, then h = 

(d) If h(x) = ee x), then h = 
(e) If h(x) = cos?(2* + x”), then h = 


(27) Let f(z) = a g(x) = x — 2, and A(x) = sinz for all x. Write each of the following 
functions in terms of f, g, and h. Example. If k(a) = sin3(a — 2), then k = foho fog 


(a) If k(x) = sin? a, then k = 


(b) If k(x) = sinx®, then k = 
(c) If k(x) = sin(x? — 2), then k = 
(d) If k(x) = sin(sin — 2), then k = 


n(x* — 8), then k = 
n(x? — 6x7 + 127 — 8), then k = 


) If k(x) 
) If k(x) 
) If k(x) 
(e) If k(x) = sin?(sin3 (x — 2), then k = 
) If k(x) 
) If k(x) = 
) If k(x) = 


= sin? (x — 2), then k = 
sin 
sin 
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3. FUNCTIONS 


(28) Let g(x) = 3x — 2. Find a function f such that (f 0 g)(x) = 182? — 36x + 19. 
Answer: f(x) = 


(29) Let h(x) = arctan x for x > 0, g(x) = cosz, and f(x) = (1—2?)~1. Find a number p such 
that (fogoh)(x) =1+2?. Answer: p= : 


(30) Let f(x) = 3a2+52+1. Find a function g such that (f og)(x) = 324+ +623 — 42? — 7243. 


Answer: g(x) = : 
(31) Let g(x) = 22 — 1. Find a function f such that (f 0 g)(x) = 8x? — 28x? + 282 — 14. 
Answer: f(x) = 
(32) Find two solutions to the equation 


8 cos? (a(x? + Sa + 2)) + 16 cos?(m(a? + Sa + 2)) + 16 cos(r(x? + Sa + 2)) = 13. 


Answer: and 
(33) Let f(x) = (2 +4)—/?, g(x) = 2? +1, h(x) = (2 — 3)”, and j(z) = a7}. 
Then (j 0 ((g oh) — (go f)))(5) = __.. 
(34) Let g(x) = 3a — 2. Find a function f such that (f 0 g)(x) = 18x? — 362 + 19. 
Answer: f(x) = , 
(35) Let f(x) = 2? —527+a2—7. Find a function g such that (fog)(x) = 27x? + 90x? + 78a —2. 
Answer: g(x) = A 
(36) Let f(a) =a2?+1. Find a function g such that (fo g)(x) = 2+ “ ae =. 


Ww 


Answer: g(x : 
(37) Let f(x) = 2? + 3x2 +4. Find two functions g such that (f 0 g)(x) = 4x? — 6x + 4. 

Answer: g(x) = and g(x) = 
(38) Let h(x) = x! and g(x) = /x+1. Find a function f such that (fogoh)(xz) = 

gol? tAg tA Og tiF 6: 

Answer: f(x) = ‘ 
(39) Let g(x) = 2? +a —1. Find a function f such that (f 0 g)(x) = 2* + 22° — 32? — 42 + 6. 

Answer: f(x) = 
(40) Let S(x) = a? and P(a) = 2°. 

Then (So So SoSoPoP)(-1)= 
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3.3. Problems 


(1) Do there exist functions f and g defined on R such that 


f(x) + gly) = zy 


for all real numbers x and y? Explain. 


(2) Your friend Susan has become interested in functions f: R — R which preserve both the 
operation of addition and the operation of multiplication; that is, functions f which satisfy 


and 


f(iat+y) = f(x) + fly) (3.1) 


f(xy) = f(x) fly) (3.2) 


for all x,y € R. Naturally she started her investigation by looking at some examples. The 
trouble is that she was able to find only two very simple examples: f(x) = 0 for all x and 
f(x) = x for all x. After expending considerable effort she was unable to find additional 
examples. She now conjectures that there are no other functions satisfying (3.1) and (3.2). 
Write Susan a letter explaining why she is correct. 


Hint. You may choose to pursue the following line of argument. Assume that f is a 
function (not identically zero) which satisfies (3.1) and (3.2) above. 
(a) Show that f(0) = 0. [In (3.1) let y = 0.] 
(b) Show that if a 4 0 and a = ab, then b= 1. 
(c) Show that f(1) = 1. [How do we know that there exists a number c such that 
fle) 40? Let z= c and y= 1 in (3:2).| 
(d) Show that f(n) =n for every natural number n. 
(e) Show that f(—n) = —n for every natural number n. [Let « =n and y = —n in (3.1). 


Use (d).| 


(f) Show that f(1/n) = 1/n for every natural number n. [Let x = n and y = 1/n 


in (3.2).] 


(g) Show that f(r) = r for every rational number r. [If r > 0 write r = m/n where 
m and n are natural numbers; then use (3.2), (d), and (e). Next consider the case 


r<0. 


(h) Show that if x > 0, then f(x) 


0. [Write x as ,/x,/z and use (3.2).] 


> 
(i) Show that if « < y, then f(x) < f(y). [Show that f(—x) = —f(x) holds for all real 
numbers x. Use (h).] 
(j) Now prove that f must be the identity function on R. [Argue by contradiction: 
Assume f(x) 4 x for some number x. Then there are two possibilities: either f(x) > x 
or f(x) < x. Show that both of these lead to a contradiction. Apply theorem 3.1.4 
to the two cases f(x) > x and f(a) < x to obtain the contradiction f(x) < f(z).] 


(3) Let f(a) =1—2 and g(x) = 1/x. Taking composites of these two functions in all possible 
ways (fof, gof, fogofofof, gogofogofof, etc.), how many distinct functions can 
be produced? Write each of the resulting functions in terms of f and g. How do you know 
there are no more? Show that each function on your list has an inverse which is also on 
your list. What is the common domain for these functions? That is, what is the largest 
set of real numbers for which all these functions are defined? 


(4) Prove or disprove: composition of functions is commutative; that is go f = fog when 
both sides are defined. 


(5) Let f, g, h: 
(6) Let f, g, h: 


— 


7 


R. Prove or disprove: fo(g+h)=fog+foh. 


R. Prove or disprove: (f +g)oh=(foh)+(goh). 
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(7) Let a € R be a constant and let f(z) =a-—~z for all x € R. Show that fo f =I (where I 
is the identity function on R: I(x) = x for all x). 
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3.4. ANSWERS TO ODD-NUMBERED EXERCISES 


3.4. Answers to Odd-Numbered Exercises 


an _ 
a O° 
xt >} 
D eee 
=—_ cas 
_—— N Oo O © 
Ten i ot we RS aa 
oY) ee O° O20) 0 2 Ox +O 
ee © eo Tet oO 0000 0 0 0 
a 9 OD Dd Mo we Se He 
we la So 1s mie ~ ODO 
obs oe ei a Adlow |! 9 4 
PES PS AS OLR ONS PS AS a a ae I 
od Ee OD wa * 19 tX Ome OO 21D & 
WS aa YH Hh sds ce — — ce N N N N 


aS Ye YH Hae He we we we we 


(29) 


(31) 2° — 42? + 32 —6 


(35) 8a +5 


(37) —22, 27 —3 


(39) 2? —224+3 


Part 2 


LIMITS AND CONTINUITY 


CHAPTER 4 


LIMITS 


4.1. Background 


Topics: limit of f(x) as x approaches a, limit of f(a) as x approaches infinity, left- and right-hand 
limits. 


4.1.1. Definition. Suppose that f is a real valued function of a real variable, a is an accumulation 
point of the domain of f, and @ € R. We say that @ is the limit of f(x) as x approaches a if for 
every neighborhood V of @ there exists a corresponding deleted neighborhood U of a which satisfies 
the following condition: 


for every point x in the domain of f which lies in U the point f(z) lies in V. 


Once we have convinced ourselves that in this definition it doesn’t matter if we work only with 
symmetric neighborhoods of points, we can rephrase the definition in a more conventional algebraic 
fashion: @ is the limit of f(x) as x approaches a provided that for every « > 0 there exists 6 > 0 
such that if 0 < | —a| <6 and x € dom f, then |f(x) — ¢| <e. 


4.1.2. Notation. To indicate that a number £ is the limit of f(a) as « approaches a, we may write 
either 


lim f(x) =1 or f(t) > fas za. 


(See problem 2.) 


21 


22 


4. LIMITS 


4.2. Exercises 
a —1327+51e-63 a 


oe ee re rT ar 
Vxe2+9 9-3 
(2) lim pane = — where a = 
x0 ZX 
6 iP ane ps ge D 3 
(3) a g+302-4r a WHEE 
t 
4) lim ————— = . 
( ) to0 /4-—t—2 
V/ 9-3 1 
(5) lim ies = — where a = 
«0 x a 
3 2 
—3 2 1 
(6) lim = a Eee =-—wherea= 
22 xa’—x-6 a 
‘ xe? — 2? — 82412 a 
Ol Siu oeeaoe a 
. vane -x2+4-2 1 
(8) lim 5 = where a = 
x0 r+ 32 a 
3 2 
. 2 +24*°-5244+3 
a 
3 — dg? — 3a +18 
10) li = : 
(10) 25a eo Bee le = 18 
3 2 
: re —a—dba—3 
cH) tan ee +602+9r0+4 — Ween a= 
— 
42) 
z 0 1—cosz 
1- 1 
(13) lim es et carers 
x30 3xsinx a 
_ tan3x — sin3x a 
(14) Tim 3 =% where a = 
sin 2h 
15) lim —~—— = 
UO) ai Th 
cot 7h 
16) li = 
(16) 30 cot 5h 
_ 1 
(17) lim sec toss -+ sie 
: (9x8 — 6x5 + 4)1/? a _ 
(18) Jim (G40 4 ida? — 78 4 where a = 
(19) lim /2(Vvr+3—-Vz2—-2)= © where a = 
200 2 


Pag Ig =n" S57 


(20) lim =~ where a = 


a0 44 3x—27%+2794274 2 
_ (204 — 137)? 
CY) 22 eA 
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10 3 
(22) Tim (5a°" +32)" a 
zoo (1 — 276)5 32 


(23) lim (Ve? +2-2) ee where a = 
2-00 a 


1 
(24) lim «(256a* + 81a? + 49)~1/4 = — where a = 
@—-00 a 


where a = 


(25) lim v( Var +R V3e +4) = av/a where a = 


1 
(26) lim v3 (2+ 1)3 - x3 ) = — where a= 
@— 00 a 


(27) sim (2+ ve- yx- ve) == 3% 


24-1, ifa <2; 


(28) Let f(x) = Then lim f(x) = and lim f(x) = 
a op PN ae t2- wot 
aah 

(29) Let f(x) = Je I Then ling. fe) = and lim f(x) = 
—1 x—1- alt 
5a — 3, ifa <1; 

(30) Let f(x) = ks Then lim f(x) = and lim f(x) = 
x, ited. z—1- x—1t 
3a + 2, if ¢ << —2; 

(31) Let f(x) = Then lim f(z) = and lim f(x) = 
g?+3e2—1, ife>—2. w—>—2- a—>—2+ 


(32) Suppose y = f(x) is the equation of a curve which always lies between the parabola 
x? = y—1 and the hyperbola yx + y —1=0. Then lim [(a).= 
Bite 
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4. LIMITS 


4.3. Problems 


(1) Find lim (ewe sin(1/x) — («+ 2)°) (if it exists) and give a careful argument showing 
x0 


that your answer is correct. 


(2) The notation limz-.¢ f(z) = @ that we use for limits is somewhat optimistic. It assumes 


(4) Evaluate lim 


SS 


the uniqueness of limits. Prove that limits, if they exist, are indeed unique. That is, 
suppose that f is a real valued function of a real variable, a is an accumulation point of 
the domain of f, and 2, m € R. Prove that if f(x) ~ @ as « > a and f(x) > mas 
x — a, then 1 =m. (Explain carefully why it was important that we require a to be an 
accumulation point of the domain of f.) 


sin 7x 


Let f(x) = al 


defined for all real numbers x # 1: 


for all x 4 —1. The following information is known about a function g 


G)<g= P where p(x) = ax? + ba +c and q(x) = dx + e for some constants a, b,c, d, e; 


(ii) the only x-intercept of the curve y = g(x) occurs at the origin; 

(iii) g(x) > 0 on the interval {0,1) and is negative elsewhere on its domain; 
(iv) g has a vertical asymptote at x = 1; and 

v) g(1/2) =3:. 


Either find lim g(x) f(x) or else show that this limit does not exist. 
2 


Hints. Write an explicit formula for g by determining the constants a...e. Use (ii) 
to find c; use (ii) and (iii) to find a; use (iv) to find a relationship between d and e; 
then use (v) to obtain an explicit form for g. Finally look at f(x)g(x); replace sin rx 
by sin(a(a — 1) +7) and use the formula for the sine of the sum of two numbers. 


|x| cos (1/2*) 


t0 24 V/a2+3 


(if it exists). Give a careful proof that your conclusion is 


correct. 
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4.4. Answers to Odd-Numbered Exercises 


qi) 
(13) 


Oo NI ~ 


(15) 
(17) 


(19) 5 


(21) 32 
(23) 2 


(25) 3 


(27) 1 


00) 1.4 


(31) —4, -3 


CHAPTER 5 


CONTINUITY 


5.1. Background 


Topics: continuous functions, intermediate value theorem. extreme value theorem. 


There are many ways of stating the intermediate value theorem. The simplest says that con- 
tinuous functions take intervals to intervals. 


5.1.1. Definition. A subset J of the real line R is an INTERVAL if z € J whenever a, b € J and 
a<z<b. 


5.1.2. Theorem (Intermediate Value Theorem). Let J be an interval in R and f: J > R be 
continuous. Then the range of f is an interval. 


5.1.3. Definition. A real-valued function f on a set A is said to have a MAXIMUM at a point a in 
A if f(a) > f(x) for every x in A; the number f(a) is the MAXIMUM VALUE of f. The function has 
a MINIMUM at a if f(a) < f(x) for every x in A; and in this case f(a) is the MINIMUM VALUE of 
f. A number is an EXTREME VALUE of f if it is either a maximum or a minimum value. It is clear 
that a function may fail to have maximum or minimum values. For example, on the open interval 
(0,1) the function f : «++ x assumes neither a maximum nor a minimum. 


The concepts we have just defined are frequently called GLOBAL (or ABSOLUTE) MAXIMUM and 
GLOBAL (or ABSOLUTE) MINIMUM. 


5.1.4. Definition. Let f: A > R where A C R. The function f has a LOCAL (or RELATIVE) 
MAXIMUM at a point a € A if there exists a neighborhood J of a such that f(a) > f(x) whenever 
x €Jand xz €domf. It has a LOCAL (or RELATIVE) MINIMUM at a point a € A if there exists a 
neighborhood J of a such that f(a) < f(a) whenever x € J and x € dom f. 


5.1.5. Theorem (Extreme Value Theorem). Every continuous real valued function on a closed 
and bounded interval in R achieves its (global) maximum and minimum value at some points in the 
interval. 


5.1.6. Definition. A number p is a FIXED POINT of a function f: R > R if f(p) = p. 


5.1.7. Example. If f(a) = x? — 6 for all x € R, then 3 is a fixed point of f. 
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5. CONTINUITY 
5.2. Exercises 


x? — 2x? — 22 — 3 
(1) Let f(x) = Ages for « # 3. How should f be defined at x = 3 so that it 


becomes a continuous function on all of R? 


Answer: f(3) = = where a = 


1 ifa <0 

x if0<a<1 

29 ila <3: 

zr—-4 ifa>3 

(a) Is it possible to define f at x = 0 in such a way that f becomes continuous at x = 0? 
Answer: . If so, then we should set f(0) = 


(b) Is it possible to define f at x = 1 in such a way that f becomes continuous at « = 1? 
Answer: . If so, then we should set f(1) = 


(c) Is it possible to define f at « = 3 in such a way that f becomes continuous at x = 3? 
Answer: . If so, then we should set f(3) = 


(2) Let f(x) = 


r+A4 ifa<—2 
—2£ if -2<a<1l 
eel sfb<e<3 
10 — 2x ife>3 


(a) Is it possible to define f at « = —2 in such a way that f becomes continuous at 
x = —2? Answer: . If so, then we should set f(—2) = 


(b) Is it possible to define f at x = 1 in such a way that f becomes continuous at 2 = 1? 
Answer: . If so, then we should set f(1) = 
(c) Is it possible to define f at 2 = 3 in such a way that f becomes continuous at x = 3? 
Answer: . If so, then we should set f(3) = 
(4) The equation 2° + a? + 2x = 224 + 327 + 4 has a solution in the open interval (n,n + 1) 
where n is the positive integer 


(3) Let f(x) = 


(5) The equation x+— 6x? —53 = 22x — 22° has a solution in the open interval (n,n +1) where 
n is the positive integer 


(6) The equation x+ + x + 1 = 3x? + 2? has solutions in the open intervals (m,m +1) and 
(n,n +1) where m and n are the distinct positive integers and 


(7) The equation 2° + 82 = 2x4 + 6x? has solutions in the open intervals (m,m +1) and 
(n,n +1) where m and n are the distinct positive integers and 
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5.3. Problems 


(1) Prove that the equation 


84 

180 

= 119 
= 1+ 22 + cos? x 


has at least two solutions. 


(2) (a) Find all the fixed points of the function f defined in example 5.1.7. 

Theorem: Every continuous function f: [0,1] — [0,1] has a fixed point. 

(b) Prove the preceding theorem. Hint. Let g(x) = x — f(x) for 0 < a < 1. Apply the 
intermediate value theorem 5.1.2 to g. 

(c) Let g(x) = 0.123 4 0.2 for all x € R, and h be the restriction of g to [0,1]. Show that 
h satisfies the hypotheses of the theorem. 

(d) For the function h defined in (c) find an approximate value for at least one fixed point 
with an error of less than 107°. Give a careful justification of your answer. 


(e) Let g be as in (c). Are there other fixed points (that is, points not in the unit square 
where the curve y = g(x) crosses the line y = x)? If so, find an approximation to 
each such point with an error of less than 107°. Again provide careful justification. 


(3) Define f on [0,4] by f(z) =2+4+1 for0 < x2 < 2 and f(x) = 1 for2 <a < 4. Use the 
extreme value theorem 5.1.5 to show that f is not continuous. 


(4) Give an example of a function defined on [0,1] which has no maximum and no minimum 


on the interval. Explain why the existence of such a function does not contradict the 
extreme value theorem 5.1.5. 


(5) Give an example of a continuous function defined on the interval (1,2] which does not 
achieve a maximum value on the interval. Explain why the existence of such a function 
does not contradict the extreme value theorem 5.1.5. 


(6) Give an example of a continuous function on the closed interval [3,00) which does not 
achieve a minimum value on the interval. Explain why the existence of such a function 
does not contradict the extreme value theorem 5.1.5. 


(7) Define f on [—2, 0] by f(x) = oF 


Use the extreme value theorem 5.1.5 to show that f is not continuous. 


for —2 <a <—land—-1<2<0,and f(-—1) = -3. 


1 
(8) Let f(x) = — for 0 < a <1 and f(0) = 0. Use the extreme value theorem 5.1.5 to show 
z 


that f is not continuous on (0, 1]. 
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5.4. Answers to Odd-Numbered Exercises 


Part 3 


DIFFERENTIATION OF FUNCTIONS OF 
A SINGLE VARIABLE 


CHAPTER 6 
DEFINITION OF THE DERIVATIVE 


6.1. Background 


Topics: definition of the derivative of a real valued function of a real variable at a point 


6.1.1. Notation. Let f be a real valued function of a real variable which is differentiable at a 
point a in its domain. When thinking of a function in terms of its graph, we often write y = f(x), 
call x the independent variable, and call y the dependent variable. There are many notations for 
the derivative of f at a. Among the most common are 

dy 


pra), f(a), F], va), ga), and 


eee ; 
a2 |, a 
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6. DEFINITION OF THE DERIVATIVE 


6.2. Exercises 


1 
(1) Suppose you know that the derivative of /z is or for every x > 0. Then 
a 


ft 
lim Ma 


1 
= — where a = 
x9 x—9 a 


(2) Suppose you know that the derivatives of a3 is 1p-3 for every x # 0. Then 


@i 


‘ 1 
lim ~2*———. = — where a = 
x78 «2-8 a 


(3) Suppose you know that the derivative of e* is e” for every x. Then 


1 
(4) Suppose you know that the derivative of Inx is — for every x > 0. Then 
x 


. Inz?-3 
lim ————. = 


te er—e 


(5) Suppose you know that the derivative of tana is sec? x for every x. Then 


. tanzx—-1 
lim —— = 
ast 40-7 


1 
(6) Suppose you know that the derivative of arctan x is Tia for every x. Then 
x 


: 3 arctan x — 7 
im ~=———— _ = 


tvV3 c—V3 ; 


(7) Suppose you know that the derivative of cosx is — sina for every x. Then 


2cosx — 1 
— where a = 


rot 3x-—T7 


(8) Suppose you know that the derivative of cosx is — sina for every x. Then 


lim = where a = 
a 


(9) Suppose you know that the derivative of sinx is cosx for every x. Then 


V2sinx +1 1 
= — where a = 
a 


1m 
ao—r/4 4u4+7 


(10) Suppose you know that the derivative of sinx is cosx for every x. Then 


2/2sine—V3-1 1-Va 


li h — — 
pee on — 7A 5 where a and b 
x, fora <1 
(11): Let f(a) =<:1, for 1 <a <3. Then f’(0) = eS ,and f’(6) = ; 


5-22, forxz>3 
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(12) Suppose that the tangent line to the graph of a function f at « = 1 passes through the 
point (4,9) and that f(1) = 3. Then f’(1) = 
(13) Suppose that g is a differentiable function and that f(a) = g(x) +5 for all x. If g/(1) = 3, 
then f’(1) = 
(14) Suppose that g is a differentiable function and that f(x) = g(x+5) for all x. If g/(1) = 3, 
then f’(a) = 3 where a = 


(15) Suppose that f is a differentiable function, that f’(x) 
Find an algebraic expression for f(a). Answer: f(x) 

( 

) 


—2 for all x, and that f(—3) = 11. 


(16) Suppose that f is a differentiable function, that f’(a) = 3 for all x, and that f(3) = 3. 
Find an algebraic expression for f(x). Answer: f(x) = ; 


6. DEFINITION OF THE DERIVATIVE 


6.3. Problems 


1 
(1) Let f(z) = eo and a = —3. Show how to use the definition of derivative to find 
Df(a) 
1 
(2) Let f(x) = . Show how to use the definition of derivative to find f’(2). 


(3) Let f(x) = 


Show how to use the definition of derivative to find f’(1). 


Vets 
Vx? — 5. Show how to use the definition of derivative to find f '(3). 
V8 — x. Show how to use the definition of derivative to find f’(—1). 
ee Show how to use the definition of derivative to find f'(6). 


(2). 


= a 1 Show how to use the definition of derivative to find Df (—2). 


) Let f(x 
) Let f(x 
) Let f(x 
7) Let f(x 
) ( 
) ( 

)? 


x 


i= 
= 
= 
= 
= 
lin 


z) = 2+ 227 sin ‘ for x £0 and f(0) = 0. What is the derivative of f at 0 (if it 


exists)? Is the function f’ continuous at 0? 


6.4. ANSWERS TO ODD-NUMBERED EXERCISES 


6.4. Answers to Odd-Numbered Exercises 
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CHAPTER 7 


TECHNIQUES OF DIFFERENTIATION 


7.1. Background 


Topics: rule for differentiating products, rule for differentiating quotients, chain rule, tangent lines, 
implicit differentiation. 


7.1.1. Notation. We use f(a) to denote the n‘ derivative of f at a. 


7.1.2. Definition. A point a in the domain of a function f is a STATIONARY POINT of f is 


f'(a) =0. It is a CRITICAL POINT of f if it is either a stationary point of f or if it is a point where 
the derivative of f does not exist. 


Some authors use the terms stationary point and critical point interchangeably—especially in 
higher dimensions. 
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7. TECHNIQUES OF DIFFERENTIATION 


7.2. Exercises 


(1) If f(x) = 5a—1/? + 62/2, then f’(x) = ax? + br? where a = = : 
b= , and g= 
Te PAY = NOt ae asa Fn PI en pp ia 7 , 
Vx 
b= , and q= . 
(3) If f(x) = 9a4/3 + 2527/5, then f(x) = ax? + bx4 where a = p= ; 
b= , and q= ; 
; 8 
(4) If f(x) = 18 W/e+ Te then f(x) = ax? + bx? where a = f= ; 
ay 
b= ,and q= 


(5) Find a point a such that the tangent line to the graph of the curve y = \/x at =a has 
y-intercept 3. Answer: a = : 

(6) Let f(x) = ax? + br +c for all z. We know that f(2) = 26, f’(2) = 23, and f”(2) = 14. 
Then f(1) = ; 

(7) Find a number k such that the line y = 6% + 4 is tangent to the parabola y = x? +k. 
Answer: k = 


(8) The equation for the tangent line to the curve y = x° which passes through the point (0, 2) 
is y = ma + b where m = and b= 


(9) Let f(x) = 5244 sa 3a? + t Find all points x such that the tangent line to the curve 
y = f(x) at the point (xo, f(xo)) is horizontal. Answer: xp = , and ‘ 


’ 


(10) In the land of Oz there is an enormous statue of the Good Witch Glinda. Its base is 20 
feet high and, on a surveyor’s chart, covers the region determined by the inequalities 


(ye waa? , 


(The chart coordinates are measured in feet.) Dorothy is looking for her little dog Toto. 
She walks along the curved side of the base of the statue in the direction of increasing x 
and Toto is, for a change, sitting quietly. He is at the point on the positive x-axis 7 feet 
from the origin. How far from Toto is Dorothy when she is first able to see him? 
Answer: 5,/a ft. where a = 


3 2 
_3 eg 
(11) Let f(x) = = rap and g(x) = a At what values of x do the curves y = f(x) and 
es x2 + 
y = g(x) have parallel tangent lines? Answer: at x = and x= 


10 
(12) The tangent line to the graph of a function f at the point x = 2 has x-intercept a and 
y-intercept —10. Then f(2) = and: (2)-= 


(13) The tangent line to the graph of a function f at « = 2 passes through the points (0, —20) 
and (5,40). Then f(2) = and f’(2) = 


(14) Suppose that the tangent line to the graph of a function f at x = 2 passes through the 
point (5,19) and that f(2) = —2. Then f’(2) = 


xr, forz <1 


(15) Let. 7 (4)= <1, for 1 <x <3. Then f’(0) = Vs , and f’(6) = ; 


5-22, forxz>3 


(16) Suppose that g is a differentiable function and that f(a) = g(a +5) for all x. If g/(1) = 3, 
then f’(a) = 3 where a = ; 
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(17) Let f(x) = |2 —|a2 —1|| —1 for every real number x. Then 
f'(-2) = » f/(0)=__, f(2)= ____, and f"(4)=____. 
(18) Let f(x) = tan? 2. Then Df (2/3) = 
ee | n (7 
(19) Let f(x) = a Then Df (6/7) = “(5 — i) wherea=_andb=____ 
(20) Let f(x) = sin?(3a° +7). Then f’(x) = ax*sin(3x° + 7) f(x) where a = and 
f(x) = 
(21) Let f(z) = (a* + 7x? — 5)sin(a? + 3). Then f’(x) = f(x) cos(x? + 3) + g(x) sin(x? + 3) 
where f(x) = and g(x) = 
(22) Let j(x) = sin®(tan(#?+6a2—5)!/?). Then Dj(x) = p(x) sin”(g(a(x))) f(g(a(a)))h(a(x)) (a(x))" 


where 


= 


’ 


8 


’ 


ea re 
A Rg: i 3 a 
S88 8 


8 


8 


3 


3 
2 
=] 
a 


sin’ (tan(x2®—32?+46ar—11)?/3). Then j/(x) = 8p(x) f (g(a(zx))) cos(g(a(x)))h(a(x)) (a(x))" 


(ax 


fn 
bo 
ww 
~ 
ce 
ie) 
+ 
QS 
O—mnr~ 3 
~ 
II 


S 


o) 


8 


a 


a 

FEN LS, GS a 
8 

YS—- Ye em 


8 


3 
8 


(24) Let j(x) = sin'(sin®(2? — 72 + 9)8). Then 


Dj(x) = 198(3x? + b) sin? (g(a(x)))h(g(a(z))) sin?(a(x))h(a(x)) (a(x))" 


a= 
8 8 
Nee Sigs: 

fo oll ol 


rz: Re 8 


(25) Let f(x) = (a? +sinrx)!°. Then f’(1) = 
) = (a? — 15)9(a? — 17)'°. Then the equation of the tangent line to the curve 
) at the point on the curve whose x-coordinate is 4 is y = ax +b where a = 
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(27) Let f(x) = (a?—3)'°(23 +9). Then the equation of the tangent line to the curve y = f(z) 
at the point on the curve whose z-coordinate is —2 is y = ax + b where a = 


and 6 = : 

(28) Let f(x) = (a3 —9)°(a3—7)'°. Then the equation of the tangent line to the curve y = f(x) 
at the point on the curve whose x-coordinate is 2 is y = ax + b where a = and 
b= 


(29) Let f(x) = (2? — 10)!°(a? — 8)!2. Then the equation of the tangent line to the curve 
y = f(x) at the point on the curve whose x-coordinate is 3 is y = ax +b where a = 
and b = 


(30) Let h = gof and j = fog where f and g are differentiable functions on R. Fill in the 
missing entries in the table below. 


| x | fe) | f(@) | g@) | 9 @) | P@) | h'@) | s@) | 7'@) 
| 0 —3 1 1 —3 
| 1] 0 3 0 5 


(31) Let f = goh and j = g-h where g and A are differentiable functions on R. Fill in the 
missing entries in the table below. 


© | g(x) | g(x) | A) | h(a) | Fe) | f’@) | J@) | i’) 


0 2 —4 —6 3 
1 —2 4 —4 2 
2 4 4 13 24 4 19 


Also, g(4) = and g’(4) = 


(32) Leth =gof,j=g-f,andk=g+f where f and g are differentiable functions on R. 
Fill in the missing entries in the table below. 


x | f(x) | fe) | o@) | 9) | A) | A) | a) | 9) | A) | FC) 
—l —2 4 4 —2 
0 0 0 —1 1 
1 2 2 0 6 
9 1/3 dy 23 
(33) Let y = log3(x? + 1)!/3. Then [oe aa? +1) where a = 
(6 + sin? x)!° 


(34) Let f(x) = In . Then Df (2/6) = i where a = : 


(7+sin 2)? 
(35) Let f(a) = In(Inz). What is the domain of f? Answer: ( ; ). What is 
the equation of the tangent line to the curve y = f(x) at the point on the curve whose 


az-coordinate is e?? Answer: y— a= p(t —e”) where a = and b = 


(36) Find when y = (tana)*™* for 0 < x < 1/2. Then dy 


oS (tan x)™*( f(x) + cosxIntan 2) 
where f(x) = 


7.2. EXERCISES 43 


d 
(37) Find when y = (sinx)"*"* for 0 < 2 < 7/2. Then a (sin z)*™*(a + f(x) sec? x) where 


dx 
C= aid (oe) = 
(38) Jains = x?(1+ g(x)) where p = and g(x) = 
(39) If f(z) = ve", then f(x) = (ax? + br? + cx + d)e® where a = b= , 
c= and d= 
(40) Let f(x) = 2 cosx. Then (ax? + bx +c) sinx + (Ax? + Bx + C) cosz is an antiderivative 
of (2) 1 a= = A ,A= {B= , and C = 


(41) Let f(x) = (2+ — 2? + 2? — 2 4 1)(32? — 227 + 2 —1). Use the rule for differentiating 
products to find f’(1). Answer: 
3/2 _ 


(42) Let f(x) = = ~. Then F(A) = - where a = 


3a — x1/2 
2 
(43) Find a point on the curve y = 5 where the tangent line is parallel to the line 4a + 


aie 
om 
6y —5 =0. Answer: ( ; ). 
(44) Let f(x) = 5acosx — x?sing. Then (ax? + br + c)sing + (Az? + Bx + C)cosz is an 


antiderivative of f(x) if a = = ee A= es , and 
he 
24 
(45) Let f(x) = (22-3) csex+(2+32—27) cot xcscx. Then i is an antiderivative 
of 2) i a= ,o= ,andc= 
x? — 


(46) Let f(z) = 3 
a — 
the point on the curve whose x-coordinate is 3. Answer: y = ax + b where a = 
and b = 
(47) Let f(x) = (at +03 4+ 224+ 2+4+1)\(2° + 23+2-+42). Find the equation of the tangent 
line to the curve y = f(x) at the point on the curve whose x-coordinate is —1. Answer: 
y = ax +b where a = and 6 = 


x —2r+1 dy 
en — 
x 


Find the equation of the tangent line to the curve y = f(x) at 


2 
= — where a = 
a 


ae . and g(x) = = ie At what values of x do the curves y = f(a) and 


Ce 
v= olx) tne parallel tangent lines? Answer: at x = and 
)= 


(50) Let f(a) = asinz. Find constants a, b, A, and B so that (ax +b) cosx+(Azx+ B)sinz is 
an antiderivative of f(a). Answer: a = i - ,and B= 


o] 


ee ey a er 1 be +1 
(51) Find a G- (5) = 44a where a = and b = 


|e ae el 
(52) < (= : s (=)) = ax? where a = and p= : 


! 
(53) Let f(x) = =. Find f{5) (x), Answer: co where n = and p = 
é 


(54) Let f(x) = ree. Then f(a) = a(a +1)? where a = and p = 


da 
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(55) Let f(x) = 5 a 


(56) Find the equation of the tangent line to the curve 22° + y4 = 9ry at the point (1,2). 


1 
— Then f(a) = a(2— x)? where a = and p = 


Answer: 23y = ax + 6 where a = and b= 
34 ply ait dy d’y 
(57) For the curve x” + 2xy+ gy” = 3, find ae and 7 at the point (2,—1). 
Answer: y/(2) = and y"(2) = : where a = 
_ , dy dy i) 4 Be 2ed 2 
ind — and —= for the devil’s curve y y" = 2° — 5x at the point (3, 2). 
(58) F d= d =a f the devil +5 5a at th ti (o.2) 
ne as 
Answer: y/(3) = and y”(3) = 
dy d? d? 
(59) Find me 5a) and a at the point (1,8) on the astroid 22/3 + y?/3 = 5. 
b 
Answer: y/(1) = I) 7 where a = >and! ay) vi where 
b= : 
ind the point of intersection of the tangent lines to the curve x* + y? — 32+ 3y— ry = 
60) Find the point of i ion of th li h 2+ y% — 3243 18 
at the points where the curve crosses the x-axis. Answer: ( : ). 


(61) Find the equation of the tangent line to the curve xsiny + x® = arctan e¥ + x — F at the 
point (1,0). Answer: y = az + b where a = and b = 

(62) The equation of the tangent line to the lemniscate 3(a? + y?)? = 25(a? — y?) at the point 
(2,1) is y—1 = m(a — 2) where m = ; 

(63) The points on the ovals of Cassini (a? + y?)? —4(x? — y?) +3 = 0 where there is a horizontal 


Jal 


tangent line are ——, +—— } where a = and b = 
( bvb bb 
(64) The points on the ovals of Cassini (x? + y”)? — 4(x? — y?) +3 = 0 where there is a vertical 
tangent line are (+,/a,b) and (+c, b) where a = oe ,and c= 
2 2 dy dy 
(65) At the point (1,2) on the curve 42° + 2ry + y* = 12, a and es 
a x 


(66) Let f and g be differentiable real valued functions on R. We know that the points (—4, 1) 
and (3,4) lie on the graph of the curve y = f(x) and the points (—4,3) and (3, —2) lie on 
the graph of y = g(x). We know also that f’(—4) = 3, f’(3) = —4, g/(—4) = —2, and 
g'(3) = 6. 

(a) Ifh = f-g, then h’(—4) = 
(b) If j = (2f +39)4, then j’(3) = 
(c) Ifk = fog, then k’(—4) = 

) 


(d f¢= 4, then (8) = 


(67) Let f(z) =5sinz +3cosx. Then f@!) (7) = 
(68) Let f(z) = 4cosx — 7sinx. Then f&7)(0) = 


7.3. PROBLEMS 45 


7.3. Problems 


(1) Let (xo, yo) be a point in R?. How many tangent lines to the curve y = x? pass through 
the point (zo, yo)? What are the equations of these lines? Hint. Consider the three cases: 
Yo > Lo", Yo = Lo, and yo < x0”. 


(2) For the purposes of this problem you may assume that the differential equation 
y" +y=0 (*) 


has at least one nontrivial solution on the real line. (That is, there exists at least one twice 
differentiable function y, not identically zero, such that y”(x) + y(x) = 0 for all x € R.) 

(a) Show that if u and v are solutions of (*) and a, b € R, then w = au + bv and wu’ are 
also solutions of (x). 

(b) Show that if y is a solution of («) then y? + (y’)? is constant. 

(c) Show that if y is a nontrivial solution of («), then either y(0) 40 or y/(0) 40. Hint. 
Argue by contradiction. Show that if y is a solution of (*) such that both y(0) = 0 
and y/(0) = 0, then y(x) = 0 for all a. 

(d) Show that there exists a solution s of («) such that s(0) = 0 and s’(0) = 1. Hint. 
Let y be a nontrivial solution of («). Look for a solution s of the form ay + 
by’ (with a, b € R) satisfying the desired conditions. 

(e) Show that if y is a solution of (*) such that y(0) = a and y’(0) = b, then y = bs+as’. 
Hint. Let u(x) = y(x) — b s(x) —as'(x) and show that u is a solution of («) such that 
u(0) = u/(0) = 0. Use (c). 

(f) Define c(x) = s'(x) for all x. Show that (s(x))? + (e(x))? = 1 for all z. 

(g) Show that s is an odd function and that c is even. Hint. To see that s is odd let 
u(x) = s(—a) for all x. Show that wu is a solution of (x). Use (e). Once you know 
that s is odd, differentiate to see that c is even. 

(h) Show that s(a + b) = s(a)c(b) + c(a)s(b) for all real numbers a and b. Hint. Let 
y(x) = s(a +b) for all x. Show that y is a solution of («). Use (e). 

(i) Show that c(a+b) = c(a)c(b)—s(a)s(b) for all real numbers a and b. Hint. Differentiate 
the formula for s(a + 6) that you derived in (h). 

(j) Define t(z) = = and o(x) = an for all x such that c(z) # 0. Show that 
t'(x) = (o(x))? and o!(x) = t(x)o(x) wherever c(x) # 0. 

(k) Show that 1 + (t(x))? = (o(x))? wherever c(x) ¥ 0. 

(1) Explain carefully what the (mathematical) point of this problem is. 


w 


(3) Suppose that f is a differentiable function such that f’(a) > = for all x and that f(1) = 
Prove that f(5) > 8 

(4) Suppose that f is a differentiable function such that f’(x) > 3 for all # and that f(0) = —4. 
Prove that f(3) > 5 


(5) Suppose that f is a differentiable function such that f(x) < —2 for all x € [0,4] and that 
f() =6. 
(a) Prove that f(4) < 0 
(b) Prove that f(0) > 8 


(6) Give a careful proof that sinx < x for all x > 0. 


iw) 


(7) Give a careful proof that 1— cosa < x for all x > 0. 


i. ae, y" dx T= 
(8) Prove that if 2° = Ty ye” then ay = =i5 at points where y A +1. 
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(9) For the circle x? + y? — 1 = 0 use implicit differentiation to show that y! = 


my acy 
y> 
*y 
(10) Explain how to calculate ie at the point on the folium of Déscartes 
x 
a +y? = 9ry 


where the tangent line is parallel to the asymptote of the folium. 


1 
Sars and 
y 


(11) Explain carefully how to find the curve passing through the point (2,3) which has the 
following property: the segment of any tangent line to the curve contained between the 
(positive) coordinate axes is bisected at the point of tangency. Carry out the computation 


you have described. 


7.4. ANSWERS TO ODD-NUMBERED EXERCISES 


7.4. Answers to Odd-Numbered Exercises 


—3,0,-1,1 (first row) 
2,2, 1,1 (second row) 
13 (third row) 


1, 00, In2, 2e? 
1, Insina 


1, 9, 18, 6 
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(65) -2, -5 
(67) —5 


7. TECHNIQUES OF DIFFERENTIATION 


CHAPTER 8 


THE MEAN VALUE THEOREM 


8.1. Background 


Topics: Rolle’s theorem, the mean value theorem, the intermediate value theorem. 


8.1.1. Definition. A real valued function f defined on an interval J is INCREASING on J if f(a) < 
f(b) whenever a, b € J and a < b. It is STRICTLY INCREASING on J if f(a) < f(b) whenever a, 
be J anda<b. The function f is DECREASING on J if f(a) > f(b) whenever a, b € J anda < b. 
It is STRICTLY DECREASING on J if f(a) > f(b) whenever a, b € J anda < b. 

NOTE: In many texts the word “nondecreasing” is used where “increasing” in these notes; and 
“increasing” is used for “strictly increasing”. 
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8. THE MEAN VALUE THEOREM 


8.2. Exercises 


(1) Let M > 0 and f(x) = 2° for 0 < 2 < M. Find a value of c which satisfies the conclusion 


M 
of the mean value theorem for the function f over the interval [0, MM]. Answer: c = — 
a 


where a = 


(2) Let f(x) = 2++2+3 for 0 < x < 2. Find a point c whose existence is guaranteed by the 
mean value theorem. Answer: c = 2? where p = 


(3) Let f(a) = /z for 4< x < 16. Find a point c whose existence is guaranteed by the mean 
value theorem. Answer: c = : 


v 1 


(4) Let f(z) = rem for —5 


a 
mean value theorem. Answer: c = che 1 where a = 


<a< 5: Find a point c whose existence is guaranteed by the 
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8.3. Problems 
(1) Use Rolle’s theorem to derive the mean value theorem. 
(2) Use the mean value theorem to derive Rolle’s theorem. 


(3) Use the mean value theorem to prove that if a function f has a positive derivative at every 
point in an interval, then it is increasing on that interval. 

(4) Let a € R. Prove that if f and g are differentiable functions with f’(a) < g(a) for every 
x in some interval containing a and if f(a) = g(a), then f(x) < g(x) for every x in the 
interval such that x > a. 

(5) Suppose that f is a differentiable function such that f’(a) < —2 for all x € [0,4] and that 
f(l) =6. 

(a) Prove that f(4) < 0. 
(b) Prove that f(0) > 8. 


(6) Your friend Fred is confused. The function f: 7H v3 takes on the same values at « = —1 
and at x = 1. So, he concludes, according to Rolle’s theorem there should be a point c in 
the open interval (—1,1) where f’(c) = 0. But he cannot find such a point. Help your 
friend out. 


(7) Consider the equation cos xz = 2x. 
(a) Use the intermediate value theorem to show that the equation has at least one solution. 
(b) Use the mean value theorem to show that the equation has at most one solution. 


(8) Let m ER. Use Rolle’s theorem to show that the function f defined by f(x) = 23-3x2+m 
can not have two zeros in the interval {[—1, 1]. 


(9) Use the mean value theorem to show that if 0 < « < 7/3, then $x < sing < x. 


(10) Use the mean value theorem to show that on the interval [0,7/4] the graph of the curve 
y = tan lies between the lines y = x and y = 22. 


(11) Let x > 0. Use the mean value theorem to show that a < arctanz < 2. 
£ 


(12) Use the mean value theorem to show that 
goes Ort 
whenever 0 < x < In2. 


(13) Show that the equation e” + x = 0 has exactly one solution. Locate this solution between 
consecutive integers. 


(14) Prove that the equation sinz = 1 — 2 has exactly one solution. Explain how the inter- 
mediate value theorem can be used to produce an approximation to the solution which is 
correct to two decimal places. 


(15) Give a careful proof that at one time your height (in inches) was exactly equal to your 
weight (in pounds). Be explicit about any physical assumptions you make. 
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8.4. Answers to Odd-Numbered Exercises 


CHAPTER 9 
L’HOPITAL’S RULE 


9.1. Background 
Topics: |’Hopital’s rule. 
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9. L’HOPITAL’S RULE 


9.2. Exercises 


(1) Tim 7 7; Where a 


1 1 
(2) inn ( — — ~) = : 
c0\sing « 


; = =) 
(3) lim 12 when n > 2 
(4) 1 tanxz — 2x = 


4_ Ag? + 5a? — 4 4 
(5) lim — = . ad 5 = G where a = 


; ; : sin(n + $)x , 
(6) Let n be a fixed integer. Then the function f given by f(a) = ——~—,+— is not defined 
sin 52 
at points 7 = 2mm where m is an integer. The function f can be extended to a function 


continuous on all of R by defining 


f(2m7) = for every integer m. 
5 
gs 1 5 
i = — wh = 
(7) pas 62°43 +r-38 a 


(8) Suppose that g has derivatives of all orders, that g(0) = g’(0) “(0).= 0, that g” (0) = 27, 


and that there is a deleted neighborhood U of 0 such that g(”)(2) 4 0 whenever x € U 
and n > 0. Define f(x) = 2~4g(x)(1 — cosx) for x #4 0 and f(0) = 0. Then f’(0) = 7 


where a = 


(9) Suppose that g has derivatives of all orders, that g(0) = g’(0) = 0, that g”(0) = 10, 
that g’”(0) = 12, and that there is a deleted neighborhood of 0 in which g(x), g'(x), 


ag'(x) — g(x) — 547, and g"(x) — 10 are never zero. Let f(r) = 7 for c # 0 and 
f(0) =0. Then f”(0) = 
(10) Suppose that g has derivatives of all orders, that g(0) = g'(0) = g’(0) = g’”(0) = 0, and 


that g“(0) = 5. Define f(x) = x 9(@) for x £0 and f(0) =0. Then f’(0) = _ 
2cosa + x? —2 2 
where a = 
242 -2 1 
(11) lim ees = = — where a = 
«20 x a 
139 
1y2_4 y 
(12) 1 ee = — where a = 
«20 5x4 a 
2421 1 
(13) lim = nee = where a = 
«20 x a 
5 4x 
(14) lim (1 = =) = 
~—00 an 


9.2. EXERCISES 


1 ] 1 
(17) lim ae | = where a = 


; 1 1 Inz 
en Ee =) Git Gai: 


1 
| = — where a = 
a 


(20) lim ———"** _ 
z+0 © — arctan rT 
(21) Let f(x) = ae!/* for alla 40. Then lim f(x) = and lim f(x) = 
x07 z—0+ 


(22) lim («In(52))3/™* = 


ee de, O) 


: 1 2 
(23) Tim E + Z incos.} = 


tanx _ 


(24) lim, _,9+(sin x) 


(25) lim (secx —tanz) = 


aan 
rs 


(26) lim (sec? # — tan? x) = 


as 
r+ 


(27) lim_ (sec? 2 — tan? x) = 


1/Inz 

Ina ‘ 

— = e* where a = 
x 


Ls 
(28) lim me = 

LOO x _—— ~*~ 

2x 

(29) lim (1 — =| =e" where a = 

~—>00 x 

39 1/ax ; 

(30) Jim (a) = e* where a = 
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9.3. Problems 


(1) Is the following a correct application of !’H6pital’s rule? Explain. 


_ 223 —3a+1 .. b6e*-3 . 122 en 
lim ———————- = lim = lim —~ = lim — = 1. 


zl gt — 1 x31 Ag zl 12472 rol x 


(2) Let t be the measure of a central angle ZAOB of a circle. The segments AC and BC 
are tangent to the circle at points A and B, respectively. The triangular region AABC is 
divided into the region outside the circle whose area is g(t) and the region inside the circle 


with area f(t). Find lim f(t) 
t>0 


g(t) 
C 


caw 


(3) Let f(z) =2@-)™ for x > 0, 2 £1. How should f(1) be defined so that f is continuous 
on (0,00)? Explain your reasoning carefully. 


(4) Show that the curve y = x(In x)? does not have a vertical asymptote at x = 0. 


(5) Define f(x) = (a?)* for all x 4 0. Define f(0) in such a way as to make f a continuous 
function on R. Find all critical points of f. Determine the intervals on which f is increas- 
ing, decreasing, concave up, concave down. Take special care to describe what happens at 
x = 0. Use Newton’s method to find to 4 decimal place accuracy any points of inflection 
which may occur. 

zing 


(6) Let f(x) =~, for 2 > 0 and a #1. 


(a) How should f be defined at « = 1 so that f will be continuous on (0,00)? Explain 
how you know your answer is correct. 

(b) Suppose f(1) has the value you found in (a). Then find f’(1) (and explain what you 
are doing). 

(c) Suppose f(1) has the value you found in (a). Find f”(1) (and explain what you are 
doing). 

(d) Suppose f(1) has the value you found in (a). Give a careful proof that f” is continuous 
atx=1. 


La, 
x 
end 


Your good friend Fred is confused again. He is trying to find ¢ = lim, (1 +a)'/*. It is clear 
Bite 

him that for x > 0 the quantity in parentheses, 1 + x, is always strictly greater than 1. 

Further more the power — is going to infinity as x approaches 0 from the right. So @ is 


the result of taking a number strictly greater than 1 to higher and higher powers and, 
therefore, / = oo. On the other hand he sees that 1+ is approaching 1 as x approaches 0, 
and 1 taken to any power whatever is 1. So = 1. Help Fred by pointing out to him the 
error of his ways. 
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9.4. ANSWERS TO ODD-NUMBERED EXERCISES 


9.4. Answers to Odd-Numbered Exercises 


(3) 5n(n +1) 


(7) 19 


(11) 12 


(19) 1 


(21) 0, co 


(23) —= 


(25) 0 


(27) co 


(29) 10 


Girt 


CHAPTER 10 


MONOTONICITY AND CONCAVITY 


10.1. Background 


Topics: increasing, decreasing, monotone, concave up, concave down. 


10.1.1. Definition. A real valued function f defined on an interval J is INCREASING on J if 
f(a) < f(b) whenever a, b € J anda < b. It is STRICTLY INCREASING on J if f(a) < f(b) whenever 
a,b € J anda < b. The function f is DECREASING on J if f(a) > f(b) whenever a, b € J and 
a <b. It is STRICTLY DECREASING on J if f(a) > f(b) whenever a, b€ J anda < b. 


10.1.2. Definition. Let f: A — R where A C R. The function f has a LOCAL (or RELATIVE) 
MAXIMUM at a point a € A if there exists r > 0 such that f(a) > f(x) whenever |x — a| < r and 
x € dom f. It has a LOCAL (or RELATIVE) MINIMUM at a point a € A if there exists r > 0 such 
that f(a) < f(a) whenever |z — a| <r and « € dom f. The point a is a RELATIVE EXTREMUM of 
f if it is either a relative maximum or a relatives minimum. 

The function f: A > R is said to attain a MAXIMUM at a if f(a) > f(x) for all z € dom f. This 
is often called a GLOBAL (or ABSOLUTE) MAXIMUM to help distinguish it from the local version 
defined above. It is clear that every global maximum is also a local maximum but not vice versa. 
(Of course, similar definitions hold for global or absolute minima and global or absolute extrema.) 


10.1.3. Definition. A real valued function f defined on an interval J is CONCAVE UP on J if the 
chord line connecting any two points (a, f(a)) and (b, f(b)) on the curve (where a, b € J) always 
lies on or above the curve. It is CONCAVE DOWN if the chord line always lies on or below the curve. 
A point on the curve where the concavity changes is a POINT OF INFLECTION. 


When f is twice differentiable it is concave up on J if and only if f’(c) > 0 for all c € J and 
is concave down on J if and only if f”(c) < 0 for allce€ J. 
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10. MONOTONICITY AND CONCAVITY 


10.2. Exercises 


3 
(1) Suppose that the derivative of a function f is given by f’(x) = 7 ae mt Then the 
£ xr 
intervals on which f is increasing are ( , ) and ( ; 
(2) Suppose that the derivative of a function f is given by f’(x) = aa 


ye 
(b) Estimate to two decimal places the location of a point x > 0 where f has a point of 
inflection. Answer: —__ 


(a) The interval on which the function f is increasing is ( ; 


(3) A function f is defined on the interval [0,7]. Its derivative is given by f’(x) = cos x—sin 22. 


(a) The intervals on which f is increasing are (a, *) and (2 t) where a = ; 
c 


b b 
b= C= , and d= 
(b) Estimate to two decimal places the location of points of inflection. 
Answer: 1. sand 2. 


(4) Suppose that the derivative of a function f is given by f’(x) = (x — 2)?(x + 4). 
(a) The interval on which f is increasing is ( ie 
(b) f has no local 


(c) f has a local a= 


d 


xt+l1 
Vr2 +1 
M4 


(5) Suppose that the derivative of a function f is given by f’(x) = 


(a) The interval on which f is increasing is ( ; 
(b) f has no local 


Cc has a local at c= 
(c) f 


(6) Suppose that the derivative of a function f is given by f’(x) = In(1 +27). 


( We 
( 
( 


a) The interval on which f is increasing is ( ; 


At how many points does f have a local minimum? Answer: 


Ne 


b) At how many points does f have a local maximum? Answer: 

(c) 

d) 
) 


(e) f has a point of inflection at x = 


The interval on which f is concave up is ( : 


1 
(7) Suppose that the derivative of a function f is given by f’(x) = oa 
x 
(a) The interval on which f is increasing is ( ; ie 
(b) At how many points does f have a local maximum? Answer: 
(c) At how many points does f have a local minimum? Answer: 
(d) The interval on which f is concave up is ( : Ps 
(e) f has a point of inflection at x = 
(8) Suppose that the derivative of a function f is given by f’(x) = —— 
z 


ee 


( 
(b) At how many points does f have a local maximum? Answer: 


) 
(c) 
) 
) 


a) The interval on which f is increasing is ( ; 


At how many points does f have a local minimum? Answer: 
(d i 


(e) f has points of inflection at 7 = and «= 


The interval on which f is concave up is ( 


o] 
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(9) The domain of a function f is [a, g]. Below is a sketch of the graph of the derivative of f. 


a 5 cd es ae 
(a) The largest intervals on which f is increasing are(__, id) and ((__, ). 
(b) f has local minima atza= and x= 
(c) The largest intervals on which f isconcaveupare(_,_ sid) and(___, iif 
(d) f has points of inflection at: c= and x= 
(10) The domain of a function f is [a,e]. Below is a sketch of the graph of the derivative of f. 


x 


(a) The largest interval on which f is increasing is ( : 
(b 


) 
) 
(c) The largest intervals on which f isconcaveupare(___,__—d)and(__si, 
) 
e 


f has local maxima at x = and « = 


d 
he domain of a function f is [a,d]. Below is a sketch of the graph of the derivative of f. 


(d) f has points of inflection at: « = and 2 = 
(lly 


b 


(a) The largest interval on which f is decreasing is ( 
(b 


) 
) 

(c) The largest intervals on which f isconcaveupare(__,_ sid) and(___, 
) 


f has a local maximum at «7 = 


(d) f has points of inflection at: « = and x = 
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10. MONOTONICITY AND CONCAVITY 


(12) The domain of a function f is [a,e]. Below is a sketch of the graph of the derivative of f. 


a b é d e* 
(a) The largest interval on which f is increasing is (___, Vis 
(b) f has local minimum at x = 
(c) The largest intervals on which f isconcaveupare(___,__—d)and(__si, 
(d) f has points of inflection at: « = ,c= ,and x= 
(13) The domain of a function f is [a,k]. Below is a sketch of the graph of the derivative of f. 


(a) The largest intervals on which f is decreasing are(__,_—sd)and(__, 
(b) f has local minima atr@= r= _ sy, andx= 
(c) The largest intervals on which f isconcaveupare(____,__——d)and(__i, 
(d) f has points of inflection at: « = ,£= ,andz#= 
(14) The domain of a function f is [a,j]. Below is a sketch of the graph of the derivative of f. 


a/b é es h i 
(a) The largest intervals on which f is increasing are(_,_ i=) and ((___s, 
(b) f has local maxima at x2 = = ,end a= 
(c) The largest intervals on which f isconcave upare(____,__——+d)and(__, 
(d) f has points of inflection at: x = C= jand =) 
(15) Consider the function f: +> x?e7*. 
(a) The interval on which f is increasing is (___, ye: 
(b) f has a local minimum at x = 
(c) The interval on which f is concave down is (a — \/a,a+./a) where a = 
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16 
(16) The intervals on which the function f(2) = x? + — is increasing are ( : ) and 
xr 
( ). 


1 
(17) Consider the function f: 71> ae ; 


o) 


(a) The intervals on which f is decreasing are ( ; ) and ( : Ps 
(b) How many local maxima does f have? Answer: : 
(c) The interval on which f is concave up is(___, ie 
(18) Consider the function f: x ++ xexp(—4$2”). 
a) The intervals on which f is decreasing are ( ' ) and ( : ys 


( 

(b) The intervals on which f is concave up are (—a,0) and (a, oo ) where a = 
c) f has how many points of inflection? Answer: 

onsider the function f: x +> In(4 — 2”). 


a) The domain of f is the interval ( ; 
) The interval on which f is increasing is ( ‘ 


(19) 


c) f is concave 


(20) 


onsider the function f: cH «Ina. 
a) The domain of f is the interval ( : 


( 
GC 
( 
(b 
( 
C 
( 
( 


b) li 
ee eee 
(c) The interval on which f is positive is ( : )3 
(d) The interval on which f is increasing is ( ; ie 
1 1 
(e) The function f attains its minimum value of as at r= 3 where a = and 
b= 
(f) f is concave 
(21) Consider the function f: 2 x27 Ina. 
(a) The domain of f is the interval ( : ). 
b) li = : 
cb) ny f(a) 
(c) The interval on which f is positive is ( ; yx 
(d) The interval on which f is increasing is ( ‘ Ie 
1 1 
(e) The function f attains its minimum value of a eS b where a = and 
b= 
(f) f has a point of inflection at x = e? where p = 
(22) Consider the function f: 2+ x(Inz)?. 
(a) The domain of f is the interval ( ‘ J 
b) li = 
CD) De 
1 
(c) The intervals on which f is increasing are (0, a where a = , and 
( ). 
(d) The function f attains its minimum value of eS 


(e) f has a point of inflection at x = e? where p = 
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1 
(23) Consider the function f: r+ —Ing. 
x 
) The domain of f is the interval ( : 


(a 
(b) lim, fle) = 
( 


(c) The interval on which f is increasing is ( , 


d) The function f attains its maximum value of at = 
(e) f has a point of inflection at z = e? where p= : 
(24) Let f(x) = e* sina for 0 <a<~7. Then f has its global maximum at x = eat 
has its global minimum at x = ___; and it has a point of inflection at « = 
(25) Find real numbers a and b such that x = 1 is a critical point of the function f where 
f(#) =ax+ * for alla £0 and f(1) =3. Answer:a=__ sand b= __. Then the 
point (1,3) a local 
2 


—5 
26) Let f(x) = a for all x > —1. The function f has a global minimum at x = and 
£27 +3 


a local maximum at x = 


gv? — Qu 


(2 +1)?" 
(a) The intervals on which f is increasing are ( ; ) and ( 


(27) Consider the function f: x1> 


(b) f has a global minimum at x = 


) 
(c) The intervals on which f is concave up are ( ; ) and ( : ie 
(d) f has a point of inflection at: x = 

2x? 


v2 +2 


(28) C 
(a) The interval on which f is increasing is ( ; 
( 


onsider the function f: 71> 


b) f has global minimum at x = 
c) The interval on which f is concave up is (—/a, a) where a = 


: . 6 6 
onsider the function f: r++ — — -. 
ie a 


( 
(29) C 
(a) The intervals on which f is increasing are ( : ) and ( : 
( 
( 


b) f has a global minimum at x = 


c) The intervals on which f is concave up are ( : ) and ( ; 


P ln = 
|x| —1° 

(a) The intervals on which f is strictly increasing are ( , )and(_ i, 
. 


(c) f has a vertical asymptote at 7 = and a horizontal asymptote at y = 


onsider the function f: 71> 


b) f is constant on the intervals [ ; ) and ( ; 


(d) The only point in the domain of f at which f is not differentiable is 7 = 
(e) f has how many points of inflection? Answer: 
(31) Let f(x) = 4a? — 3a +7 for —4 < x < 3. Then f has (local) maxima at x = and 


c= . The global maximum of f occurs at « = . The maximum value of f 
is 


4 
(32) Let f(x) = /at+ e for ¢ < a < 100. The maximum value attained by f(z) is 5 where 
= , 
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10.3. Problems 


(1) Suppose that a function f is increasing on the interval (—oo, —5) and is also increasing 
on the interval (—5,0o). Is it necessarily the case that f must be increasing on the set 
(—oo, —5) U (—5, co)? Explain. 


(2) An EQUATION OF STATE of a substance is an equation expressing a relationship between 
the pressure P, the volume V, and the temperature T of the substance. A VAN DER 
WAALS GAS is a gas for which there exist positive constants a and b (depending on the 
particular gas) such that the following equation of state holds: 


(P+ pe) - = RE (*) 


(Here R is a universal constant, not depending on the particular gas.) For each fixed 
value of T the equation of state (*) can be used to express P as a function of V, say 
P= f(V). A CRITICAL TEMPERATURE, which we denote by T., is a value of T for which 
the corresponding function f possesses a critical point which is also a point of inflection. 
The V and P coordinates of this critical point are denoted by V. and P. and are called 
the CRITICAL VOLUME and the CRITICAL PRESSURE. 


Show that every van der Waals gas has a critical temperature. Compute the critical 
values RT., Ve, and Pz (in terms of the gas constants a and 6). Explain how you know 
that the point (V., P.) is a point of inflection. 


(3) A water storage tank consists of two parts: the bottom portion is a cylinder with radius 
10 feet and height 50 feet; the top portion is a sphere of radius 25 feet. (A small bottom 
portion of the sphere is missing where it connects to the cylinder.) The tank is being filled 
from the bottom of the cylindrical portion with water flowing in at a constant rate of 100 
cubic feet per minute. Let h(t) be the height of the water in the tank at time t. Sketch a 
graph of the function h from the time the filling starts to the time the tank is full. Explain 
carefully the reasoning behind all properties of your graph—paying particular attention 
to its concavity properties. 


(4) For what values of k > 0 does the function f defined by 


Inz ka 
2 as ae 


have local extrema? For each such k locate and classify the extrema. Explain the reasons 
for your conclusions carefully. 
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10.4. Answers to Odd-Numbered Exercises 
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10.4. ANSWERS TO ODD-NUMBERED EXERCISES 


(25) 2, 1, minimum 


Gi 23 
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CHAPTER 11 


INVERSE FUNCTIONS 


11.1. Background 


Topics: inverse functions and their derivatives, logarithmic functions, the natural logarithm, ex- 
ponential functions, trigonometric and inverse trigonometric functions, implicit differentiation. 


The following two facts may be helpful in solving problem 1 


11.1.1. Proposition. Every real number is the limit of a sequence of rational numbers. That is, 
if a is a real number, then there are rational numbers x1, £2, 13, ... such that limp +9 fn = a. 


11.1.2. Proposition. If g is a continuous function and x1, %2, 43, ... are real numbers such that 
litt, sooty, = 0, Then lity 556:0(ty,) = O( 8). 
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70 11. INVERSE FUNCTIONS 


11.2. Exercises 


1 
(1) Let f(z) = 2° + 322 + z — 10. Then Df—1(48) = — where a = 
a 


(2) Let f(x) = oo for z > 1. Then f~1(243) = —a3? where a = and p = 
(3) Let f(x) =In(x — 2) +e” for x > 2. Then Df~!(e®) = (1 + ae’)~! where a = and 
an 
(4) Let f(z) =In EE eh if <a2<1. Then Df-1(In5) = a where a = 
=i a 
2 
(5) Let f(x) = ee ah f @)= — where a = and b = 
1 
(6) Let f(x) = exp (;+.). Then f(z) = 1— (g(x))? where g(x) = and 
ne 
(7) Let f(x) = arctan(8z? + 2). Then f~!(x) = * (tan +b)? where a = Ms ; 
and p = 
(8) Let f(x) = sin? 2x for = < a < §. Then Df71(%) = oi where a = and where 
b = 


1 
(9) Let f(a) = $24—803+18a?—182+4! for z < 3. Then Df~!(2) = —— where a= 
a 


1 
(10) Let f(x) =a? +In(# — 1) for ¢ > 1. Then Df~!(8) = — where a = 
a 


e+) 

x2 —1 

(12) What is the area of the largest rectangle that has one corner at the origin, one corner 
on the negative y-axis, one corner on the positive x-axis, and one corner on the curve 
y=Inaz? 


(11) Let f(z) =In 


for x > 1. Then Df~'(In5 —In3) = = where a = 


Answer: the area is 


(13) What is the area of the largest rectangle that has one corner at the origin, one corner on 
the negative x-axis, one corner on the positive y-axis, and one corner on the curve y = e”? 


Answer: the area is 


(14) Solve the equation: 1+ logi9(a — 4) = logyj(a +5). Answer: x = 
1 
(15) Let f(x) = logs(logy 7). Then Df(e) = e where a = 


(16) Suppose p, g > 0 and logg(p) = logy2(¢) = log;g(p+q¢). Find Express your answer in 


a form that involves neither exponentials nor logarithms. 


1 
Answer: q _ ee where a = 
p 2 


(17) A triangle is bounded by the z-axis, the y-axis, and the tangent line to the curve y = 2” 


at x = 0. The area of this triangle is ——— where a = 
alna 


gtte _ 34 


(18) lim ae ia alnb where a = and b = 
«I> 
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] 04) + 2 
(19) lim eases) = where a = and b = 
t0 t Inb 


2 
(20) If g= aresin( =), then dy = —* _ where a = and b = 


3 dx V/ b _— at 
(21) A tapestry 30 feet high is hung so that its lower edge is 24 feet above the eye of an observer. 


How far from the tapestry should the observer stand in order to maximize the visual angle 
subtended by the tapestry? Answer: ft. 


2 
(22) Let f(x) = arctan —" _). Then DiN= © where a = 
Le 5 


(23) i f(x) = arctan (+). Then f (=) = “ and _f’ (=) = a where a = and 


(24) Let f(x) =z", Then f(1) = and: 7* (1) 
(25) A solution to the equation arcsin x — arccos zx = 0 is x = — where a = 
a 


(26) Let f(x) = arctan 2x — arctan x for x > 0. 


(a) The function f is increasing on the interval ( ; ys 


(b) The function f has a local maximum at 2 = 


(c) The function f has a local minimum at 7 = 


(27) Let f(x) = In(arctan Vx? — 1). Then f’(2) = va where a = and b = 
7 
(28) The expression e~7m8l ig a complicated way of writing the integer 
In81 
(29) The expression eae 3V3 is a complicated way of writing the fraction 5 where 
n 
a= 
(30) The solution to the differential equation y’ = (2x —1)y which satisfies the initial condition 
y(0) =3 is y = ae!) where a = and f(x) = 


(31) The solution to the differential equation y’ = 4x%3y which satisfies the initial condition 
y(0) =7 is y = aef() where a = and f(x) = 


1 
(32) Let f(x) =e" +2 for z > 0. Then Df~1(e) = — where a = 
ae 
(33) The equation of the tangent line at the point (1,0) to the curve whose equation is 
asiny + 2° = arctan(e”) + 2 — “ 


is y = —ax +a where a = 
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11. INVERSE FUNCTIONS 


11.3. Problems 


(1) Show that the natural logarithm is the only continuous function f defined on the interval 
(0,00) which satisfies 


f(xy) = f(x) +fly) forall z,y>0 
and 


f(e) =1. 


Hint. Assume that you are given a function f: (0,00) + R about which you know 
only three things: 
(i) f is continuous; 
(ii) f(xy) = f(w) + f(y) for all 2,y > 0; and 
(in) fe) = 1: 


What you must prove is that 
fiz) =z for every x > 0. (11.1) 


The crucial result that you will need to prove is that 


f(u") =r flu) (11.2) 
holds for every real number u > 0 and every rational number r. Once you have this, then 
you can use propositions 11.1.1 and 11.1.2 to conclude that 


fle)\=y for every real number y. 


Then substituting Inz for y will give you the desired result (11.1). 

Prove (11.2) first for the case r = n where n is a natural number. Then prove it for 
the case r = 1/n where n is a natural number. Use these results to show that (11.2) holds 
for every positive rational number. Next deal with the case r = 0. Finally verify (11.2) 
for the case where r is a negative rational number. (To do this prove that f(1/v) = —f(v) 
for all v > 0 by substituting v for x and 1/v for y in (ii).) 


(2) Prove that 


xu+y 
arctan x + arctan y = arctan 
1— xy 


whenever xy # 1. Hint. Let y be an arbitrary, but fixed, real number. Define f(x) = 


£ 
arctan x + arctany and g(x) = arctan i “a . Compare the derivatives of f and g. 
— xy 


l+az 

(3) Prove that arctanz and arctan i = differ by constants on the intervals (—oo,1) and 
—2 

(1,00). Find the appropriate constants. Show how to use this information to find 


+2 


, 1l+a . 1 
lim arctan and lim arctan 
2—1- 1-<z awit 1-2 


(4) Give a careful proof that 


x 
<arctanz < x 
a- +1 


for all x > 0. 


(5) Define f(x) = (x?)* for all x 4 0. Define f(0) in such a way as to make f a continuous 
function on R. Sketch the function f. Locate all critical points and identify the intervals 
on which f is increasing, is decreasing, is concave up, and is concave down. Take special 
care to describe what happens at x = 0. Use Newton’s method to find to 4 decimal place 
accuracy any points of inflection which may occur. 
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(6) Let f(a) = 22+ cosa + sin? x for —10 < x < 10. Show that f has an inverse. 


tet $a = a 


(a) Show that f is one-to-one. 
(b) Find f-1(—2). 
(c) Find dom f7!. 


(8) Let f(x) = e?” + Ina for 2 > 0. Prove that f has an inverse and calculate Df~!(e?). 


(9) Let f(z) = In(1+ 2) —In(1 — 2) for -1 < x < 1. Prove that f has an inverse and find 
f-*(a). 
(10) Show that there is exactly one number x such that e~ 
between consecutive integers. 


* — 7% — 9, Locate the number 


(11) Show that there is exactly one number «x such that e?” = 10 — 23. Locate the number 
between consecutive integers. 
(12) Show that there is exactly one number z such that nz +a =0. 


(13) Use the mean value theorem to show that «+1 < e* < 24 +1 whenever 0 < x < In2. 


(14) (a) Find lim 


zrolx—1- 


: . In« 


(c) Find lim ( : ae ). 


a>l\a—-1 («#-1)? 


l 
(15) Suppose that f: (0,co) + R is a continuous function on (0,00) such that f(a) = — 


for every x > 0 except x = 1. Prove that f(x) (exists and) is continuous at x = 1. 


(16) Let 0<a<b. Use the mean value theorem to show that 
a bb 
< 
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11.4. Answers to Odd-Numbered Exercises 


(1) 117 
(3) 6,9 


(5) 5, —2 


(7) 2, 2, 


(9) 18 
(11) 15 


oa|o 


(13) 


(15) In3 
(17). 2 


(19) 25, 5 


(21) 36 


(23) 3, 4 


(25) V2 
(27) 3,2 
(29) 2 


(31) 7, «4 
(33) 4 


CHAPTER 12 


APPLICATIONS OF THE DERIVATIVE 


12.1. Background 


Topics: antiderivatives, related rates, optimization, Newton’s method. 


This chapter makes no pretense of presenting interesting “real-world” applications of the dif- 
ferential calculus. Its purpose is simply to make some elementary connections between the mathe- 
matical concept of derivative and various instances of rates of change of physical quantities. 


Newton’s Law of Cooling: the rate of cooling of a hot body is proportional to the difference 
between its temperature and that of the surrounding medium. 
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12.2. Exercises 


(1) One leg of a right triangle decreases at 1 in./min. and the other leg increases at 2 in./min. 
At what rate is the area changing when the first leg is 8 inches and the second leg is 6 


inches? Answer: in? /min. 
(2) The volume of a sphere is increasing at the rate of 3 cubic feet per minute. At what rate 
a 
is the radius increasing when the radius is 8 feet? Answer: in ft /minwhere a = and 
TT 
b= 


(3) A beacon on a lighthouse 1 mile from shore revolves at the rate of 107 radians per minute. 
Assuming that the shoreline is straight, calculate the speed at which the spotlight is 
sweeping across the shoreline as it lights up the sand 2 miles from the lighthouse. An- 
swer: miles/min. 


(4) Two boats are moving with constant speed toward a marker, boat A sailing from the south 
at 8 mph and boat B approaching from the east. When equidistant from the marker the 
boats are 4,/2 miles apart and the distance between them is decreasing by 7\/2 mph. How 
fast is boat B going? Answer: ___ mph. 


(5) A (right circular) cylinder is expanding in such a way that its height is increasing three 
times as rapidly as the radius of its base. At the moment when its height is 5 inches and 
the radius of its base is 3 inches its height is increasing at a rate of 12 inches per minute. 
At that moment its volume is increasing at a rate of cubic inches per minute. 


(6) A cube is expanding in such a way that its edge is increasing at a rate of 4 inches per 
second. When its edge is 5 inches long, what is the rate of change of its volume? An- 
swer: in? /sec. 


(7) A kite 100 feet above the ground is being blown away from the person holding its string 
in a direction parallel to the ground and at a rate of 10 feet per second. At what rate 
must the string be let out when the length of string already let out is 200 feet? An- 
swer: ft/sec. 


(8) A plane flying 4000 feet above the ground at a speed of 16,000 feet per minute is followed 
by a searchlight. It is flying in a straight line and passes directly over the light. When 
the angle between the beam and the ground is 7/3 radians, what is the angular velocity 
of the beam? Answer: ___ radians/min. 


(9) A lighthouse is 3 miles from (a straight) shore. The light makes 4 revolutions per minute. 
How fast does the light move along the shoreline when it makes an angle of 7/4 radians 
with the shoreline? Answer: mi/min. 


(10) Water leaking onto a floor creates a circular pool with an area that increases at the rate of 
3 square inches per minute. How fast is the radius of the pool increasing when the radius 


; : a. ee: 
is 10 inches? Answer: — in/minwhere a = and b = 


bar 
(11) A cube is expanding in such a way that the length of its diagonal is increasing at a rate 
of 5 inches per second. When its edge is 4 inches long, the rate at which its volume is 
increasing is in? /sec. 
(12) You are standing on a road, which intersects a railroad track at right angles, one quarter 
of a mile from the intersection. You observe that the distance between you and the 
approaching train is decreasing at a constant rate of 25 miles per hour. How far from 


mi where 


the intersection is the train when its speed is 40 miles per hour? Answer: 


5 
——— A/a 
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(13) A light shines on top of a lamppost 30 feet above the ground. A woman 5 feet tall walks 
away from the light. Find the rate at which her shadow is increasing if she is walking at 
3 ft./sec. Answer: ft/sec. 


(14) A balloon is going up, starting at a point on the ground. An observer 300 feet away 
looks at the balloon. The angle 6 which a line to the balloon makes with the horizontal 
1 


is observed to increase at jg rad./sec. How rapidly is the balloon rising when 6 = 7/6? 


Answer: ft/sec. 

(15) A man is walking along a sidewalk at 6 ft./sec. A searchlight on the ground 24 feet from 
the walk is kept trained on him. At what rate is the searchlight revolving when the man 
is 18 feet from the point on the walk nearest the light? Answer: rad/sec. 


(16) A 20 foot long ramp has one end on the ground and the other end at a loading dock 5 feet 
off the ground. A person is pushing a box up the ramp at the rate of 3 feet per second. 
How fast is the box rising? Answer: ft/sec. 


(17) What is the area of the largest rectangle (with sides parallel to the coordinate axes) which 
lies above the x-axis and below the parabola y = 48 — x2? Answer: Area is : 


(18) A piece of cardboard is to be made into an open box by cutting out the corners and 
folding up the sides. Given a piece of cardboard 12 in. x 12 in. what size should the 
corner notches be so that the resulting box has maximum volume? Answer: they should 


be squares inches on each side. 
(19) Express 20 as the sum of two positive numbers x and y such that x? + y? is as small as 
possible. Answer: 2 = and y = 
1 1 1 
(20) The combined resistance R of two resistors R; and Rez is given by RR + RB (where 
1 2 


R,, R2 > 0). Suppose R; + R2 is a constant. How does one obtain maximum combined 
resistance? Answer: 


). 
). 
(23) Find the lengths of the sides of the rectangle of largest area which can be inscribed in 


a semicircle of radius 8. (The lower base of the rectangle lies along the diameter of the 
semicircle.) Answer: the sides should have lengths and 


(21) Find the point on the curve y? = 3(x+1) which is nearest the origin. Answer: (___, 


(22) Find the point on the curve y = x? which is closest to the point (3,0). Answer: ( 


’ 


(24) Consider triangles in the first quadrant bounded by the x-axis, the y-axis, and a tangent 
line to the curve y =e”. The largest possible area for such a triangle is 


(25) An open cylindrical tank of volume 1927 cubic feet is to be constructed. If the material 
for the sides costs $3 per square foot, and the material for the bottom costs $9 per square 
foot, find the radius and height of the tank which will be most economical. 


Answer: radius = ft; height = ft. 
(26) Find the dimensions of the cylinder with the greatest volume which can be inscribed in a 
sphere of radius 1. 
Answer: radius = ; height = 
(27) A farmer has 100 pigs each weighing 300 pounds. It costs $.50 a day to keep one pig. The 
pigs gain weight at 10 pounds a day. They sell today for $.75 a pound, but the price is 


falling by $.01 a day. How many days should the farmer wait to sell his pigs in order to 
maximize his profit’? Answer: days. 


(28) Consider a parallelogram inscribed in a triangle ABC in such a way that one vertex 
coincides with A while the others fall one on each side of the triangle. The maximum 


78 
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possible area for such a parallelogram is what fraction of the area of the original triangle? 
Hint. Orient the triangle so that its vertices are A = (0,0), B = (a,0), and C = (b,c). 
Let (t,0) be the vertex of the parallelogram lying on AB and (z, y) be the vertex lying on 
BC. Use t as the independent variable. Find x and y in terms of t (and the constants a, 


r 
b, and c). Answer: — where r = and s = 
8 


(29) Two men carry a 14/7 ft. ladder down a 105 ft. wide corridor. They turn into a second 
corridor, perpendicular to the first one, while keeping the ladder horizontal. Find the 
minimum possible width of the second corridor. Answer: feet. 

(30) At each point a > 0 the tangent line to the parabola y = 1—:x? and the positive coordinate 


é Belay . A ‘ a 
axes form a triangle. The minimum possible area of such a triangle is —~= where a = 


bVb 
and b = 


(31) A window is in the shape of a rectangle surmounted by a semicircle. If the perimeter is to 
be 18 feet, find the dimensions which maximize the area. 


. ft and the height of the rectangle 


Answer: the radius of the semicircle should be Ts 
T 


should be ft where a = and b= 


b 
44+ a 
(32) What is the distance from the point (8, 4) to the tangent line to the curve f(a) = 327—42+6 

at x = 1? Answer: : 


(33) What are the dimensions of a rectangular box—with no top—of greatest volume that can 
be constructed from 120 sq. in. of material if the base of the box is to be twice as long as 
it is wide? Answer: width of base = 2\/a and height of box = sa wherea=__in. 
andb= ___in. 

(34) Consider all rectangles which have two sides on the positive coordinate axes and which lie 


under the curve y = 2cosz. The one with the largest perimeter has width and 
height 


(35) Consider all rectangles which have one side on the positive z-axis and which lie under the 
curve y = 4sinz with 0 < x < a. The one with the largest perimeter has width 
and height 


(36) Suppose that f(—1) = —6 and that f’(x) = 6a? — 22 +7 for all real numbers x. Then 
Pn = 

(37) Suppose that f” (a) = 187-14, that f’(—1) = 8, and that f(—1) = 9. Then f(1) = 

(38) Suppose f”(x) = 122 — 10, f(2) = —6, and f(—1) = —18. Then f(1) = 


(39) Suppose that f’”"(z) = 6x + 6, f(0) = —7, f(1) = 7, and f(2) = 19. Then f(z) = 
ax* + x3 + ba? + cx +d where a = ,b= ,Cc= , and d= 


(40) A pan of warm water (109°F) was put in a refrigerator. Fifteen minutes later, the water’s 
temperature was 97° F; fifteen minutes after that, it was 87°F. Using Newton’s law of 


cooling we can conclude that the temperature of the refrigerator was °F, 
(41) An object is heated to 838° and then allowed to cool in air that is 70°. Suppose that it 
takes 2 hours to cool the object to 313°. Then it takes minutes to cool the object 


to 646°. Hint. Use Newton’s law of cooling. 


(42) A quantity y varies with time. The rate of increase of y is proportional to cos? y. The 
initial value of y is 7/6, while its value at t = 1 is 7/3. 


(a) For what value of t does y = 7/4? Answer: t = 
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(b) What is the long-run value of y? Answer: lim,;—,,, y(t) = 


(43) A point is moving along the z-axis in such a way that its acceleration at each time t is 
3x? sin 5t. Initially the point is located 4 units to the left of the origin. One second later 
it is at the origin. Where is it at time t = 5? 


Answer: units to the of the origin. 


(44) A cylindrical water tank standing on end has diameter 9 ft and height 16 ft. The tank 
is emptied through a valve at the bottom of the tank. The rate at which the water level 
decreases when the valve is open is proportional to the square root of the depth of the 
water in the tank. Initially the tank is full of water. Three minutes after the valve is 
opened the tank is only 1/4 full. How long does it take from the time the valve is opened 
to empty the tank? Answer: __ minutes. 


(45) A function f satisfies the following conditions: 
(i) f” (x) = 6x — 12 for all x, and 
(ii) the graph of the curve y = f(x) passes through the point (2,5) and has a horizontal 
tangent at that point. 
Then f(x) = x? + ax? + bx +c where a = ,b= ,andc= 


(46) A physical quantity y, which takes on only positive values, varies with time t. It is known 
that the rate of change of y is proportional to y3(t + 1)~!/?, that initially y = 1/3, and 
that after 8 minutes y = 1/5. 

(a) What is the value of y after 35 minutes? Answer: y(35) = 
(b) Approximately how many hours must one wait for y to become less than 1/15? An- 
swer: hours. 


d 
(47) The solution to the differential equation 7 = 31/3 subject to the condition y = 25 when 
x 


x = 8 is y(x) = 42/9 + b where a= t= ,and b= 
: : . ay 6 F : ah dy 
(48) The solution to the differential equation ao ae which satisfies the conditions ae 3 
x x € 
and y = 2 when x = 1 is y(x) = az? + bu +c where a = n= = : 
and ¢ = 


cos & 


(49) The solution to the differential equation y/(r) = sine which satisfies the condition 


y =2when 2 = 5 is y(x) = 


(50) The decay equation for (radioactive) radon gas is y = yoe°'!8* with t in days. About how 
long will it take the radon in a sealed sample of air to fall to 80% of its original value? 
(Give an approximate answer to two decimal places.) 


Answer: _.2__ days. 
(51) If the half-life of carbon 14 is approximately 5730 years, how old is a wooden axe handle 
1 
that is found to contain only ——= times the atmospheric proportion of carbon 14? Answer: 


2/2 


(52) The half-life of a radioactive substance is 10 years. If we start with 20 grams of this 


years. 


substance, then the amount remaining after 5 years is a/b where a = and 6 = 


(53) If we assume exponential growth, what was the population of a city in 1930 if its population 
in 1940 was 750,000 and in 1970 was 1,296,000? Answer: 


(54) In 1920 the population of a city was 135,000 and in 1950 it was 320,000. Assuming 
exponential growth, the population in 1940 was approximately : 
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(55) An electric condenser discharges through a resistance, losing voltage at a rate proportional 
to the voltage remaining. If the initial voltage of 100 volts decreases to 50 volts in 3 seconds, 
then the function representing the voltage on the condenser at any time t is 100a/ where 


o= and f(t) = 


1 
(56) Find a function ¢ such that y(x) = sin — is a solution to the differential equation 
ci 


Answer: ¢(x) = will work. 
(57) Use Newton’s method to find the first three estimates to 5 starting at x = 2. 


a 
Answer: 21 = Z where a = 


a 
v2 = — where a= 


72 


3 where a = 


we oll 
23184 
(58) Use Newton’s method to find the first four estimates to 3 starting at x = 1. 

Answer: x1 = 


a 
= q where a = 


13 = © where a= 
56 


LA where a = 


= a 
~ 10864 


(59) Find the first 6 approximations given by Newton’s method to the root of the polynomial 
3 


x’ —x—1 starting with rg = 1. Carry out your answers to 9 decimal places. 
Answer: xo = 1.000 000 000; eS. 000 000; 
65 = 1347-8 6 07 pS 1,525:2 103.9: 
v4 = 1.324 71 1_4; ts = 1.324 7179 _ 7. 

(60) Use Newton’s method to find six successive approximations to each root of the polynomial 
a+ — 2x3 — 2? — 2x +2. Carry out your work to nine decimal places. In each case use the 
starting value of the form n or n.5 (where n is an integer) which is closest to the root your 
are trying to approximate. 


Answer: For the first root: 79 = 0. 00 000 000; x; = 0.640 25 _ 00; 

rq = 0.6380 1_15_ 1; 73 = 0.630 115 3_ 8; 

x4 = 0.630 115 39_; x5 = 0.630 115 39_. 

For the second root: 79 = _ . __00 000 000; 71 = 2.57 86__ 111; 

t= 2.573 _1_ 023; x3 = 2.573 271 9 __ 5; 

tq = 2.573 271 96 _ 3 x5 = 2.573 271 96_. 

(61) A ball is thrown upward from the edge of the roof of a building 176 feet high with an 

initial velocity of 56 ft/sec. (Assume that the acceleration due to gravity is 32 ft/sec.) 
(a) How high does the ball go? Answer: the 
(b) When does it reach the ground? Answer: after sec. 


(62) A ball is thrown upward from the edge of the roof of a building with a velocity of 40 
ft./sec. The ball hits the ground at 120 ft./sec. (Assume that the acceleration due to 
gravity is 32 ft/sec?.) 

(a) How long does it take the ball to reach the ground? Answer: sec. 
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(b) How tall is the building? Answer: fh: 
(c) What is the maximum height reached by the ball? Answer: ft. 

(63) A ball is thrown upward from the edge of the roof of a building at 72 ft./sec. It hits the 
ground 10 seconds later. (Use 32 ft./sec.? as the magnitude of the acceleration due to 
gravity.) 

(a) How tall is the building? Answer: 8 __ ft. 
(b) What is the maximum height reached by the ball? Answer: _6_ ft. 
(64) A ball is thrown upward from the edge of the roof of a building 160 feet tall at a velocity 


of 48 ft./sec. At what velocity does the ball hit the ground? (Use 32 ft./sec.? as the 
magnitude of the acceleration due to gravity.) Answer: ft/sec. 


(65) A falling stone is observed to be at a height of 171 feet. Two seconds later it is observed 
to be at a height of 75 feet. From what height was it dropped? (Use 32 ft./sec.? as the 
magnitude of the acceleration due to gravity.) Answer: ft. 


(66) A falling stone is observed to be at a height of 154 feet. Two seconds later it is observed 
to be at a height of 14 feet. If the stone was initially thrown upwards with a speed of 
10 ft./sec., from what height was it thrown? (Use 32 ft./sec.? as the magnitude of the 
acceleration due to gravity.) Answer: ft. 


(67) Two seconds after being thrown upward an object is rising at 176 ft./sec. How far does it 
travel before returning to the position from which it was thrown? Answer: ft. 


(68) A predator-prey system is modeled by the equations 


dx 

EO eee pe 

di x — by /x 
dy _ 
ave 


where the variable y represents the predator population while the variable x represents the 
prey population. Explain briefly how we know that the predator must have an alternate 
source of food. 


Answer: 
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12.3. Problems 


(1) A piston P moves within a cylinder. A connecting rod of length 7 inches connects the 
piston with a point Q on a crankshaft, which is constrained to move in a circle with center 
C and radius 2 inches. Assuming that the angular velocity of Q is 57 radians per second, 
find the speed of the piston at the moment when the line segment CQ makes an angle of 
m/4 radians with the horizontal. 


=—~ 
i) 
wa 


Part of the northern boundary of a body of water is a straight shoreline running east and 
west. A lighthouse with a beacon rotating at a constant angular velocity is situated 600 
yards offshore. An observer in a boat 200 yards east of the lighthouse watches the light 
from the beacon move along the shore. At the moment ¢t; when the observer is looking 
directly northeast the angular velocity of his line of sight is 2.5 radians per second. 

(a) How many revolutions per minute does the beacon make? 

(b) How fast (in miles per hour) is the light moving along the shore at time t;? 

(c) Although the beacon rotates with constant angular velocity, the observer’s line of 
sight does not. Locate the points on the shoreline where the angular velocity of the 
line of sight is greatest and where it is least. What is the limiting angular velocity of 
the line of sight as the light disappears down the shoreline? 


(3) A wire 24 inches long is cut in two parts. One part is bent into the shape of a circle and 
the other into the shape of a square. How should it be cut if the sum of the areas of the 
circle and the square is to be (a) minimum, (b) maximum? 


12.3.1. Theorem. Let f be a function such that f(x) > 0 for every x in its domain. Then f has 
a local maximum at a point a if and only if the function f? has a local maximum there. Similarly, 
f has a local minimum at a if and only if f? does. 


(4) (a) Prove the preceding theorem. 
(b) Suppose that 0<k <I. Let f(x) = |kcosa—Isinz| for —5 <a < 5. Without using 
the theorem above find all local maxima and minima of f. 
(c) Let f be as in (b). Use the theorem above to find all local maxima and minima of f. 


(d) Show (if you have not already done so) that the answers you got in parts (b) and (c) 
are in agreement. 


(5) When a sector is removed from a thin circular disk of metal, the portion of the disk which 
remains can be formed into a cone. Explain how the sector should be chosen so that the 
resulting cone has the greatest capacity. 


(6) Your good friend George, who is working for the Acme Widget Corporation, has a problem. 
He knows that you are studying calculus and writes a letter asking for your help. His 
problem concerns solutions to a system of two differential equations: 


& = a(t) 
: (1) 
oY — a(t) + y(t) 
Pee ee 
subject to the initial conditions 
x(0) =a and uO) = 6; (2) 


where a and 0 are arbitrary constants. He has already found one set of solutions: 


z(t) = ae! 
y(t) = (b+ at)e" 


(12) 
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What Fred is unable to discover is whether or not there are other solutions. Write a letter 
to Fred helping him out. 


Hint. Suppose 


y(t) = v(t) 
is a solution to the system (1) which satisfies the initial conditions (2). Consider the 
functions p(t) = e~fu(t) and q(t) = e~‘v(t). 
Use Newton’s method to approximate the solutions to the equation 


a(t) = u(t) 


sinv =2?—2+0.5 


to eight decimal places. Use starting approximations of 0.3 and 1.3. 

Explain carefully how we know that there are exactly two solutions. Explain how one 
might reasonably have chosen the numbers 0.3 and 1.3 as initial approximations. Discuss 
fully the problem of deciding when to stop. 


Explain carefully and fully how to use Newton’s method to find the first point of intersection 
of the curves y = sinx and y = e-*. Give your answer correct to 8 decimal places. 


Suppose we are given a > 0. Explain why it is that if x, is arbitrary and for each n € N we 
let @n41 = 3(@n+axy, +), then («,) converges to the square root of a. Hint. Use Newton’s 
method. Use this sequence to compute the square root of 10’ to ten decimal places. 


Explain carefully and fully how to use Newton’s method to find, correct to eight decimal 
places, an approximate value for the reciprocal of 2.74369. 


A chord subtends an arc of a circle. The length of the chord is 4 inches; the length of the 
arc is 5 inches. Find the central angle 6 of the circle subtended by the chord (and the arc). 
The law of cosines yields an equation involving the angle #. Explain carefully and fully 
how to use Newton’s method to solve the equation (in radians) to four decimal places. 


Explain carefully and fully how to use Newton’s method to find, correct to six decimal 
places, the slope of the tangent line to the curve y = —sinaz (m/2 < x < 32/2) which 
passes through the origin. 


84 


625, 000 

1 ¢t 

gs 

9, 161, 51841 


11 


(b) > 


(63) (a) 8,0 
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12.4. Answers to Odd-Numbered Exercises 


5, 0, 2, 8, 0, 9, 8, 7,5 


(b) 9,1 
(65) 175 
(67) 1800 
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Part 4 


INTEGRATION OF FUNCTIONS OF A 
SINGLE VARIABLE 


CHAPTER 13 


THE RIEMANN INTEGRAL 


13.1. Background 


Topics: summation notation, Riemann sums, Riemann integral, upper and lower Darboux sums, 
definite and indefinite integrals. 


Here are two formulas which may prove helpful. 


13.1.1. Proposition. For every natural number n 


n 


_ n(n+1) 
ieee eee 


k=1 


13.1.2. Proposition. For every natural number n 


n(n + 1)(2n + 1) 
ye - 


13.1.3. Definition. Let J = [a,b] be a fixed interval in the real line and P = (2, 21,...,%n) be 
n+ 1 points of J. Then P is a PARTITION of the interval J if: 


(1) zo =a, 

(2)a,= by and 

(By apy Say ior k= 1,2). 
We denote the length of the yh Praia by Ag,; that is, Ax, = x, — tp_1. A partition 
P = (x0, %1,...,2n) is REGULAR if all the subintervals [x,_1, 2] have the same length. In this case 


ANG = Dts = eS AGz 
and we write Az for their common value. 
13.1.4. Notation. Let f be a bounded function defined on the interval [a, 6] and P = (20, 71,...,2n) 
be a partition of [a,b]. Then we define 


S- f(t) Ave (13.1) 


REP) c= 

L(P) = S~ f(ae—-1) Avg (13.2) 
k=1 

M(P) := x f ((E(ee-1 + tp) Ary. (13.3) 


These are, respectively, the RIGHT, LEFT, er MIDPOINT SUMS OF f ASSOCIATED WITH THE PAR- 
TITION P. If P is a regular partition of [a,b] consisting of n subintervals, then we may write R, 
for R(P), L, for L(P), and M,, for M(P). 

ah f. 


13.1.5. Definition. The AVERAGE VALUE of a function f over an interval [a, b] is 
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13.2. Exercises 


k=1 
10 
(2) 4= 
k=3 
100 
(3) So k(k-3) = 
k=1 
200 199 
(4) S- m — be m = 
m=l1 m=l1 
4 
(5) So(-1)*e* = 
k=1 


8 


(6) Let ay = 2" for each k. Then So (as — ap-1) = 


k=3 
50 
1 12 
(7) ok = q Where a= 
k=3 
p_4 
k-1l k 
Ty. 4 dL. 1 1 
8) E 14 
ke) Express Lit 3 * gor gi * 94g 
a= and b = 
4 
(9) S(k-Dk(k+1) = , 
k=1 
5 bo 
(10) arte = S > 3! where a = 
k=0 j=a 
60 1 a 
(11) ab = ye ay where a = 
k=7 j=- 
70 4 61 
(12) at S° Bia where a = 
j=-3 i=a 
18 1 f 
= k—b — 
(13) by 543 = ye where a = 
j=—-4 k=a 


simpler fractions. 


1 
. Hint. Find numbers p and q such that ap 


and b = 


and b = 


and b = 


and b = 


1 


a 
in summation notation. Answer: ) b* where 


k=0 


as the difference of two 
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34 
1 1 
(15) Ss" R2 =" where a = . Hint. Write —— as the difference of two 
k= 


+2k 2520 k? + 2k 
simpler fractions. 
(16) Let f(x) = x? on the interval [0,4] and let P = (0,1,2,4). Find the right,,left, and 
midpoint sums of f associated with the partition P. 


Answer: R(P) = ;L(P) =__—s and M(P)= 


where a = 


(17) Let f(x) = 2? — 2 on the interval [—2, 3] and let P = (—2,0, 1,3). 
midpoint sums of f associated with the partition P. 


Answer: R(P) = al BC a0 a ; and M(P) = , where a = 


Find the right, left, and 


(18) Let f(x) = 3-2 on the interval [0,2] and let P, be the regular partition of [0,2] into n 
subintervals. Then 


(a) Ry =a+— where a = and b = 
(b) Ly = e+ © where ¢ = and d = 
) i 


(19) Let f(x) = 2” — 3 on the interval [0, 4] and let P, be the regular partition of [0,4] into n 
subintervals. Then 


(a) Ry = a+ 2 where a = and b = 

(b) fee ence or and d = 
n 

e) So f= —_ 


(20) Let f(x) = x — 2 on the interval [1,7] and let P, be the regular partition of [1,7] into n 
subintervals. Then 


(a) Ry, =a-+2 where a = and b = 
(b) ia a and d = 
oe) fi f= __ 


2 


(21) “f vous Ina dz = 1+ e?, then f Ingde 2 
1 


(22) Suppose that ee ee ay ee [f= 6, and 


fjetme | i 


Jt 
(23) For what value of x is ) f(t) dt sure to be 0? Answer: 
4 


3 =) 
(24) Suppose [ FL) eae Then [ feds = : 
=, 3 


92 


13. THE RIEMANN INTEGRAL 


3 
(25) Find the value of the integral i, V9 — x? dx by regarding it as the area under the graph 
-3 
of an appropriately chosen function and using an area formula from plane geometry. 
Answer: 
2 
(26) Find the value of the integral / (4 — |a|) dx by regarding it as the area under the graph 


of an appropriately chosen function and using area formulas from plane geometry. 


Answer: 
a 
1 
(27) Let a > 0. Then f (va’ — a? —a +2) dx = paP(c— 2) where b = p= : 
0 
and c = . Hint. Interpret the integral as an area. 


(28) If the average value of a continuous function f over the interval [0,2] is 3 and the average 
value of f over [2,7] is 4, then the average value of f over [0,7] is - where a = 
8 
(29) Let f(«) =|2—|2 —3)|. Then [ Pavia 
0 


2+V2x-—22, forO<2x<2 


30) Let = . Th 
pO) ete) 4-4, for x > 2 a 
7 1 
[ flode a+ F where a = and b = ‘ 
0, ° 
i f(x) da =e + | where ¢ = and d = ; and 
0. e 
[ teaae =p += where p = and q = : 


(31) Sumpse fF ma Jar =5,and fo sto )dx = 1. Then [ f(x) dx = 


ff He + ne Lf (00) +2) 0 = = [He -2ae = 
[ fear = Jf ste-2)de= ana [pte +2) —  —— 


4 
(32) [te + |e —2|) de = 


3 
(33) i (esteeloiaes. 
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13.3. Problems 
(1) Prove proposition 13.1.1. 
(2) Prove proposition 13.1.2. 


n nm 


(3) Show that S- Q-* ~ 1-27” for each n. Hint. Let sy, = > 2-* and consider the quantity 


k=1 k=1 
1 
Sn — Z8n- 


(4) Let f(z) = 2° + 2 for 0 < x < 2. Approximate i, f(x) dx using the midpoint sum. That 
is, compute, and simplify, the Riemann sum M,, for arbitrary n. Take the limit as n > oo 
of M,, to find the value of i f(x) dx. Determine the smallest number of subintervals that 
must be used so that the error in the approximation M,, is less than 107°. 


(5) Without evaluating the integral show that 


a : 4 3 2 
—_< 3° —4a°+3xr+1) dx <3. 


AT Sija 
1 
[fs 
0 
b 


(7) Suppose that a < b. Prove that | (f(x) - c) dx is smallest when c is the average value 


1 
9 


1 
(6) Let f(x) = x2? sin— if 0 <a <1 and f(0) =0. Show that 3 
x 


of f over the interval [a, }]. 


(8) Show that if f is a continuous function on [a, 6], then 


[seas [rela 


Hint. Suppose that d is a positive number and we wish to prove that |c| < d. All we need 
to do is establish two things: that c < d and that —c < d. 


e+1 


1 
(9) Show that 1 < 7 e” dx < . Hint. Examine the concavity properties of the curve 
0 


y= e 
(10) Let 0< a <1. Apply the mean value theorem to the function f(x) = e” over the interval 
[0,2] to show that the curve y = e® lies between the lines y= 1+ and y = 1+ 32 


whenever x is between 0 and 1. Use this result to find useful upper and lower bounds for 
the value of i e* dx (that is, numbers m and M such that m < i, e’ dx < M). 


(11) Show that [ ([° rey ateneay) dx = ([1) (fs). 


(12) Without evaluating the integral show that 


T a on 
ssf sina dx < —. 
3 0 6 


(13) Consider the function f(a) = 2? +1 defined on the closed interval [0,2]. For each natural 


number n let P, = (%0,%1,-.--,%n) be a regular partition of the interval [0,2] into n 
subintervals. Denote the length of the k*® subinterval by Av,. (Thus for a regular partition 
Ag = Aggy == = Am.) 


Definition. Let P,, be a regular partition of [0,2] as above. For each k between 1 and n 
let ax be the point in the kt subinterval [%-1,%~] where f has its smallest value and by 
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be the point in [x,_1,x,] where f has its largest value. Then let 
L(n)=S— flax)Ave and —-U(n) = SO fbx) Aze. 
k=1 k=1 


The number L(n) is the LOWER SUM associated with the partition P and U(n) is the 
UPPER SUM associated with P. 


(a) Let n = 1. (That is, we do not subdivide [0,2].) Find P,, Avi, a1, b1, (1), and 
U(1). How good is L(1) as an approximation to i fe 

(b) Let n = 2. Find Py. For k = 1,2 find Arg, az, and by. Find L(2) and U(2). How 
good is L(2) as an approximation to ihe f? 

(c) Let n = 3. Find P3. For k = 1,2,3 find Azx,, az, and by. Find L(3) and U(3). How 
good is L(3) as an approximation to i f? 

(d) Let n = 4. Find Py. For k = 1,2,3,4 find Avg, az, and by. Find L(4) and U(4). How 
good is L(4) as an approximation to fie f? 

(e) Let n = 8. Find Py. For k = 1,2,...,8 find Azz, ax, and by. Find L(8) and U(8). 
How good is L(8) as an approximation to is ft 

(f) Let n = 20. Find Poo. For k = 1,2,...,20 find Azz, az, and by. Find L(20) and 
U(20). How good is L(20) as an approximation to 4 f? 

(g) Now let 7 be an arbitrary natural number. (Note: “arbitrary” means “unspecified” .) 
For k= 1,2,...,n find Agg, az, and by. Find L(n) and U(n). Explain carefully why 
L(n) < i f < U(n). How good is L(n) as an approximation to fis f? 

(h) Suppose we wish to approximate fe f by L(n) for some n and have an error no greater 


than 10~°. What is the smallest value of n that our previous calculations guarantee 
will do the job? 
(i) Use the preceding to calculate te f with an error of less than 107°. 


13.4. ANSWERS TO ODD-NUMBERED EXERCISES 


13.4. Answers to Odd-Numbered Exercises 


(21) 

(23) 

(25) 

(27) 4,2, 7 
(29) 9 

(31) 5, —1, 9, 4, 10, 30, 10 
(33) 5 


CHAPTER 14 


THE FUNDAMENTAL THEOREM OF CALCULUS 


14.1. Background 


Topics: Fundamental theorem of Calculus, differentiation of indefinite integrals, evaluation of 
definite integrals using antiderivatives. 


The next two results are versions of the most elementary form of the fundamental theorem of 
calculus. (For a much more sophisticated version see theorem 46.1.1.) 


14.1.1. Theorem (Fundamental Theorem Of Calculus - Version I). Let a belong to an open interval 
J in the real line and f: J + R be a continuous function. Define F(x) = fe f for alla € J. Then 
for each x € J the function F is differentiable at x and DF (az) = f(z). 


14.1.2. Theorem (Fundamental Theorem of Calculus - Version II). Let a and b be points in an 
open interval J CR witha < b. If f: J > R is continuous and g is an antiderivative of f on J, 
then 


b 
/ f =g(b) - g(a). 


The next proposition is useful in problem 5. It says that the only circumstance in which a 
differentiable function F' can fail to be continuously differentiable at a point a is when either the 
right- or left-hand limit of F’(x) fails to exist at a. 


14.1.3. Proposition. Let F' be a differentiable real valued function in some open interval contain- 
ing the point a. If l:=lim,_,,- F'(x) andr := lim,_,,+ F''(x) both exist, then 
F'\q) == T= Im Fe; 
wa 


PROOF. Suppose that F' is differentiable on the interval (a — 6,a+ 6). For x € (a,a+0) the 
mean value theorem guarantees the existence of a point c € (a,x) such that 
F(z) — F(a) _ F'(c). 
L-a 
Taking the limit as x approaches a from the right we get F''(a) = r. A nearly identical argument 
yields F'’(a) =1. This shows that F is continuously differentiable at a. 
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(1) 


— 
bo 
nN 


A: 
oe 
ad 
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14.2. Exercises 


n 


(n + 2k)4 
Evaluate Jim, Ss" ——— 


: by expressing it as an integral and then using the fundamental 
n b 
k= 
theorem of ealcnls to evaluate the integral. The integral is — : x? dx where a = ; 
Cc 


a 


b= C= , and p= . The value of the integral is 1 where q= 
a 


and r = 
n 


Evaluate Jim, SS 


73h by expressing it as an integral and then using the fundamental 
n b 


=1 1 
theorem of calculus to evaluate the integral. The integral is — / x? dx where a = ; 
c a 


b= ,c= , and p= . The value of the integral is “ nu where u = 
v 


and v = 


n 


Evaluate Jim, Ss" AP ke by expressing it as an integral and oe using the fundamental 


=1 
theorem of calculus to evaluate the integral. The integral is il f(x) dx where a = ; 
= ,and f(z) = . The value of the integral is 


n 
Evaluate Jim, SS Qn +The by expressing it as an integral and then ae the funda- 


mental theorem of calculus to evaluate the integral. The integral is — F x? dx where 
c a 


a= ,o= sc , and p = . The value of the integral is : where 
r= i 
”\ (2n + 5k)? 
Evaluate lim S- — by expressing it as an integral and then using the funda- 
noo n 


k=1 1 b 
mental theorem of calculus to evaluate the integral. The integral is — / x? dx where 
c a 


a= ,b= c= , and p = . The value of the integral is 5 where 
— 
n 
2n + 4k)? 
Evaluate lim Ss" case by expressing it as an integral and then using the funda- 
noo n 


b 
k=1 
mental theorem of calculus to evaluate the integral. The integral is — i: x? dx where 
c a 


a= ,b= c= , and p = . The value of the integral is 5 where 
— 


Let J = ihe V3 dz and let P be the regular partition of [0,5] into n subintervals. Find 
the left, right and midpoint approximations to J determined by P. 


Ben /15k 
Answer: Dy, = — S- — where p = and q = 5 
me 


5 15k 
) A where Tr and §& 


fae Sie 
Mn=— >) aa where t = ee , and v = 
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(8) Evaluate lim by expressing it as an integral and then using the 


s In(5k+n)—-—Inn 
n 


NCO b 
k=1 1 
fundamental theorem of calculus to evaluate the integral. The integral is — / f(x) dx 
Cc 
where a = = eS , and fe )j= _ The value of the 
integral is "f(r) — 1 where r = and s = 
8 


1 
oF FP Ap A 
(9) Let g(x) = | ae 


dt. Then Dg(2) = ; where a = 
3 


2 
(10) Let g(x) = (5 + 7cos?(27x) — sin(4rx))~! and f(x) = [ g(t) dt. Then Df(5) = -- 


x 


where a = 
3 
x 2 
(11) Let o(z) = (1 + (2* + 7)8)-1? and f(z) = ‘i g(t) dt. Then Df(1) = a where 
CS 7 
(12) Let sla) = fo Then Df (2) = =< h = cha 
et f(z) = he See en =a— > where a = and b = 
7u-—1 
Gao | eam ea yr 
0 u—2 


); 
(b) g is increasing on ( . ); and 


). 
(14) Solve for x: i (2u — 1)? du = _ Answer: © = 
0 


(a) the domain of g is ( ; 


(c) g is concave down on ( : 


r+2 
(15) Solve for x: l udu = 0. Answer: x = 


x 


x 
(16) Find a number x > 0 such that ‘i (u—1)du = 4. Answer: x = 1+a,/a where a = 
1 


6 
(17) Find | f'(x) dx given that the graph of f includes the points (0,4), (3,5), (6, -2), and 


3 
(8, —9). Answer: 


(18) Let g(x) -|/ xf (t) dt where f is a continuous function. Then 
0 


Dg(x) = 
(19) Let f(x) = | 34H dt. Then f is increasing on the interval ( 5 ) and is 
0 
concave up on the intervals ( ; ) and ( ; V3 


(20) ity= | V2+ udu, then 4 = 
0) s 


t2 
d 
(21) Tey = i cos x dx and t > 0, then 77 = 
2 


¢ 1 
(22) ir | f(t) dt = x? sin(ra) for every x, then f (1/3) = “+5 where a = and b = 
=~ 


14. THE FUNDAMENTAL THEOREM OF CALCULUS 


1 
(2 - Let f(x y=f" gO x > 1. Then Df(e) = —(b? — 1) where a = and 
alne 3 a 
In(a?+1) 1 
(24) Let f(a ope ; for x > 0. Then Df(1) = — where a = 
In(a+ 
ane 3 
ye . Then Df(1) = — wh = 
(25) Let f(x fe aa dt en Df (1) 7; Where a 
(26) Let f(a =f 5a Sei D2 . Then Df(1) = 5 where a = and b = 
(27) Let f(z ee ra cep? 12 . Then Df (2) = nm wwhere a = and b = 
In(a?+3) dt 3 
(28) Let f(x) = . ome for x > 1. Then Df (2) = —— where a = 
Ing € a 
(29) Let f(a) = (#?+22+2)~ for all 2 € R. Then the interval on which the curve y = [j f(t) dt 
is concave up is ( ? aD 
1 2+h 
(30) im =f Vl+2?dzr = 
A>0h Jo 
2X —2x =e 
1 al 
(31) lim es de = Hike = +. 
rA30t Jy x x 3 
1 1+52 
(32) lim — (4 — cos 2ant)? dt = 
r0 & 
(33 ee "Is sees Lae = 
r>0 Tr 
1 In(e?+3u) 
(34) lim — V1+2t+5t?dt=ae’ wherea=___s and b= 
u0 U 2 
i a 
(35) / an where a = 
(36) / 12e* dx = ae** + c where a = p= , and c is an arbitrary constant. 
(37) i 40 cos 5a dx = asin bx +c where a = ,b= , and c is an arbitrary constant. 
1 
4 
(38) i da = ~ where a = 
9 V4—27 3 
ve. iG 
39 —~ dz = 
oy i 9+a2°" 


m/2 , 
(40) i cos re*"* dx = a — b where a = and b = 
0 


a) [ sec” tr dz = 
0 
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b 
15 
(42) Ifa =0 and b= #(e~1), then f eT hen : 


b 
(43) Let f(x) = |x| + |cos2| for all z. Then i: f=at am where a = = 
—1/2 


and p = 


? a 
(44) / |x? — a dx=7 where a = 
1 


Qn 
(45) ["(\sina| + cos) der = 
0 


m/4 1 
(46) i sin? x cosa dx = — where a = 
0 a 


3 
(47) / (a? — 6a? + 22 — 7) dx = 
1 


(49) i (5 — 202) dir = 


5 1 \2 
(50) i, (vi+ =] dx =a-+lnb where a = and b= 
1 _—- 
m/2 
(51) i esc? «dz = : 
7/6 
5 dx 1 
(52) : sae where a = : 
1 
1 
(53) | (x? + ax)et +20? dz = AG — 1) where a = and p = 
0 ——— 


(54) Let f(z) = fo + cos(sint)) dt. Then Df~!(0) = “ where a = 


2/3 


101 


4 
(55) Let f(z) = i arctan(2 + 2sint) dt for x > 0. Then Df~1(0) = = where a = 


w/3 
Hint. What is tan ot? 
2 


ae | a 
(56) If logy a = i Fs dt, then x = exp( 
2 


h = : 
) where a 
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14.3. Problems 
104 
(1) Estimate Ss" Vk by interpreting it as a Riemann sum for an appropriate integral. 
k=1 
(2) Let f(x) = 2° +2, let n be an arbitrary natural number, and let P = (20,%1,...2n) 
be a regular partition of the interval [0,2] into n subintervals. (Note: “arbitrary” means 
“unspecified”.) For each k between 1 and n let cg be the midpoint of the k*” subinterval 
[vp—-1, Cx). 
(a) Find the width Az, of each subinterval. 
(b) Find xz for each k = 0,...,n. 
(c). Find ec, for each. & = 1,....,.10: 
(d) Find the corresponding Riemann midpoint sum S77, f(c,) Avy. Simplify the expres- 
sion and put it in the form a+ b/n+c/n?+.... 
(e) Find the limit of the Riemann sums in part (d) as n > oo. 
(f) Compute i f using the fundamental theorem of calculus 
(g) What is the smallest number of subintervals we can use so that the Riemann sum 


found in (d) approximates the true value of the integral found in (f) with an error of 
less than 107°? 


(3) Let f(a) = —5a + 3 for —1 < a < 3. Partition the interval [—1,3] into n subintervals of 
equal length. Write down the corresponding right approximating sum R,. Show how this 
expression can be simplified to the form a+ B for appropriate numbers a and b. Take the 
limit of this expression as n gets large to find the value of e f(a) dx. Check your answer 


in two different ways: using a geometrical argument and using the fundamental theorem 
of calculus. 


— 
y 
ae 


Let f(x) = 2? +1 for 0 < x < 3. Partition the interval [0,3] into n subintervals of 
equal length. Write down the corresponding right approximating sum R,. Show how this 
expression can be simplified to the form a + ae + at for appropriate numbers a, 8, c, 
and d. Take the limit of this expression as n gets large to find the value of if f(x) da. 
Check your answer using the fundamental theorem of calculus. 


(5) Define functions f, g, and h as follows: 


1, forO<a<2 
A(z) = 
x, for2<a<4. 


ge 
gfx) = | h(t) dt for OS <2 


fa) = [tat for 0 <2 <2. 


(a) For each of the functions h, g, and f answer the following questions: 
(i) Where is the function continuous? differentiable? twice differentiable? 
(ii) Where is the function positive? negative? increasing? decreasing? concave up? 
concave down? 

(iii) Where are the z-intercepts? maxima? minima? points of inflection? 
(b) Make a careful sketch of the graph of each of the functions. 
(c) What is the moral of this problem? That is, what do these examples suggest about 

the process of integration in general? 
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Hints for solution. When working with the first function h it is possible to get the 
“right answers” to questions (i)—(iii) but at the same time fail to give coherent reasons 
for the assertions made. This part of the problem is meant to encourage paying attention 
to the precise definitions of some of the terms. Indeed, the correct answers will vary from 
text to text. Some texts, for instance, distinguish between functions that are increasing 
and those that are strictly increasing. Other texts replace these terms by nondecreasing 
and increasing, respectively. Some texts define concavity only for functions which are 
twice differentiable; others define it in terms of the first derivative; still others define it 
geometrically. 

This first part of the problem also provides an opportunity to review a few basic facts: 
differentiability implies continuity; continuity can be characterized (or defined) in terms 
of limits; and so on. 

Unraveling the properties of the second function g is rather harder. Try not to be put 
off by the odd looking definition of g. The crucial insight here is that by carrying out 
the indicated integration it is possible to express g, at least piecewise, as a polynomial. 
From a polynomial expression it is a simple matter to extract the required information. 
Impatience at this stage is not a reliable friend. It is not a good idea to try to carry out 
the integration before you have thought through the problem and discovered the necessity 
of dividing the interval into two pieces. It may be helpful to compute the values of g at 
x = 1.0,1.1,1.2,...,1.9,2.0. Notice that about midway in these computations something 
odd happens. What is the precise point p where things change? Eventually one sees that 
g too is expressible as one polynomial on [0,p] and as another polynomial on (p, 2]. Once 
g has been expressed piecewise by polynomials it is possible to proceed with questions 
(i)—(iii). To determine whether g is continuous at p, compute the right- and left-hand 
limits of g there. 

The question of the differentiability of g is subtle and deserves some serious thought. 
It may be tempting to carry over the format of continuity argument to decide about the 
differentiability of g at p. Suppose we compute the right- and left-hand limits of the 
derivative of g at p and find that they are not equal. Can we then conclude that g is not 
differentiable at p? At first one is inclined to say no, that all we have shown is that the 
derivative of g is not continuous at p, which does not address the issue of the existence 
of g’(p). Interestingly enough, it turns out that the only way in which a differentiable 
function F' can fail to be continuously differentiable at a point a is for either the right- 
or left-hand limit of F’(x) to fail to exist at a. The crucial result, which is a bit hard 
to find in beginning calculus texts, is proposition 14.1.3. Thus when we discover that a 
function F is differentiable at all points other than a, and that the limits lim,_,,- F(x) 
and lim, ,,+ F''(x) both exist but fail to be equal, there is only one possible explanation: 
F fails to be differentiable at a. 

After finding a piecewise polynomial expression for g, another difficulty arises in deter- 
mining whether g is concave up. It is easy to see that g is concave up on the intervals (0, p) 
and (p,2). But this isn’t enough to establish the property for the entire interval (0,2). 
In fact, according to the definition of concavity given in many texts g is not concave up. 
Why? Because, according to Finney and Thomas (see [2], page 237), for example, concay- 
ity is defined only for differentiable functions. A function is concave up on an interval only 
if its derivative is increasing on the interval. So if our function g fails to be differentiable at 
some point it can not be concave up. On the other hand, under any reasonable geometric 
definition of concavity g certainly is concave up on (0,2)—although it is a bit hard to 
show. The solution to this dilemma is straightforward: pick a definition and stick to it. 

Analysis of the last function f proceeds pretty much as for g. One new wrinkle is the 
difficulty in determining where f is positive. The point at which f changes sign is a root 
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(op) 
Sa 
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of a fifth degree polynomial. An approximation based either on the intermediate value 
theorem or Newton’s method goes smoothly. 

As with g, conclusions concerning the concavity of f may differ depending on the defi- 
nitions used. This time both a geometrical definition and one based on the first derivative 
lead to one conclusion while a definition based on the second derivative leads to another. 

Finally, for part (c) does it make any sense to regard integration as a “smoothing” 
operation? In what way? 


Show that if f is continuous, then 


[toe Lf [ [+ eas 


Hint. What can you say about functions F’ and G if you know that F’(x) = G’(x) for 
all x and that F(x) = G(x) at some point x9? 


Let f be a continuous function and a < 6. Show that i f(-—a)dx = te ) dx 


Hint. Show that if F' is an antiderivative of f, then the function G: 7H —F a x) is an 
antiderivative of the function g: rH f(—2). 


Let a < b, f be a continuous function defined on the interval [a,b], and g be the function 
b 


defined by g(t) = i (f(x) — t)? dx for t in R. Find the value for t at which g assumes a 
a 
minimum. How do you know that this point is the location of a minimum (rather than a 
maximum)? 
Ax 1 
Let \ be a positive constant. Define F(x) = / n dt for alla > 0. Without mentioning 
logarithms show that F is a constant function. 


Without computing the integrals give a simple geometric argument that shows that the 
sum of ie a/ ede and i x’ dx is 1. Then carry out the integrations. 
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14.4. ANSWERS TO ODD-NUMBERED EXERCISES 


14.4. Answers to Odd-Numbered Exercises 


(Gp mbes eee a es 


1 T 
~1L+4+a2’ 4 
(5)..2°7, 0; 2.67 


(3) 0, 1 


(7) 0, n—1, 1, n, 30, 15, 2 


(11) 3 


G5) 


ge ae 


(19) —1, 1, —V3, 0, V3. 00 


(21) 2tcost 


(23) 2, e 


(25) 200 


(27) 8, 35 


(29) —oo, -1 


(31) In2 
(33) 8 


(35) 4 


(37) 8,5 
(39) 


& | 99 


(41) 4 


(43) 3, 5,2 
(45) 4 


(47) —38 


(49) -3 


(51) V3 
(53) 4,3 
(55) 5 


CHAPTER 15 


TECHNIQUES OF INTEGRATION 


15.1. Background 


Topics: antiderivatives, change of variables, trigonometric integrals, trigonometric substitutions, 
integration by parts, partial fractions, improper Riemann integrals. 


107 


108 


15. TECHNIQUES OF INTEGRATION 


15.2. Exercises 


1 
a f- ze Za0 Inb) where a = and b = 
l+2z 3 
@ [> ia gh EG and b = 
@) [ae 
3V3 ere 
ay fo meiens arctan 2x ‘id 
dx = — where a = 
1+ 4x? a 


@ [ve 101+ dx = —— where a = 
0 
16 
= 
of = 
1 z+ ya 
7 dx 1 
— h = 
mf Gia ees ;, Where a 


(8) [ 2dx 7 
o7/3 29/3 — 3x4/3 + 34 — 22/3 “eo 


m/2 3 
(9) / seedy, | eee : where a = and b = 


jo Vsina 5 10/2 


1/8 1 
(10) i tan 2x sec” 2x dx = — ;, Where c= 


4/3 4 
(11) ae Ay t = dar = = where a = : 
4x —1 
12 dx 
2) ye Qn + fz 
1/2 1 
(13) ii a sin®(1x") cos(ma”) dx = . where a = 
0 


7/4 sec? x 1 
14 dx = h = 
M2 / (5 + tan x)? el cel 


2 2 
(15) i: = dx =“ where a = 
0 


ve +1 3 
2 
1 
(16) i — edr = — where a = 
0 V4r27+9 a 
2 2x? dx a 
(17) | G+1pP = 57 where a = 
V10 
(18) wV a2 —1dr= 


er me 
1 ——— = : 
as) [ ene —§$<——— 
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r° dr 1 : . 
(20) oe 4—r® + ¢ where a = and c is an arbitrary constant. 
—”7r a 


n/A 3 2 
(21) i: de = dx = 2 where a = 
0 (1 +tan4 x) 7 


V3 
(22) i =2 4 — ina where a = 


(23) [ asa = “ wherea=__ 

(24) [ fal Sy des where a = 
es 

(25) ea —— a — 7 wherea=_ 

iP) oa V—ax? = — 21 7 i 
0 

(27) i= om a“ re where a = ; 


arctan e? 

2 1 

(28) il a at dx = —Ina where a = 
arctan e In(tan x) 2 


1+22 


In3 er/2 T 
(30) i, dx = — where a = 
(0) 1+ e* a 


1/2 3 arcsin x 7? 
31 dx = where p = and a = 
(31) fo de = = where p= __ 


V2 dy 7 
32 ——— = — where a = 
(82) ie vai-a a 


1 
1 
(33) | (a+ Q)er +40 dx = ae — 1) where a = and p = 
0 


1 2 p 
(29) i (arctan x) dx = “ where D = and a= 
0 


Vind 5 F 1 
(34) / xe” cos(3e” ) dx = * where a = 


In8 — er a 
x = aln— where a = and b = 

3 ine 1 h db 

In2 

1 2 

ro” dx = where a = an = 

36 aaa | bind h db 

0 

"log. x a 
(37) i = = an? where a = 

e a 
(38) i a ‘(logs x)? dx = bind)? where a = and b = 

e2 n 
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a /2 1 
(39) | sin’ udu = Ea where a = 
0 a 


n/3 a 
(40) / sec? x tana dx = 5 where a = 
0 


m/4 
(41) : sec’x dx = a+4Inb where a = and b = 
0 


w/3 a 
(42) I tan? x sec? a dx = — where a = 
: 15 


m/2 
(43) i sin’ x dx = a where a = 
0 a 
m/2 1 
(44) i cos? x sin” « dx = — where 
0 a 


m/2 8 
(45) / sin‘ cos’ dx = — where 
0) a 


a= 


a= 


/3 
(46) i; tan?x dx = a — nb where a = and b = 
0 


(47) i sin? «dx = —~ where a = 
: 16 


/3 
(48) i sec® a dx = =V3 where a = : 
0 


ie 4g 


T 
(50) where a = ‘ 
ff rv — a 


1/2 


dx 
eu / V8 — 4x — 4x? 


an arbitrary constant. 


(52) |= =a arctan(a f(x 


x2 +2745 
arbitrary constant. 


=a arcsin($f(2)) +c where a = 


)) +e where a = 


2 
d 1, 32 
(53) ih ao rn ; where a = ; 


x(1+ a+) 


oe / r2V/34+ 2? a (: “5/8 
6 Jz? —9 


(56) ic a = In(a + Vb) — In 


vaVi2—9 


) where a = 


(1+ V2) where a = 


and 6 = 


dx = aV3 — b where a = and b = 


3 dw 
(57) ——_ = In(a+ Vb) where a = and b = 
0 —— 


9+ w2 


and b = 


, and cis 


, and c is an 
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a z 
(58) / 7 aye dx = Fa) g(z/2)+cewhere f(z) =_ i (we) =, 


and c is an arbitrary constant. 


—1nb where a = and b = 


60) [ ° 
59 | arctan x dx = —= 
0 V3 


ve ar 1 
(60) i xarctans dr = ee b where a = and b = 
0 


2 
(61) ‘i: one dr = aln2~ 7 where a = and b = 
1 


© 1 
(62) ip x° Ina dx = —(be? + 1) where a = b= , and p = 
1 


(63) [oe dx = p(x)e* + c where p(x) = and c is an arbitrary constant. 
nm 1 
(64) i: arctan xz dz = — — A Inb where a = and b = 
0 a 


1 

1 

(65) : arccot cde = 7 + 3 Inb where a = and b = 
0 


7/6 = 
(66) | eng de = —- where a = and b = 
0 


(67) je cos x dx = f(x)sinx + g(x) cosx +c where f(x) = on) = : 
and c is an arbitrary constant. 


2427-2 
68) Expand Sia ee by partial fractions. 
x(a — 1) 


a 
Answer: — + | | where a = ,b= ,c= ,andd = 
ro x xz—1 


epee i a 


(69) Expand ir ese, by partial fractions. 


Answer: f(x) 4 23 e where f(x) = 


a= ap] 
x-1l «+2 oe 


8 1 
cro) [ mag pe 


(71) is —2w? + w? + 2w +13 
= w2 + 2w+3 


dw =a +1nb where a = and b = 


3a: 6 
(72) / ieee dx = —aln(x? + 2) + aln(g(x)) + 3arctan x + ¢ where a = 5 


x4 + 3x2 +2 
gz) = , and ¢ is an arbitrary constant. 
1 — 4x — 327 — 323 
(73) i ay ay 2 * dx = : 5lnz+In(g(x))+c where a = gla) = ; 


and c is an arbitrary constant. 


(74) i ete dx = f(x) + 2g(x) +In(x? +a+1)+cwhere f(x) = i, 


Ga) = , and ¢ is an arbitrary constant. 
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24 
(75) i 2 dx = alnz — In(g(x)) + c where a = ae) = , and c is an 
e+e 
arbitrary constant. 


xv? — 322+ 7x4 —5 


oe) = , and c is an arbitrary constant. 


2x7 — 3a + 9 1 1 
(76) i ad oer dx = aln(a —1)+ - arctan € a(e)) +c where a = : 


(77) = eee dx = In(x — 1) + In(x +1) + f(x) +c where f(x) = 


and c is an arbitrary constant. 


5 9) 4 3 3 2 19 5 
(78) fF = — = — 5 a dx = g(x)+aln(a—2)+b arctan x+c where a = : 


b= ola) = , and c is an arbitrary constant. 


(79) fe POR ok tay dx = f(x) — - + In(g(x)) + arctan(h(x)) + c where 


x* + 9x? 
f(z) = Ole) = se) = , and c is an arbitrary constant. 
m/2 dx a 
(80) i ay ea =In (<) where a = . Hint. Try substituting u = tan 5. 
m/2 
(81) i a da — = where a = . Hint. Try substituting u = tan 5. 
9 cosx+sing a 
2x7 + 92 +9 
(82) i, eG eae) dx = aln(a—1)+f(x)+c where a = peer 


and c is an arbitrary constant. 
Qet +23 + 4a +2 
(83) / x + a? + Aa* + 


1 1 
dx =a f(x) + —arctanz — —g(x) + c where a = ; 
a a 


x +2e+2 
fis\= ,Ge)= , and c is an arbitrary constant. 
bu? + llu—4 
(84) fe = anf + bin 1] ~ infu 2| +e where a = 0 , and 
u? + ur — 2u 


cis an arbitrary constant. 


m/2 
(85) i (cot  — x esc? x) dx = 
0 


(86) i; az? Ina dx = ae? where a = and p = 
0 


x dx 
2 V/|9— 2?| 
CO 


1 
(88) i e “sina dx = — where a = 
0 a 


(87) =V/5+ /awherea=_ 


k 22 
3a+1 2241 


[o-e) 
(89) If we choose k = , then the improper integral | ( ) dx converges. 
0 


In this case the value of the integral is 2lna where a = 


| 
(0) | oae= 


oe dx 1 
1 —i h — 
(91) [ ana a eee 
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8 
(92) Does the improper integral [ x '/3 dx converge? Answer: 
0 
its value is 


(93) Does the improper integral dx converge? Answer: 


| 
/ VY2x —-1 
its value is 
1 


1 
(94) Does the improper integral / — dx converge? Answer: 
_1 v 
value is 


1 
(95) Does the improper integral y dx converges? Answer: 


2 3x — 2 
its value is . 


[o-e) 
1 
(96) Does the improper integral | ——a75 dx converge? Answer: 
0 1 + 9x 


its value is 


[o-e) 
(97) Does the improper integral / ze dx converge? Answer: 
0 


its value is 


1 
(98) / ae — 
-1 /|2| 
(99) | ome where a = 
3 a 


= d if 
(100) | _~C" _ =~ where a = 
0 (1 a 


V3 
(101) / dx =" where a = 
0 a 


a a 
(102) [, ie dz = 6 where a = 


(105) [ “dr =~ wh 
C= where @ = 
1/2 V1 — 2? 2 


cos 2 a 


(106) lim af = = . Hint. Problem 10 may help. 
n 


A>0+ 


(107) Let f(x) = i. (7 + cos(sin t)) dt. Then Df~!(0) = where a = 


2/3 
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. If it converges, 


. If it converges, 


. If it converges, its 


. If it converges, 


. If it converges, 


. If it converges, 


(108) Let f(x) = | arctan(2 + 2sint) dt for  >0. Then Df~1(0) = a where a = 
a 


1/3 
Hint. What is tan oF? 


(109) Let f(x) = [ amas 
1 


5t4 +7242 


dt. Then Df—!(0) = 7 where a = 
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x 
1 
(110) Let f(x) = | t3./t4 + 9dt for x > 0. Then Df-'(2)= 7 where a = 
0 
2A ,-2 —2£ et —] 


1 
(111) lim “da = Ina where a = . Hint; — = + —, 
ASO. e x a 


(1) 


(3) 
(4) 


(5) 
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15.3. Problems 


Your brother Al, who works for the Acme Widget Corporation, has a problem. He knows 
that you are studying calculus and writes a letter asking for your help. His problem 
concerns solutions to a system of two differential equations: 


a _ a(t) 
a (15.1) 
Y = a(t) + y(t 
aq ores 
subject to the initial conditions 
(0) =a and y(0) = b, (15.2) 


where a and 0 are arbitrary constants. He has already found one set of solutions: 


a(t) = ae’ 

y(t) = (b+ at)et 
What Fred is unable to discover is whether or not there are other solutions. Write a letter 
to Fred helping him out. 


Hint. Suppose 


y(t) = v(t) 


is a solution to the system (15.1) which satisfies the initial conditions (15.2). Consider the 
functions p(t) = e~tu(t) and q(t) = e~‘v(t). 


z(t) = a(t) 


1 


1 
Your friend Fred is trying to find the value of J = | tae dx, but he has forgotten that 
=i x 


He reasons as follows: 


arctan x is an antiderivative of i oe 
x 


If I multiply both numerator and denominator of the integrand 


by «~? I will get 
I [ ar 
= —,— dr. 
=| g-2+1 


1 
Then I make the substitution u = — to obtain 
x 


- a 
r=-f ee 
—1 1+u? 


Since the last expression is the negative of the original integral, I 
have shown that J = —I. The only way this can be true is if the 
integral I is zero. 

Explain to Fred what he did wrong. 


Explain carefully how to use integration by parts to evaluate | e* cos 2x dz. 
[oe 
Show that the improper integral J = i (1+ a3)~ 1/2 dx converges and that 0 <I < V2. 
2 


24 +1 
5a3 + 7x? — 2x — 1 


[o-e) 
Show that the improper integral J = / dx converges and that 
1 


0<1<3/5. 
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(oe) 
(6) Show that the improper integral ip sin x? dx converges and that its value lies between 
1 


—1and +1. Hint. sinx? = ae Qe sin x”. 
x 


2 


(7) Show that the improper integral | — dx does not converge. Hint. Consider dividing 
0 
the interval [0,2] into two pieces, say [0, 7/3] and [7/3, 2]. 
(oe) 
d. 
(8) Show that the improper integral | Ss does not converge. Hint. Show that 
» (+a) 


1+2° < 2° whenever x > 2. 


(oe) 
1 
(9) Discuss the convergence of the improper integral i, fina? dx. Hint. First prove that 
2 nz 
Inz is smaller than \/z for all positive x. 


Sv 


a 
(10) Let a > 0. Show that the improper integral i: Oe de diverges. 


0 


lee) 2 
(11) Show that the improper integral i = dx converges and that the value of the integral 
x 


1 
lies between —1 and +1. 


vo I: 
(12) Show that the improper integral i (ima? dx diverges. Hint. Show that Ina < \/x for 


every positive number z. 


(13) For this problem assume no prior knowledge of the natural logarithm, the exponential 
function, or the number e. For every x > 0 define 


(a) Show that In is strictly increasing and concave down. 
(b) Show that In1 = 0 and that In4 > 1. 


(c) Conclude from part (b) that there exists a number, call it e, such that 1 < e < 4 and 
Ine=1. 


Show that if a,b > 0, then In(ab) = Ina+Inb. 


Show that if a > 0 and n is a natural number, then In(a”) = nIna. 


(d 
(e 
(f) Show that if a,b > 0, then in(¢) =Ina—Inb. 


) 
) 


(g) Prove that lim,_,.. nx = oo and that lim, _,9+ nz = —oo. 
(h) Conclude from part (g) that the range of In is all of R. 


(i) Conclude from parts (a) and (h) that the function In has an inverse. Let exp = In“. 
Then the domain of exp is all of R and its range is the interval (0, 00). 


(j) Prove that Dexp(x) = exp(z). 


(k) Show that exp is strictly increasing and concave up. 


) 
) 
(1) Prove that if x,y € R, then exp(a + y) = expx- expy. 
(m) For every a > 0 and x € R define a® := exp(x Ina). Prove that e? = exp x for every x. 
) 


(n) Prove that if a > 0 and z,y € R, then a7*¥ = a®- a’. 
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(14) For this problem assume no prior knowledge of the trigonometric functions, the inverse 
trigonometric functions, or the number z. For every x € R define 


ae 
arctan x := —— dt. 
or eee 


(a) Show that arctan is strictly increasing. Where is it concave up? down? 
[o-e) 


1 
(b) Show that the improper integral io i+z2 


to show that the integral from 1 to co converges? 


el | 
(c) Define a := / ; 
Lp ae 


dt converges. Hint. Why is it sufficient 


dt. Show that 2 < a < 4. Hint. Why does it suffice to show 


ae | 
that 1< f ——_ dt < 2? 
0 +e 


(oe) 
1 
(d) Show that arctan1 = mn Hint. Show that arctanl = i ise dt by making the 
1 
change of variables u = 1/t. 
(e) Show that arctan has an inverse. Identify the domain and range of arctan~!. (From 
now on let tan := arctan!.) 


1 
For all x in the domain of the function tan define sec x := V1 + tan? x, cos x := 
sec £ 
sina := —Dcosz. (Notation: tan? x means (tan), etc.) 


(f) Show that D tan x = sec? x. 


) 
(g) Show that Dsecx = tanxsec 2. 
) 


(h) Show that tanaz = ena 


(i) 
(3) 

(k) How can the function sin be extended to a differentiable function on all of R? 
(15) Let a > 0. 

(a) Show that lim 

A>0F Jy x 
1 a 
(b) Find lim — | ee 


A>0+ x 


cos x" 
Show that sin? x + cos? x = 1. 


Show that Dsinz =cosx. Hint. Try writing sinx as tanxcosz. 


* cosx 


dx = oo. 
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15.4. Answers to Odd-Numbered Exercises 


(5) 495 


(9) 8, 19 
(11) 12 


(13) 87 
(15) 4 


(17) 7 


(19) —1 


(21) 32 
(23) 6 


(25) a 


(27) 24 


(29) 3, 192 
(31) 2, 24 


(33) 2,5 


(35) 2,3 


(37) 15 


(39) 35 


1 
—,1+V/2 
V2 


(41) 
(43) 16 


(45) 315 


(53) 17 


(55) 3, 7 


(57) 1, 2 


(59) a, 2 


(61) 4, 15 


(63) 22-27 +2 


(65).-42 


(67) x? — 2, 2x 
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(69) x, 3, —1 


(71) 24, 2 


(73) -1, 2%? +2¢+1 


(75) 3, 27 +1 


(77) arctan x 


(81) 4 


x 
e241 


(83) 2, Ina 


(85) -1 


(87) 7 


(89) 6, 3 
(91) 2 


(99) 12 


(103) e 


(105) V3 


(107) 8 
(109) 8 
(111) 2 


CHAPTER 16 


APPLICATIONS OF THE INTEGRAL 


16.1. Background 


Topics: area under a curve, long-run value of a physical quantity, half-life of a radioactive sub- 
stance, area of a region in the plane, arc length of a curve, volume of a solid using the method of 
cross-sections, volume of a solid using the shell method, work, centroid of a plane region, moment 
of a plane region about a line. 


As with the chapter 12 on applications of the derivative there are few interesting “real-world” 
problems here. The purpose of the material is to establish a few elementary links between some 
mathematical concepts and corresponding physical quantities. 


Newton’s law of cooling says that the rate of cooling of a hot body is proportional to the 
difference between its temperature and that of the surrounding medium. 


If the position of an object is given as a twice differentiable function x of time t, the VELOCITY 
v of the object is the derivative of position; that is, v(t) = Dx(t). The ACCELERATION a of the 
object is the second derivative of position; that is a(t) = D?x(t) = Dv(t). 


16.1.1. Definition. Let R be a region in the plane of area A with nonempty interior, M,(R) be 
the moment of R about the z-axis, and M,(R) be the moment of R about the y-axis. Then the 
CENTROID of R is the point (%,Y) where 

A A 
16.1.2. Theorem (Pappus’s Theorem). Let R be a region in the plane and L be a line which passes 


through no point in the interior of R. When R is revolved once about L the volume of the resulting 
solid is the product of the area of R and the distance traveled by its centroid. 


r= and y= 
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16.2. Exercises 


(1) The area of the (bounded) region between the curves y = x? —2+3 and y=2?7+2+3 


._ a 
is — where a = 


12 
; 1 x acl a 
(2) The area of the region between the curves y = — and y = 7 forl<a<3is—+In 5 
a a 

where a = and b= 
(3) The total area of the region between the curve y = «? — x and the z-axis for 0 < x < 2 is 

a 

ae = 

5 Where a 
(4) The area of the region enclosed by the curves x = y? and 32 = —y? +4 is e where 

a= 


(5) The area between the curves y = x? + 2? — 32+ 4 and y = 2? — 224+ 4 from x = —1 to 
x = 2 is 5 where a = 


(6) The area of the region between the curves y = x? and y = \/x over the interval 0 < x < 4 
is “ where a = 
3 
1 
i The length of the curve y = 5 le +e *) from x = 0 to x = In3 is 


) Find the _— for a curve through the point (0,3) whose length from x = 0 to x = 2 is 


yy ig Le (Qn +12 aI: dx. Answer: y = a+5f(x)wherea=____and f(x) = 


2 
(9) The length of the curve y= 8in 5+ ¥= — 8./x for 0 < x < 2 is alnb—b where a = 
and b = 


aa! 
(10) The length of the curve y = *4— from x =1 to « =2 is — where a = 
3. 4x 24 
(11) The length of the curve y = $(x? + 2)3/? from « = 0 to x = 3 is 
(12) The arclength of the curve y = Inseca for —} < a@ < 4 is n(a+ by/b) where a = 
and b = 


1 
(13) The length of the curve y = coshz between x = —1 and x = 1 is a— — where a = 
a 


4 
(14) The length of the curve y = 2 Ing—-3 between x = 0 and x = 1 is alnb— 1 where 
— x? 


a= and b = 


(15) The length of the curve y = x?/? from x = 0 to z= 3 is a where a = : 


1 
(16) The length of the curve y = 5x" — i lng from z= 1 to z= 2 is z+ —Inb where a = 
and b = 


1 1 
(17) The length of the curve y = x? between the origin and the point (1, 1) is —vb+ ri In(a+ Vb) 
where a = and b= 


(18) A train is moving along a straight track in Africa at a steady rate of 60 mph. The engineer 
suddenly sees on the tracks ahead a large rhinoceros. He slams on the brakes and the train 


(20) 


(21 


NS 


(22 


QS 


(27) 


(28 


NS 
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decelerates as a constant rate stopping in exactly two minutes just an inch from the angry 
rhinoceros’s horn. While stopping the train traveled mi. 


If the work done in stretching a spring from a length of 3 ft to a length of 4 ft is one-half 
the work done in stretching it from 4 ft to 5 ft, then the natural length of the spring is 
ft. 


A spring exerts a force of 1/2 pound when stretched 4 inches beyond its natural length. 
The work done in stretching the spring from its unstretched position to 8 inches beyond 
its natural length is inch-pounds. 


The left end of a spring is attached to the origin of the x-axis. Its natural length is /. The 
work required to stretch the right end of the spring from x = 6 to x = 8 is 11/7 times 
the work required to stretch it from « = 4 to x = 6. Then the spring’s natural length / is 


It takes a 20 pound force to stretch a particular spring 5 feet beyond its natural length. 
A 12 foot chain of uniform linear density weighs 48 pounds. One end of the spring is 
attached to the ceiling. When the chain is hung from the other end of the spring, the 
chain just touches the floor. The amount of work done in pulling the chain down three 
feet is foot-pounds. 


A horizontal cylindrical tank of radius 3 ft and length 8 ft is half full of oil weighing 60 
lb/ft?. The work done in pumping out the oil to the top of the tank is am + b where 
a= and b = 


A horizontal cylindrical tank of radius 4 feet and length 10 feet is half full of a liquid whose 
density is 60 pounds per cubic foot. What is the work done in pumping the liquid to the 
top of the tank? Answer: a+ ba where a = and b= 


A conical tank is 20 ft. tall and the diameter of the tank at the top is 20 ft. It is filled 
with a liquid whose density is 12 lb./ft.3. What is the work done in lifting the liquid to a 
trough 5 ft above the top of the tank? Answer: a ft-lbs. 


A hemispherical tank of water of radius 10 feet is being pumped out. The pump is 
placed 3 feet above the top of the tank. The work done in lowering the water level 
from 2 feet below the top to 4 feet below the top of the tank is (to five decimal places) 
foot-pounds. 


An oil tank in the shape of a horizontal elliptic cylinder is 25 feet long. The major axis 
of the elliptical cross-section is horizontal and 12 feet long. The (vertical) minor axis 
is 6 feet long. The work done in emptying the contents of the tank through an outlet 
at the top of the tank when it is half full of oil weighing 60 pounds per cubic foot is 
000+ — 0 _—s«d00 wt foot-pounds. 


A horizontal tank of length 25 feet has parabolic cross-sections (vertex down) 8 feet across 
at the top and 4 feet deep. The work done in pumping out the tank from an outlet 2 
feet above the top of the tank if it is filled with oil weighing 60 pounds per cubic foot is 
11_——__sé00 foot-pounds. 


A bag of sand originally weighing 100 lb. is lifted at a constant rate. The sand leaks out 
uniformly at such a rate that the bag is just empty when it reaches a height of 35 ft. How 
much work is done in lifting the bag of sand that distance? Answer: ft-lbs. 


One electron is fixed on the z-axis at x = —2 and a second at x = —1l. The force 
exerted by one electron on another is inversely proportional to the square of the distance 
between them. Use k as the constant of proportionality. Then the work done in moving 
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a 
a third electron along the z-axis from x = 3 to x = 0 is (in appropriate units) 20° where 
a= 


(31 


Nea 


Assume that two particles repel each other with a force inversely proportional to the cube 
of the distance between them. Suppose that one particle is fixed and you know that the 
work done in moving the second particle from a distance of 10 inches to a distance of 5 
inches from the first is 48 inch-pounds. Then the work done in moving the second particle 
from a distance of 10 inches to a distance of 1 inch from the first is inch- 
pounds. 


(32) Let R be the region between the curve y = sinz and the z-axis for 0 < x < 7. Use 
Pappus’s theorem to find the volume of the solid generated by revolving R about the 
y-axis. Answer: the volume is az® where a = 

(33) Let R be the region between the curve y = cosz and the z-axis for an eos an Use 
Pappus’s theorem to find the volume of the solid generated by revolving R about the 
y-axis. Answer: the volume is az? where a = and p = 

(34) Let R be the region bounded by the parabola y = —4x? +122 and the x-axis. Use Pappus’s 
theorem to find the volume of the solid which results when R is revolved about the y-axis. 
Answer: the volume is az? where a = and p = 

(35) The centroid of the triangle whose vertices are (0,0), (1,0), and (0,1) is the point 
( ). 

(36) The centroid of the region bounded by the parabola y = 1— x? and the z-axis is the point 


( 
(37) The coordinates of the centroid of the region lying between the curves y = V1 — 2? and 


and y = ———~ where a = ; 


y= —-l—-azwithO<a2<larer= re) 


b= eo , and d= 
(38) The centroid of the region {(x, y) : x2 +y? < r? and x > 0} is (=, b) where a = 
T 
andb=___.. 
(39) The base of a solid is the region bounded by the parabolas x = y? and « = 3 — 2y?. 


Find the volume of the solid if the cross-sections perpendicular to the x-axis are squares. 
Answer: 


b(a +c) 


(40) The volume of the solid obtained by revolving the curve y = tana (0 < « < 4) about the 
x-axis is a (1 = =) where a = and b = 

(41) Let R be the region between the curve y = cos and the z-axis for an Soe ar The 
volume of the solid generated by revolving R about the x-axis is 


(42) Let R be the region which lies above the z-axis and below the curve y = 2” — x”. The 
volume of the solid obtained when R is revolved about the x-axis is zm where a = 
and b = 

(43) The base of a solid is the region bounded by the parabola y = 1 — 2? and the z-axis. 
Suppose the cross-sections perpendicular to the x-axis are squares. Then the volume of 
the solid is ; where a = and b = 
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(44) Let f(z) = . : Osesl and A be the region which lies above the z-axis and 
2-a ifl<a<2 
under the curve y = f(x). Then the volume of the solid generated by revolving A about 
the x-axis is - where a = and b = 
(45) A hemispherical basin of radius 10 feet is being used to store water. To what percent of 
capacity is the basin filled when the water is 5 feet deep? 


Answer: : %. 


(46) The volume of the solid generated by revolving the region bounded by y” = 8x and 2 = 2 
about the line x = 2 is if where a = and 6 = 


(47) The base of a solid is the region bounded by the parabolas 2 = y? and x = 3 — 2y?. Find 
the volume of the solid if the cross-sections perpendicular to the x-axis are equilateral 


triangles. Answer: va where a = and b = 


3 

48) If R is the region bounded by x = ———, xz = 0, y = 0,7 and y = 8, then the volume of 

(48) g LO Say y y 
the solid generated by revolving R about the y-axis is az 1n3 where a = 


(49) If R is the region bounded by y = 2? +1 and y = —x + 3, then the volume of the solid 


generated by revolving R about the x-axis is = where a = 


(50) The arch y = 2x — 2”, 0 < x < 2, is revolved about the line y = c to generate a solid. The 


a 
value of c that minimizes this volume is 3 where a = and b = 

(51) Let R be the region between the curve y = cosx and the z-axis for SE <a< ar The 
volume of the solid generated by revolving R about the y-axis is 


(52) Let R be the region bounded by the parabola y = —4a? + 12x and the x-axis. Use the 
shell method to find the volume of the solid which results when R is revolved about the 
y-axis. Answer: aa where a = 


(53) Let R be the region under the curve y = x°/? for 0 < « < 4. The volume of the solid 
generated by revolving R about the y-axis is am where a = 

(54) Let R be the region bounded by the curves /% + /y = 1 and x+y = 1. Then the 
volume of the solid generated by revolving R about the y-axis is > where a = and 
b= 


(55) Let R be the region above the x-axis and below y = 2x — x”. The volume generated when 


an 
R is revolved about the y-axis is es where a = and 6 = 


(56) Use the shell method to find the volume generated by revolving the curve y? = 8x about 


the line x = 2. Answer: il where a = 


(57) Let R be the region bounded by the parabola y = —x? + 6x — 8 and the x-axis. The 
volume of the solid generated by revolving R about the y-axis is am where a = 
4 2 2 
(58) Let R be the region bounded by the curves x = a — 5 and % = - The volume of the 


a 
solid obtained by revolving R about the z-axis is a7 where a = 
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1 
(59) Let R be the region bounded by the curves y = ont 0,2 =1, and x = 5. The volume 
of the solid generated by revolving R about the y-axis is aw where a = 


(60) Let R be the region bounded by the curves y = |x| and y = 2. Use the shell method to 


find the volume of the solid generated by revolving R about the z-axis. Answer: a where 
ee 

(61) Let R be thes region in the first quadrant bounded by the curves y = x? and y = 2a. Use 
the shell method to find the volume of the solid generated by revolving R about the line 
x = 3. Answer: 
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16.3. Problems 


The first problem below is a slight variant of the famous “snowplow” problem, which I first 
came across in Ralph Palmer Agnew’s classic text [1] on Differential Equations. This wonderful 
problem is much more like a “real-world” problem than most of the others included here in that it 
requires one to make a number of rather strong assumptions (simplifications) even to get started. 


(1) One morning it started snowing in Portland. A snowplow was dispatched at noon to clear 


SS 


SS 


a highway. It had plowed 2 miles by 1 pm and 3 miles by 2 pm. At what time did it 
begin snowing? Hint. Suppose w is the width of the plow blade, y(t) is the depth of the 
snow at time ¢t, and x(t) is the distance the plow has traveled by time t. What reasonable 
assumptions might you make that would justify taking wy(t)2’(t) to be constant? 


You are considering the problem of calculating the surface area of a solid of revolution. 
The curve y = f(x) (for a < x < b) has been rotated about the z-axis. You set up a 
partition (%o,21,...,2n) of [a, b] and approximate the surface area of the resulting solid by 
connecting consecutive points (ap-4; f(@e=i)) and (xk, f(@)) by a straight line segment, 
which, when rotated about the x-axis, produces a portion of a cone. Taking the limit of 
these conical approximations you end up with the integral 


b 
/ 2a f(x)f1+ (f’(x))? dx 


which you claim represents the surface area of the solid. 
Your friend Fred has chosen to make cylindrical approximations rather than conical 
ones and produces the integral 


. nf (a) dx 


which he claims represents the surface area. So you and Fred argue. 

He says your formula is too complicated. You say his is too simple to work. Unable 
to convince him, you look up the formula in a well known calculus text and find that the 
author agrees with you. Fred is unimpressed; he says the author probably made the same 
mistake you did. You find several more references to support your work. Fred thinks they 
all probably copied from the person who made the original mistake. 

Find a completely convincing argument that even skeptical Fred will accept that his 
formula can’t be correct and that yours is better. 


The sides of a square are initially 4 inches in length and increase at a constant rate of 3 
inches per second. One corner of the square moves along a line L at a speed of 2 inches 
per second for 5 seconds. During this time the square makes one complete revolution 
about L, revolving at a constant rate and remaining always perpendicular to L. Explain 
carefully how to compute the volume of the solid generated by the square. Carry out the 
computation you describe. 


Consider a cable of uniform linear density hanging between two smooth pegs (of negligible 
diameter) at the same height. The two free ends of the cable hang straight down and are 
12 feet in length. Place the origin of the coordinate system at the point where the sag 
of the cable is greatest. Between the two pegs the cable hangs in a curve y = f(x) for 
—M < «<M (where 2M is the distance between the pegs). Let 6(x) be the angle the 
(tangent to the) cable makes with the horizontal at each x between —M and M. The 
value of 6 just to the left of M is 7/3. What is the total length of the cable? How far does 
it sag? How far apart are the pegs? 

Hint. Suppose the cable’s linear density is 6 pounds per foot. Let T(x) be the tension 
in the cable at the point (x, f(x)). Try the following steps. 
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(a) Start by considering the horizontal and vertical components of the forces acting on 
a small piece of cable lying between x and x + Ax. Show that T(x) cos(@(x)) is a 
constant, say K. 

(b) Find an expression for the derivative of T(x) sin(@(x)). (It should involve the deriva- 

tive of the arclength of f.) 

) Use the results of (a) and (b) to calculate the derivative of tan(@(z)). 

) Express Kk in terms of 6. 

) Substitute this in the result of (c). 

) Use (e) to calculate the length of that portion of the cable lying between the pegs. 

Write down the total length of the cable. 


d 
(g) In (e) make the substitution u = tan(6(x)). Treat the derivative "as a fraction. 


x 
Move all terms containing x to one side of the equation and all terms containing u to 
the other. Integrate both sides. Solve for u. Then evaluate the constant of integration 
by examining the relationship between u(—M) and u(M). 


(h) Since w is °Y 4 second integration will produce a formula for y and a second constant 


of tateebation: Evaluate this second constant by looking at what happens at the 
origin. 

(i) Evaluate M by setting the integral representing the arclength of the function you 
found in (h) equal to the value you computed in (f). Give the exact answer in terms 
of natural logarithms and a decimal approximation. 

(j) Find the sag in the cable and the distance between the pegs. 


A rope of length @ feet that weighs o lbs/ft is lying on the ground. What is the work done 
in lifting the rope so that it hangs from a beam 2¢ feet high? Explain clearly how to solve 
this problem in two different ways. 


Let R be a bounded region in the plane and L a line which does not pass through any 
interior point of R. For the purposes of this problem assume the following facts about 
M,(R), the moment of R about L, to be known. 


(1) If R is a rectangular region, then Mz,(R) is the product of the area of R and the 
distance between the center of R and L. (Of course, the center of a rectangle is the 
point at which the diagonals intersect.) 


(2) If R is divided into nonoverlapping subregions Rj,...,R,, then the moment of R 
about L is the sum of the moments of the subregions Ry about L. That is, 


M,(R) = 5° M1 (Rx). 
k=1 


Now suppose that f and g are continuous functions on the interval [a,b] and that 
0 < g(x) < f(x) fora < a < b. Let R be the region between the curves y = f(x) and 
y= g(z) fora<a<b. 

Set up appropriate Riemann sums to approximate the moment M,(R) of R about the 
z-axis and the moment M,(R) of R about the y-axis. Take limits of these sums to find 
integral formulas for M,(R) and M,(R). 


A right circular cylinder of radius 3 is standing on end. It is cut by two planes; one of 
these is horizontal and the other makes an angle of 60° with the first and passes through 
a diameter of the cross section of the cylinder made by the first plane. This creates two 
wedges. Find the volume of (either) one of them. 
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(8) [This problem is suitable only for those with access to a decent Computer 
Algebra System (CAS)] We are given two ellipses 


a —5)? —5)? a —5)? — 5) 
eo WO at ad ( ” a 
Write a program in a CAS designed to approximate the area of the region R common to 
the two ellipses. The program should do the following. 
(i) Choose points at random in the square [0,10] x [0,10]. 
(ii) Test each point that is chosen to see whether or not it falls inside the region R. 
(iii) Count the number of points which pass this test and the number that fail. 
(iv) Use the results of (iii) and the area of the original square to estimate the area of R. 
Document your program carefully. Try running the program using different num- 
bers of points. What do the results indicate to you about the accuracy of your best answer? 
Suggest alternative methods (that is, other than using more points) for improving the ac- 
curacy. 


4. =1. 


(9) Show how to use the method of cross-sections to derive the formula for the volume of a 
right circular cone with base radius r and height h. 


(10) Show how to use the shell method to derive the formula for the volume of a right circular 
cone with base radius r and height h. 


(11) Show how to use the method of cross-sections to derive the formula for the volume of a 
sphere with radius r. 


(12) Show how to use the shell method to derive the formula for the volume of a sphere with 
radius r. 


1 
(13) Find the centroid of the region in the plane lying between the z-axis and the curve y = = 


on the interval [1,00). Discuss as thoroughly as you can the problem of applying this 
result to actual physical laminae of uniform density. 


(14) For all x > 0 define 
(oe) 
ree | Pe de 
0 

(a) Show that this definition makes sense. That is, show that the improper integral 
converges. Hint. Prove first that lim; +. (Pe 3* = 0 for all real numbers p. Use this 
to show that there exists a number M > 0 (depending on p) such that 0 < {Peat <M 
whenever t > 1. And then conclude that a t™-1e—* dt exists for all x > 0. 

(b) Show that [(# +1) = aI (xz) for all x > 0. 

(c) Show that [(n + 1) = n! for each natural number n. 


(d) Using double integrals in polar coordinates one can show that ie e-” du = 5/0 
(see problem 7 in chapter 33). Use this fact to calculate I'(5) and I'(3). 
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16. 
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16.4. Answers to Odd-Numbered Exercises 


(1) 37 


(11) 12 
(13) e 


(15) 19 


(23) 6480, 8640 
(25) 80,000 


(27) 5, 4, 4,5 
(29) 1750 


(37) 14, 3, 6, —10 


(39) 6 


(41) $7? 


(43) 16, 15 


(45) 3, 1, 2,5 


(47) 3, 2 


(49) 117 


(51) 8x? 


(53) 512 


(55) 8,3 
(57) 8 


Part 5 


SEQUENCES AND SERIES 


CHAPTER 17 


APPROXIMATION BY POLYNOMIALS 


17.1. Background 


Topics: Taylor polynomials, Maclaurin polynomials, Lagrange form for the remainder (error term). 
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17.2. Exercises 


(1) The Maclaurin polynomial of degree three for f(a) = arcsinz is a + br + cx? + dx? where 


a= ,b= CS , and d= 

(2) The Taylor polynomial of degree 4 for sec x is a+bx? +ca* where a = ,b= ; 
and c= : 

(3) The Taylor polynomial of degree 4 for f(x) = 2(a—1)?+2(x+1)!/? is 7x —ax? nares 17 3 — bar4 
where a = and b = ; 

(4) The Taylor polynomial of degree 3 for f(x) = (x+4)9/? —(a+1)9/? is 7+ $24 Ba? + G2 
where a = ,b= ,andc= : 

, 1l—cos2z , 2 4 
(5) The Taylor polynomial of degree 4 for f(a) = — 7 38 a+ba*+ca* where a = : 


b= , and c = ; 
(6) Express the polynomial p(x) = «3 —x?+3x—5 as a polynomial in powers of z—2. Answer: 
a+ b(a — 2) + c(x — 2)" + (2 — 2)8 where a = v= , and c= 


1 
(7) Find an approximate value of [ cos x” dx by replacing the integrand with an appropriate 
0 


polynomial of degree 8. Answer: 1 — — + 3 where a = and b = 
a 
(8) The Taylor polynomial of degree 4 for f(x) = e?” sing is a+ a + bx? + cx? + x* where 
a= ,b= ,andc= ‘ 
(9) The Taylor polynomial of degree 5 for f(x) = sin3z is ax + be3 + Gr where a = ; 
b= ,andc= 
(10) Write p(x) = x* — 2x? + 42? — 7 + 6 as a polynomial in powers of x — 1. 
Answer: a + 6(x — 1) + c(x — 1)? + d(x — 1)° + (2 — 1)4 where 
a= = ee , and d= ; 


(11) Write x4 + 2° + 2? + 32 +5 as a polynomial in powers of x + 2. 


Answer: a + b(x + 2) + e(x + 2)? + d(x + 2)3 + (a + 2)* where 
a= ,b= C= , and d= 
(12) Write p(x) = 24 + 323 + 427 + 52 + 7 as a polynomial in powers of +1. Answer: 
a+ (a etl) +e(e+ 1)’ +dle+ 1) + (@ + 1)" where a = = C= ‘ 


(13) Write p(x) = 24+ 2° — 2? —2 +4 asa polynomial in powers of x — 1. 
Answer: a + b(2 — 1) + e(# — 1)? + d(x — 1)? + (2 — 1)* where 
a= ,b= ,and c= , and d 


(14) Write xt — 2? + 3x? — 52 — 6 as a polynomial in powers of x — 2. 
Answer: a + 6(x — 2) + c(a — 2)? + d(x — 2)° + (2 — 2)4 where 


a= ,o= ,and c= , and d 
(15) Find the Maclaurin polynomial of degree 4 for the function f(a) = (a + 1)8/? + (#+1)!/?. 
Answer: A+ Bx + Cx? + Da? + Ex* where A = oe oe ; 
D=__,andE= 


x—-1 


(16) Find the Maclaurin polynomial of degree 4 for the function f(x) = anh 
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Answer: A+ Bx + Cx? + Da? + Ex* where A = ,B= ,C= ; 
D= ,and FE = 
(17) Find the Maclaurin polynomial of degree 4 for f(x) = Incosz. 
Answer: A+ Bx + Cx? + Da? + Ex* where A = ) Bos On ; 
D= ,and EF = 


(18) Approximate cos1 making use of an appropriate polynomial of degree 4. Express your 


; Sok a 
answer as a single fraction in lowest terms. Answer: vl where a = 


1 
(19) Find an approximate value for | sin x° dx by replacing the integrand with an appropriate 
0 
a 
polynomial of degree 15. Answer: 7920 where a = 


(20) Using the Lagrange form for the remainder, determine the smallest number of non-zero 
terms a Taylor polynomial for sinz must have to guarantee an approximation of sin 0.1 
which is accurate to within 107!°. Answer: 


(21) Find e!/5 with an error of less than 10-5. Express your answer as a sum of fractions in 


1 1 
lowest terms. Answer: Pepe where a = Oia ,andc= 
a Cc 
1—- 2 QP 
(22) Let f(x) = Ss Then f(°)(0) = —— where p = and a = 
x a 


(23) Let f(x) = 2? sinz. Then f®(0) = 
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17.3. Problems 


(1) Let f(x) = sinz. Use an appropriate polynomial of degree 3 to approximate sin(0.3). 


(2 


) 


wn 


Ne 


Show that the error in this approximation is less than 2.1 - 107°. 


Use an appropriate polynomial to approximate In 1.5 with an error of < 10~?. (Express 
your answer as the quotient of two natural numbers.) Give a careful proof that the error 
in this approximation is less than 1072. 

1/23 
Find an approximate value for i. e” dz by replacing the integrand with an appropriate 


0 
polynomial of degree 4. (Express your answer as the quotient in lowest form of two natural 


numbers.) Give a careful argument to show that the error in this approximation is less 
than 4- 1074. 

1/2 
Find an approximate value of exp(zx°) dx by replacing the integrand with an ap- 


0 
propriate polynomial of degree 6. (Express your answer as the quotient of two natural 
numbers.) Give a careful argument to show that the error in this approximation is less 
than: 22-%., 
15 


17.4. ANSWERS TO ODD-NUMBERED EXERCISES 


17.4. Answers to Odd-Numbered Exercises 


1) 0, 1, 0, = 
(1) 0, 1,0, 4 
25 5 
2 4 
5) 2 — 
iD): a AS 
(7) 10, 216 
9 81 
(9) 3, -5) a 
(aly fe ey a ks ag 
(13) 4, 4, 8,5 
1 1 
15) 2, 2, -, 0, -—— 
(18) 2,2, 5,0, -= 
1 1 
1 wet aa 
7 0, 0, 57 Os 12 


50, 750, 15000 
336 
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CHAPTER 18 


SEQUENCES OF REAL NUMBERS 


18.1. Background 


Topics: sequences, monotone (increasing and decreasing) sequences, bounded sequences, conver- 
gence of sequences. 


18.1.1. Notation. Technically a SEQUENCE of real numbers is a function from the set N of natural 
numbers (or, occasionally, from the set Zt of positive integers) into R. In the following material 
we will denote sequences by whichever of the following four notations 


a= (Gas = (dy) (01; 00, dass ) 
seems most convenient at the moment. 

In elementary algebra texts authors go to a great deal of trouble to distinguish between the 
notation for finite sets and for n-tuples. For example, the set containing the numbers 3 and 5 
is denoted by {3,5} while the ordered pair whose first entry is 3 and whose second entry is 5 is 
denoted by (3,5). The principal difference is that {3,5} = {5,3} while (3,5) 4 (5,3). Sequences 
have an order just as ordered pairs, ordered triples, and so on have. So it is somewhat surprising 
that many authors of calculus texts choose the notation {a1, a2,a3,...} for sequences. 


18.1.2. Definition. A sequence (a,,) of real numbers is INCREASING if @n41 > dn for every n € N; 
it is STRICTLY INCREASING if an41 > Gn for every n. A sequence is DECREASING if @n41 < Gy for 
every n, and is STRICTLY DECREASING if Gn41 < Gy for every n. A sequence is MONOTONE if it is 
either increasing or decreasing. 


Here are three useful facts about convergence of sequences of real numbers. 


18.1.3. Theorem (Monotone sequence theorem). Every bounded monotone sequence of real num- 
bers converges. 


18.1.4. Theorem. I/f (a,) is a convergent sequence with an > 1 as n — co and f is a function 
which is continuous at l, then the sequence (f(an)) converges and 


18.1.5. Theorem. If (an) is a sequence of real numbers, then 


: Qn+1 
= lim 


if the limit on the right exists. 
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18.2. Exercises 


(1) Let (Ge), 4 be the sequence whose first few terms are 5 - i> a a .... Then an ex- 
plicit formula for a, which works for all values of k isa, = (b(k))~! where b(k) = 
(2) Find the n™ term of the sequence (5, 7 z, é, ...). Answer: an = 
(3) Find the n™ term of the sequence (5, 7 75 g>---). Answer: ay = 
(4) Let (ax) p—4 be the sequence whose first few terms are 5. ‘, in 7h 30° moe .... Then an ex- 
plicit formula for a, which works for all values of k is a, = (b(k))~' where b(k) = 
(5) Find the n* term of the sequence (1,5,1,5,1,...). Answer: azn = and dan_1 = 
(6) Let (gees be the sequence whose first few terms are 7 i, a> 30° 30° ror aa a: 30° ee 
Then an explicit formula for a, which works for all values of k is a, = (b(k))~! where 
ok) = ,; 
2 
(7) Let an = aa for every n € N. Then the sequence (an) 
is (increasing /decreasing/not monotone) 
and (is/is not) bounded. 
2 
(8) Let a, = . I for every n € N. Then the sequence (a,,) 
is (increasing /decreasing/not monotone) 
and (is/is not) bounded. 
n?+2 
(9) Let an = Ta for every n € N. Then the sequence (a,,) 
n 
is (increasing /decreasing/not monotone) 
and (is/is not) bounded. 


2 
2 
(10) Let a, =In E ~ for every n € N. Then the sequence (a,) 
n 


is (increasing /decreasing/not monotone) 
and (is/is not) bounded. 
J 1 
(11) Let an = as for every n € N. Then the sequence (an) 
dr +3 
is (increasing /decreasing/not monotone) 
and (is/is not) bounded. 
(12) Jim ( (vn a 5 where a = 
10n 
(13) lim i . =e? where p = 
N—>0o 
n+4 24 
(14) lim a = 


dx =n5 where a = 
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(16) lim n(n? + 8 — Vn? +3) = 5 where a = 
(17) lim n7/3((n + 2)'/3 — nM3) = 5 where a = 


1\2\ 1/n 
(18) lim (= ) ae where a = 
a 


noo \ (2n)! 


2 An 
(19) lim (1 + =) = e/3 where a = 
n 


Noo 


(20) lim n?(V/nt+11—- Vnt+1) = 
noo 


on tn (8)" =. 


: 3(n—1)- + 
(22) lim n 


n+ 5/2 _ 4 


2 L 
(24) lim = £ = — where a = 
noo /256n4 + 81n? +49 a 
jes aes el ee 1 
(25) lim meee SE ee where a = 
n—-00 n+2 2 a 
1/n 1 
(26) lim or dn = 
noo 2/n ve + 1 
n+1 Sip 
(27) lim pallies dx = . 
noo J, e~ +l 
2n 
1 
(28) lim tia 
n00 J, Ue + 1 
n2 
1 
(29) lim pS 
n00 J, 2+ 1 
2” + 3n 
(30) im. 38 on — —— 
ap, (nln ~ —— 
; (3n)!]/” 7 
2) mie] > 
1/n 
1/2 2 3 n 1 
(33) lim |= (= ee a = — where a = 
noo | 2 \3 4 n+1 a 
3n? — 1 
(34) Let a, = eGR? for alln € N. Then the sequence (a,,) converges to —— where a = 
— 6n a 
Byge 
(35) Let an = a for all n € N. Then the sequence (a,,) converges to 
— 6n 


(36) Let an = arctan 3n for alln € N. Then lim an = a where a = 
n—-0o a 
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(37) Let an = In (4n + 5) — In 2n for all n € N. Then lim = 
noo 
(—4)" 


(38) Let ap, = 7 for each n € N. Then the sequence (a,,) converges to 
3 ( 272 
—A4 
(39) Let an = Gr for all n € N. Then the sequence (a,,) converges to 
n — 
n+5 ,,2 4 
(40) lim anaes ee 


n+0 J, 3 v2+1 


(41) For each natural number k let a, = (Inaz)*. Then the sequence (a,) converges if and only 


ifa<a<bwherea = and b = 
In(1 + k?) F 
(42) For each natural number k let ax, = in(44 3h)" Then, to four decimal places, 
n(4+ 
aj100 = 1. — eS 11, 100,000 = 1. ee 58, and lim ak = 
k- 00 
n 
(n+2k)* a 7 
(43) Jim ee where a = 
k=1 
ae a 1 
(44) ee en and b = 
2 92 n2 1 
(45) Let an = — + + +--+ — for each n. Then lim a, = — where a = 
n3 n3 n N—00 a 
n 
: k? +n? 1 
(46) Jim, a Laois = alna— a where a= 
— 15 
(47) ae ry ae Ina where a = 
” n 1 
48) coe (2n + 7k)? aes ana 
n 
In(5k+n)—-Inn a > 
(49) ae - tr Ina — 1 where a = and b = 
nm 72 


k . i 
(50) Let an = Ss" a for all n. Then im dn = 7 where a = 
k=1 
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18.3. Problems 


(1) Let 2y = —7 and &p41 = 5(30n + 4) for all integers n > 1. 
(a) Show that x, < 2 for all n. 
(b) Show that (z,,) is increasing. 
(c) Show that (x,,) converges. 
(d) Find Jim Lins 


(2) Let 


(a) Express a,41 in terms of ay. 
(b) Prove that (a,) has a limit, say r. Hint. Show first that 2 < ay < 2 for all n. 
(c) Find r. 

n 


1 
(3) Let an = (= :) —Inn for n> 1. 


k=1 


1 
(a) Show that In(n + 1) —Inn > forn > 1. 
n 


+1 
(b) Show that (a,,) is a decreasing sequence. 
n 


1 
(c) Show that Inn < S> bo Hint. For any integrable function 
k=2 


frexcfis 


(d) Show that (a,) converges. 


(4) Let ay = Tand 2,47. = $(a3 — 2) for every n > 1. 
(a) Show that (a,,) is bounded. Hint. Show —1 < x, < 2 for every n.) 
(b) Show that (x,,) is decreasing. 
(c) Show that (x,,) converges. 
) 


(d) Find lim zy. 
MOO 


(5) Let 21 = —10 and @n4i1 = 1— V1 — 2p for every n > 1. 
(a) Show that x, < 0 for every n. 

(b) Show that (xp) is increasing. 

(c) Show that (x,,) converges. 

(d) Find lim zy. 
N+ 0o 


NS wa eS 


: . In+1 
Find lim —2* 
nN+00 In 


(e 
(6) Suppose that a sequence (2,,) satisfies (7+ @%,)@n+41 = 7(1+2,) for all n > 1, and suppose 
that x, = 10°. 
(a) Show that 2, > V7 for every n. 
(b) Show that (xp) is decreasing. 
(c) Show that (xp) converges. 
(d) 


Find lim zp. 
noo 


(if this limit exists.) 
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18.4. Answers to Odd-Numbered Exercises 


(1) 3k-1 


(5) 5, 1 


(7) decreasing, is 


(9) decreasing, is 


(11) decreasing, is 


(13) 2 


(15) 3 


(17) 2 


(19) 8 


Cie 
(23) 0 


(25) 2 


(27) 0 


(29) co 


(31) e 


(33) e 


(35) 0 


(37) In2 
(39) 0 


(41) -,e 


(43) 121 
(45) 3 


(47) 2 


(49) 6,5 


CHAPTER 19 


INFINITE SERIES 


19.1. Background 


Topics: infinite series, sum of an infinite series, geometric series, Taylor series. 


19.1.1. Remark. Are sequences and series the same thing? In ordinary discourse the words 
“sequence” and “series” are ordinarily used interchangeably. There seems to be no distinction 
between saying that a sequence of events led to an outcome and saying that a series of events led 
to an outcome. So naturally the first thing a conscientious calculus textbook writer has to do is 
make sure that students understand the difference. Sequences are ordered; they are lists; they 
are functions whose domain is the set of natural numbers. Series are sums, albeit infinite sums. 
[Digression: it is unfortunate that in many texts the distinction is immediately muddied by using 
the notation {a,} for sequences. Beginners expend much effort in learning that {a,b} is a set (an 
unordered pair) whereas (a,b) is an ordered pair. This leads rational students to expect {az} to 
denote a set and (az) a sequence. It is a cruel trick to switch and use {a;} for a sequence. 

Once it is agreed that sequences are lists, what exactly are series? One approach is to think of 
them as being (infinite) sums of numbers. The (finite) series 2+4+8 is just another way of writing 
the number 14. So when we write )77°, 2-* = 1, isn’t it clear that what we are saying is that the 
infinite series }°?° 2-* ig just the number 1? But this can’t be right. If an infinite series is just 
a number, how could we possibly make sense of the assertion that the harmonic series }>?°_, et 
diverges? A single number can’t diverge. 

The usual way around this is to distinguish between an infinite series and its sum. Given a 
sequence (a1, a@2,...) define a new sequence (81, 52,...) by setting s, = )°;_, ax for each natural 
number n. Then define the infinite series }“7° , ax to be this sequence (sn) of partial sums. So saying 
that the sequence (s,,) converges is the same thing as saying that the series )>7°. , ax converges. If 
Sn > Lasn — oc we say that L is the sum of the series. Now what would be a reasonable notation 
for the sum of a series? It’s hard to think of a worse choice than the one that history has conferred 
on us: if a series }>°., converges, we use the name of the series }°?°., to denote its sum. And so 
S721 2-* equals the number 1 while }772.,(—1*) doesn’t equal any number at all. 

Thus it happens that every series is a sequence. It is the sequence of its partial sums. Is every 
sequence a series? In other words, is every sequence the sequence of partial sums of some other 
sequence? Certainly. Suppose we start with a sequence (s1,82,...). Construct a new sequence 
by letting aj = s; and for n > 1 let an = Sp, — Sn_1. Then it is clear that our original sequence 
(s1,S2,...) is the sequence of partial sums of the sequence (a1,a2,...), that is to say, an infinite 
series. So every sequence is an infinite series. This leads to a nice puzzle. Since every sequence is 
a series and every series is a sequence, can the two concepts really be distinguished? 
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19.2. Exercises 


(oe) 


(1) Let a, = (5+8-")~! for each n > 3. We know that the series Ss ay, does not converge 
3 


since ay > #0 asn— oo. 
(oe) 
(2) Let a, = n~'/” for each n > 1. We know that the series S- Gy, does not converge since 
n=1 
an > #0 asn—- oo. 
ie ~ 
(3) Let a, = (1 + =) for each natural number n. Then the series Ss" Gy, diverges because 
n 
n=1 
an > #O0asn— oo. 


[o-e) 
Ink 
(4) The series y ini a diverges because the terms of the series approach ; 
n 
1 


3+ k?) 
which is not zero. 


oS i 1 
(5) agai 


1 1 
6 = h = 
6) D a5 4 IRA oo === 


— 4n a 
7 — h = 
2 Ga tnt GF Fin 1) ee 
(8) s us : h Hint. § that a iu Then what can 
= — where a = . Hint. Suppose se 
—~(k+5)! ay a ke k+4)! 


n 
you say about S > (ax _ Qk41)? 
0 


ae 1 i 
(9) » (k +6)! = where a = . Hint. Suppose that a, := (h+5)! Then what 


n 
can you say about So (ar — Ap41)? 
0 


1 i ey an 
ntnt1l 14+(n4+1)n' 


[o-e) 
(10) Ss" arctan(n? +n+1)7! = 7 where a = olin: 
n=0 o 
n 


1 1 : 
(11) Let S, = > (= - 5) for each natural number n. Then tim Sn = a+bvV2 where 


a= and b = 


(oe) 
ug 
12 t 1) — arct = — wh = 
(12) ) (arctan(n + 1) — arctan n) 7; Where a 


n=0 
(oe) 
2n? + 4n +1 
(13) d EE = . Hint. Partial fractions. 


b 
(14) Suppose the n‘* partial sum of the series )77°, az is 4—n3-". Then a, = = where 
b 


= and 4 = sand 7 Ge = 
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b 
(15) Suppose the n*” partial sum of the series 0%, a, is 5 — 7n2-". Then a, = ‘ where 


= and c = ‘and. >} yon = 
oO as k9k+1 
(16) S- ( oF = : where a = 
3 
esd (Soe 8 
(17) » afee, S where a = 
oO Cale gene 3 
(18) d nad 7; Where a 


[oe 
Be ~ 125 
(19) ease = sar where a= 
7 


sz 4 
(20) The repeating decimal 0.3636 = — where a = 
a 


4 
(21) The repeating decimal 0.108108 = — where a = 
a 


n 
1 ; 1 
(22) Let S, = » aRee for each n € N. Then Jim Sn = - where a = 
=0 
n 


k 
1 1 
(23) Let S, = y (-5) for each natural number n. Then lim = — where a = 


k=5 
ay ete 
(24) The series x ( 5 ) converges for those x which satisfy LG'S and 
k=1 
for no others. 
(oe) 
(25) The series S "(22 — 3)* converges for those x which satisfy ir oa and for no 
k=5 
others. 


[oe) 
(26) Ss" e* = © where a = 
a 
k=0 


(27) A ball is dropped from a height of 15 feet. Each time it bounces it rises four-fifths the 
distance it previously fell. The total distance traveled by the ball is feet. 
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19.3. Problems 


(1) Criticize the following argument. 
Claim: 0 = 1. 
Proof: 


=0=—D4+((0-—1) + @=1) +2 
Sse Sa Le (Sh) oats 
=14+(-—)D4+)+@-)4+)+(C-)+)+:: 
=1+0+0+0+--- 

= 


(2) Criticize the following argument. 
Claim: 1+ (—1) +14 (-1)4 
Proof: Let S = 1+ (—1)+1+4+(-1)+1+(-1)+---. Then it follows that 
LSS h= (hs ely) BS a1) ) 


Nile 


Thus 25 = 1 and S= 


(3) Explain carefully what point (if any) is being made in the two preceding problems. 

(4) On the interval [0,1], use the graphs of the functions f,(z) = x” to give a geometric 
argument that the sum of the series >°°., n~!(n+1)~1 is 1. Hint. What is the area under 
the curve y = f"(x)? 

n 

(5) Prove that the series d, +i! converges and find its sum. 

(6) Let P be the set of all the natural numbers which have no prime factors other than 2 
and 3. (In particular,1 belongs to P.) Find the sum of the reciprocals of the members 
of P. 


19.4. ANSWERS TO ODD-NUMBERED EXERCISES 


19.4. Answers to Odd-Numbered Exercises 
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CHAPTER 20 


CONVERGENCE TESTS FOR SERIES 


20.1. Background 


Topics: integral test, p-test, comparison test, limit comparison test, ratio test, root test. 


The integral test for the convergence of a series has multiple formulations. Here is the one most 
useful for some of the following exercises. 


20.1.1. Theorem (Integral Test). Ifa is a continuous, positive, decreasing function on the interval 
[1,00) and either YP°, ay or f° a(x) dx converges, then so does the other and 


oe) 


[e@asSasat f dae. 


k=1 


(In the preceding statement a, is just another way of writing a(k).) A very readable discussion, 
and proof, of this result can be found on pages 577-580 of [3]. 


co 
1 
20.1.2. Theorem (p-test). For p > 0 the p-series a i converges if p > 1 and diverges if p < 1. 
k=1 
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20.2. Exercises 


(oe) 
(1) The infinite series a ke7* (converges/diverges) because the integral 
k=1 


See 2 
/ ze” dx = . 
1 


1 
(2) The infinite series y Allein)? (converges/diverges) because the 
vo ‘| 
: 1 se 
oer / x(In x) (In In x)? i 
1 

The infinite series converges/diverges) because the integral 

(3) y aa ( ges/diverges) g 


oy 1 
: dx = ; 
2 «vine 


(4) Let n > 2 and u be a continuous, positive, decreasing function defined on the interval [1, n]. 


For k = c 2,...,n let a, = f(k). Put the numbers x, y, and z in increasing order, where 
ae Oe t) dt, y= dp, and z = )\jp_5 ax. Answer: = < 
(oe) 
(5) By the integral test the sum S of the series SS ee satisfies “ < § < i where a = 
: 2 +1 2 5 
and b= 
= a b 
(6) By the integral test the sum S of the series SS ne" satisfies — < S < — where a = 
€ € 
n=1 
and b= 
See 
(7) The series Ss" nnn) converges for a < p < b where a = and 6 = , and 
n(Inn 
=2 
nowhere else. 
t 
(8) By the integral test the sum S of the series > ae satisfies S < am + br? where 
a= and 6b = 
Inn a+ bln2 
(9) By the integral test the sum S' of the series S> —;z satisfies S < ————— where 
n C 
n=2 
a= ,b= ,andc= 


(10) Let ay = (k2 -k—1)~'/? for k > 5. To show that the series 7%; a, diverges we choose 
(oe) 


bp = for each k > 5 and notice that a, > b; for each k > 5 and that S- by diverges. 
k=5 
(11) Let sides k > 2. To show that the series 7% h 
= ——_~.— for . To show that the series © 5 Ak converges we choose 
OR FERED . ay e : 
bp = for each k > 2 and notice that a, < b, for each k > 2 and that So bp 


k=2 
converges. 
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1 
(12) Let a, = for k > 2. To show that the series }*7°.5 ax converges we choose 
Vk4 + 7k? + 20 
CO 
bp = for each k > 2 and notice that a, < by for each k > 2 and that So bk 
converges. one 
1 
13) Let az, = for k > 4. To show that the series )*7°_, a, converges we 
03) V5k® — 20k? + 7k — 3 Deiat 
choose bh = k-3/2 for k > 4 and use the test. The series 
1 
oP, by converges and lim Ck _ = where a = 
k-oo Ok a 


(oe) 


2k3/? + 5k? — 1 
(14) Let Ss" ze for k > 1. To show that the series }°7°., a, diverges we 
1 


7k5/2 — 6k3/2 + 3k — 2 
choose b, = 1/k for k > 1 and use the test. The series 


. . ak 2 
P21 be diverges and lim — = — where a = 
a k-00 Op a 


1 
iS het —— 
(15) Let a. So ape 


by = k~? for k > 1 and use the test. The series }>?°, bj, converges 


for k > 1. To show that the series es ap converges we choose 


. ak i 
and lim — = — where a = 
k- oo Og a 


{Qn 


(16) Let a, = —— for n > 1. Then the series }7??, an (converges /diverges) 
because lim “™tt — 
N00 An 
3100n 
(17) Let a, = 3-6 (3n) for n > 1. Then the series \°°?_, an (con- 


; . An+1 
verges/diverges) because lim —“t* = 


N00 An 
(k!)? 


18) Let a, = ——“* for k > 1. Then the series 3°, ax converges /diverges 
(2k)! ae 
1 
because lim “&+! — - where a = 
k-00 Ak a 
(2n — 1)! } 00 . 
(19) Let a, = ~aaat forn > 1. Then the series 77°, Gn (converges /diverges) 
because lim St! — 
N00 An 
2 \* 
(20) Let ap = Gs for k > 4. Then the series S7?° 4 ax (con- 


verges/diverges) because limy_,5(az)!/* = 
nee 
(21): Let aa = (1 + =) for n > 1. Then the series \°7°., an (con- 
1 
verges/diverges) because limy_,o¢(an)!/" = — where a = 
a 
(Inn)” . se : 
22) Let an = for n > 2. Then the series “5 An converges /diverges 
n=2 


n! 
because limy+50 (An) I/n 
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k 
(23) The series See kin J converges . By computing the partial sums 


Se and $7 ie know that the sum S' of the series satisfies 
04. 60<S<0.5_ _ 08. 


er 
(24) The series wee converges . By computing the partial sums 


So4 and Be ee ee that the sum S of the series satisfies 
0.  88<S<0._ _ 39. 


If we want the error in approximating the sum S by a partial sum 5, to be less than 107? 
the smallest n that the alternating series test assures us will work is n = 


k! 
(25) The series 5 oe converges . By computing the partial sums S5 
k=0 , 
b 
dS k that th S of th tisfies —. < $< —— wh = 
and S¢ we know that the sum S of the series satisfies 136 a77q Where a = 
and b= 
oO (_4)\k 
(26) The series > RF converges . To achieve an accuracy of 0.005 the 
alternating series test tells us to take at least n = . For that value of n the partial 


sum S, is approximately —0.2._ «10. 
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20.3. Problems 


(arctan k)? 


es E Explain 


oe) 
(1) Use the integral test to find upper and lower bounds for the series > 
k=1 
your reasoning carefully. 
Jn 
ne+3 


(oe) 
(2) Use the comparison test and the p-test to discuss the convergence of the series Ss" 
k=1 
n* — 105n? + 70n — 
n° + 317n3 — 150n — a 


(3) Discuss the convergence of the series a 


! 
(4) Discuss the convergence of the series 5: fom 
3°5-7---(2 1 
(5) Discuss the convergence of the series s aa a) (3n)!. Hint. n54 = 3.988984. 
n 
n=1 
OO Lk 
(6) Discuss the convergence of the series » OFET 
= 3 if n is odd 
(7) Discuss the convergence of the series Qn Where an = (i) : i os . 
3 
oy 2 (3)” if n is even. 
Se 
(8) Discuss the convergence of the series ye aoe 
1 
ca Ink 
(9) Discuss the convergence of the series Soe ar 
2 
(10) Discuss the convergence of the series Ss" ink 
n 
2 
(oe) 
nm+2 
11) Di h f th i is : 
(11) Discuss the convergence of the series d| oo aa ee 
2 (Sl)? 
(12) Discuss the convergence of the series S- ~——___., 
n=1 
—1)"n! 
(13) Discuss the convergence of the series 2 a 
nn 


n=1 
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20.4. Answers to Odd-Numbered Exercises 


limit comparison, /5 
limit comparison, 5 
converges, 0 

diverges, 00 

converges, € 
conditionally, 9, 3, 6, 7 


absolutely, 79, 1741 


CHAPTER 21 


POWER SERIES 


21.1. Background 


Topics: power series, Maclaurin series, Taylor series, Lagrange form of the remainder, binomial 
series, radius of convergence, interval of convergence, use of power series to solve differential equa- 
tions. 


Despite the impression given my many beginning calculus texts the natural habitat of power 
series is the field of complex numbers—not the real number line. Here is an example to illustrate 
this point. 

Consider two functions: the sine and the arctangent. They are both bounded and infinitely 
differentiable. The arctangent is extraordinarily well behaved: it is strictly increasing and changes 
concavity only once. The sine function, on the other hand, not only changes from increasing to 
decreasing infinitely often, but also changes concavity infinitely often. Why then should it turn 
out that the sine function has an infinite radius of convergence while the apparently much nicer 
arctangent function has radius of convergence of only one? When we think of these functions as 
being defined only on the real line this behavior seems totally inexplicable. But if we regard them 
as functions on the complex plane, everything seems quite natural. The arctangent function and its 
derivative, the function z > (1 + 22)" must have the same radius of convergence, and the latter 
function clearly blows up at z = 7. 

One calculus text that discusses complex power series is Spivak’s beautiful classic [4]. 
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21. POWER SERIES 


21.2. Exercises 


ay 1 
(1) The radius of convergence of the power series 2 —(x—1)" is — where a= 
a 


(2) The radius of convergence of the power series = Ae ‘Jes 


(3) The radius of convergence of the power series Ss" S os 2 6. zl 1} (=) is. 
(4) The radius of convergence of the power series : Fale +1)* is : where a = 
et a 
(5) The radius of convergence of the power series S> (ny! (x —1)” is ai wherea=___ and 
| re , 
(6) The interval of convergence of the power series S(-1)" na” is ( ; ie 
n=1 


gh 
(7) The interval of convergence of the power series ye — is ( ; 
n= oe 


oe) 
oF b 
(8) The interval of convergence of the power series ) meets) is | 5 5 ) where a = 
n 
2 


and b= 
(aye (x as 1a” 
(n+1)? 5” 


(9) The interval of convergence of the power series Ss" is [a—Vb, a+vb] 
where a = and b = 


(10) The interval of convergence of the power series 1+ 2+? +203 +a4+432°+a%+4a74+--- 


is ( ' ie 
(oe) zn 
(11) The interval of convergence of the power series ) —is_—-1,1_ 
n 
n=1 


22 n 
(12) The interval of convergence of the power series a» 7207 


n= 


ee a 


(13) The interval of convergence of the power series 1 + Bz + a7 4+ 5a? +at+ Ro? +x%4--- 
ie Sd Th 
(oe) 
—1)" 3)” 
(14) The interval of convergence of the power series S- AGES) is 4,-2 


n=27 vn i 


1 
(15) The interval of convergence of the power series Ss" FP is ; 


(oe) 


2 n 
(16) The interval of convergence of the power series So(-1 pune is : 
1 
(a — 5)” 
(17) The interval of convergence of the power series ee is ; 


vn3n 
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n—-1 


(18) The sum of the series Ss" 


. =o 

is — where a = 
a 

n=3 


Br 
[oe) 

(19) Express So(n +1)zx” as the value at x of an elementary function f. 
1 


Answer: f(x) = ) 5 where g(x) = 


(1-2) 


(oe) 
(20) Express S- nx” as the value at x of an elementary function f. 
1 


Answer: f(x) = #) x where g(x) = 


(1-2) 


oe) 


(21) Express S> nx" as the value at x of an elementary function f. 


Answer: f(x) = as where g(x) = and p = 


[oe) 2 
15 
(22) The sum of the series y "ig — where a = 
5” a 


n= 


[o-e) 
2k —1 
(23) The sum of the series Pe is ~ where a = <i aS, 


9 
k=1 
oo 


(24) Express ye n(n + 1)x” as the value at x of an elementary function f. 


Answer: f(x) = fe where g(x) = and p = 


1-2 
(25) The sum of the series 5 


BBs Be 
4 8 16 


a 
26) Th f th ies 1 ... is —= wh 
(26) The sum of the series 5, Saat is Wr aa ae 


a= and b = 


(27) Express 1+2+274 3234 24+52°+2°+72'? +a°+--- as the value at x of an elementary 
function f. 


b 
Answer: f(z) a 1 — ne (1 eS 


x where a = and b(x) = 


Bo arctan ® ay is) A) gh 40 where a(b) = 


(28) A power series expansion of 7 


“2 a(k) 
and c is an arbitrary constant. 
ey 
(29) eIn(14+<2) = > at where (for each k) ax = . The radius of convergence 
of the series is R = 
1 (oe) 
(30) ioe S° a,x?" where (for each k) ay = . The radius of convergence 
k=0 


1 
of the series is R = — where a = 
a 
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1 (oe) 
(31) ita? = y (—1)*a,x* where (for each k) ay = . The radius of convergence 
g 
k=0 


of the series is R = 


arctan x : : fe. ee) aa 3s 
(32) Let f(x) = ———. A power series expansion for f”(x) is ) ~~“ 7*" where 
a 
0 


2n+3 
a(n) = 
dA, oo —1 
xv? —a4+Inl+a —1)” 
(33) A power series expansion for / 2 a ( ) dx is S> eas er +c where 
x 7 a(n) 
an) = and c is an arbitrary constant. 
x? = 

(34) A tn = Dh where (for each k) a, = . The radius of conver- 

gence of the series is R = 

1+ 2 iets 
(35) In = S> —7£ where (for each k) ay = . The interval of conver- 
1- k= ak 
gence of the series is (—b,b) where b = 
x (=) 
(36) / df= c+)) ~—_ 7%" where (for each k) ay = and c is an arbitrary 
1+2° my Ok 
constant. The radius of convergence of the series is 
7In(l+t — (-1)"41 
(37) A power series expansion of | oa dt is c+ Ss" os" where a(n) = 
0 pat arn 
and c is an arbitrary constant. 
1/2 
(38) To six decimal places | arctane?dr =0._ 1 _ 3. 
0 
1/2 4 
(39) To six decimal places | Sg a a8 
(0) 1 + 2 


(oe) 
1 
(40) A power series expansion of y dt is —t 4 y t* + © where c is an 
a(k) 


arbitrary constant and (for each k) a(k) = 


k=1 
hk? — k 
k=2 
Cs ———— 
k=1 
(44) Define f(x) = 7 Then 
k=1 
the interval of convergence for f(x) is__—1,1_; 
the interval of convergence for f’(x) is__—1, 1_ ; and 


the interval of convergence for f’(a) is__—1,1_. 
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(oe) 


(45) Express > 5(n + 1)(n + 2)z” as an elementary function. 


k 
Answer: f(z) = (1—2)? where p= 


(46) The Taylor polynomial of degree 4 for sec x is a+ bx? +cx* where a = ,b= F 
and c= F 

(47) The Taylor polynomial of degree 4 for f(a) = 2(a—1)?+2(a+1)'/? is 7x fy? 4 iy aa 
where a = and b= 


(48) The Taylor polynomial of degree 5 for f(x) = sin3z is ax + be3 + Gr where a = ; 


b= ,andc= 

(49) The Taylor polynomial of degree 3 for f(x) = (x+4)?/?—(a+1)%/? is 74 ate ‘ a? + 732° 
where a = ,b= ,andc= : 

(50) Write at + 2? + 2? + 32 +5 as a polynomial in powers of x + 2. Answer: a+ b(# + 2) + 
c(a + 2)? + d(x + 2)3 + (2 + 2)* where a = b= C= , and 
= , 

(51) Write p(x) = x* — 223 + 42? — 7x + 6 as a polynomial in powers of x — 1. Answer: 
a+6(a—1)+e(x —1)? + d(x —1)° + (x — 1)* where a = b= ie ‘ 
and d= 

(52) Write p(x) = 24 + 323 + 4x? + 52 + 7 as a polynomial in powers of 2 + 1. Answer: 
a+b(a+1)+c(x +1)? + d(x +1)? + (x +1)* where a = Pe os 3 
and d= 

(53) Express the polynomial p(x) = 23 —2?+3a—5 as a polynomial in powers of —2. Answer: 
a+ b(x — 2) + c(x — 2)? + (x — 2)? where a = = ;and ¢= 

(54) Approximate cos1 making use of an appropriate polynomial of degree 4. Express your 
answer as a single fraction in lowest terms. Answer: b where a = and 
p= 


1 
(55) Find an approximate value for | sin x° da by replacing the integrand with an appropriate 
0 


polynomial of degree 15. Answer: where a = 


a 

1920 

(56) Using the Lagrange form for the remainder, determine the smallest number of non-zero 
terms a Taylor polynomial for sina must have to guarantee an approximation of sin 0.1 
which is accurate to within 107!°. Answer: 


1 1 1 
(57) Let f(z) = ae me 2 tor pe @): 
(a) If we define f(0) = , then f becomes a continuous function on the whole 


real line. 
(b) The function f, extended as in (a), has derivatives of all orders at « = 0 and f‘”)(0) = 


as 
a(n) 


1 
(58) Find an approximate value of i cos x” dx by replacing the integrand with an appropriate 
0 


where a(n) = 


polynomial of degree 8. Answer: 1 — — + — where a = and b = 
a 


b 
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(59) Find e!/> with an error of less than 10-5. Express your answer as a sum of fractions in 


1 1 1 
lowest terms. Answer: 1+ =+-—+-4 where a = ,b= , and 
ens 5 a ob e«¢ 
1— 2 QP 
(60) Let f(x) = cea Then f@(0) = —— where p = and a = 
x a 


(61) Let f(x) =a*sinz. Then f((0) = 
(62) Let f(x) =a? cosx. Then f@(0) = 


(63) Express » in +1) 
Answer: f(x) = 


2. (n+ 1)2” 
(64) Express » Tara 


"+1 as the value at x of an elementary function f. 


as the value at x of an elementary function f. 


Answer: f(x) = ae) where g(x) = 


i n gent 
(65) Express Set Ie 2 Pe 
7 ! 


Answer: f(x) = a(x) sina + b(x) cosa where a(x) = and b(x) = 


as the value at x of an elementary function f. 


n¢1 20+ 1 is ; 
22n! a 


(66) The sum of the series So(-1) 
1 


BrlOn 4 Dy gens 
(2n + 3)! 


(oe) 
= 
(67) Express S° oS as the value at x of an elementary function f. 
0 


Answer: f(x) = g(a) where g(x) = 


7 
(68) Express Soy Ont 2) ants as the value at x of an elementary function f 
; (2n +1)! 
Answer: f(x) = a(x) sin + b(x) cosa where a(x) = and b(x) = 
“k+1, . ; 
(69) Let f(x) = me Then the domain of f is the interval ( : ) and 
, ! 
f(m3) = aln3+ 6 where a = and b = 
=. 2k + 1)? 
(70) The sum of the series S-( Lye Cae) is asin b where a = and b = 
; (2k)! 
71) Th f the series 7 +242 is “ where a = db= 
(71) e sum of the series 7 + > +7 + oy t+--- is 72 where a = and b = 


sin x 


(72) Let f(x) = 
line by defining f(0) = 1. Find f‘)(0) for all n € N. Answer: If n is odd, say n = 2k +1, 


for alla #0. We can extend f to a function continuous on the whole real 


_4)k 
then f(*+ (0) = ; and if n is even, say n = 2k, then f?4)(0) = — where 
a 
a= and b = 


SS k(k +1 
(73) The sum of the series ys E+ D) 3h is ae? where a = and p = 
: ! 
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oo 1.4 
(74) The sum of the series Ss" - is ae +b where a = and b = 
k=2 0° 
2 4 6 8 


T WT TV T 
Pa a Bel Bal 


(76) The coefficient of the term containing 2!” in the power series expansion of (1 + «?)3/® 


(75) The sum of the series 


1 
t-+. ig 1 — — where a = 
a 


is a where a = 


(77) The coefficient of the term containing x® in the power series expansion of (1 — x°)?/? is 


-= where a = 


where a = and 6 = . Hint. 


— (1/2\ (-1)" 
(78) The sum of the series Bi / ) ae 
0 


a 
is — 
n J2n+1 b 


Integrate the power series expansion of (1 — x?)2 over the interval [0, 1]. 


(79) The sum of the series 
1 1 1-3 1-3-5 1-3-5-7 


4 ge? Ney abe 4! 28 Br 220 


Biss, dull h 
is —= where a = 
Ja 
(80) Use power series to solve the differential equation f’(z) = xf(x) subject to the initial 
condition f(0) = 1. 
Answer: f(x) = 


(81) Use power series to solve the differential equation f’(x) = 2? f(a) subject to the initial 
condition f(0) = 5. 
Answer: f(x) = 


(82) Use power series to solve the differential equation f”’(r) = f(x) subject to the initial 
conditions f(0) = 3 and f’(0) = 1. 
Answer: f(x) = 2f(x) +e~* where f(x) = 

(83) Use power series to solve the differential equation y” — xy’ = y subject to the initial 
conditions y(0) = 1 and y’(0) = 0. 
Answer: y(x) = exp(f(ax)) where f(x) = 


(84) Use power series to solve the differential equation y” + 27y’ + xy = 0 subject to the initial 
conditions y(0) = 0 and y’(0) = 1. 
[oe 


a?*+1 where a(k) = 


. enh a(k) 
Answer: y(x) = x4 2 1)" (3k + 1)! 


(85) Use series to solve the differential equation (1+2?)y"” +2ry! —2y = 0 subject to the initial 
conditions y(0) = 1 and y/(0) = 3. 
Answer: y(x) = 1+ 32+ f(x) where f(x) = 
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21.3. Problems 
142 
(1) Find the power series expansion of ——s. 
—x2-2£ 


(2) Suppose you have never heard of exponential or logarithmic functions. Define exp, the 
EXPONENTIAL FUNCTION, by 


exp(z) := — 7". 


On the basis of this definition develop the properties of the exponential function. Include 

at least the following: 

(a) The series )7?° 9 42" converges absolutely for all x in R; so exp(z) is defined for every 
real number 2. 

(b) The exponential function is differentiable and satisfies the differential equation 


y —y=0. 
(c) The exponential function is positive, increasing, and concave up on R. 
(d) If x, y € R, then 
exp(x) - exp(y) = exp(a + y). 
(e) Ifa € R, then 
(exp(«))* = exp(—2). 


In this problem you may use without proof the following result: If the series }772. a, and 
9 be are both absolutely convergent then their product is given by 


So ax . So bp = Soo agbn—e- 
k=0 k=0 


n=0 k=0 


(3) Let f(x) = sinz. Use an appropriate polynomial of degree 3 to approximate sin(0.3). 
Show that the error in this approximation is less than 2.1 - 107°. 


(4) Use an appropriate polynomial to approximate In 1.5 with an error of less than 107. 
(Express your answer as the quotient in lowest terms of two natural numbers.) Give a 
careful proof that the error in this approximation is less than 107. 

1/2 
Find an approximate value for e® da by replacing the integrand with an appropriate 


yee, 
Ol 
i) 


0 
polynomial of degree 4. (Express your answer as the quotient in lowest form of two natural 
numbers.) Give a careful argument to show that the error in this approximation is less 
than 4- 10-4. 


x si 


(6) Use the alternating series test to show that 1— 4 < 


“= <1 whenever 0 < |2| < 1. 


x 1 —cosx 


iE 
7) Use the alt ta Les test to show that < 
(7) Use the alternating series test to show tha acy 2 


(8) Prove that the number e is irrational. Hint. Argue by contradiction. Suppose that e is a 


a 
<5 whenever 0 < |z| < 1. 


rational number; that is, suppose e = P where p and q are natural numbers. Fix a natural 
q 


number n > q and define 


1 
Prove that a is a natural number and that a < —. 
n 
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(9) Make use of the relation sec x cos x = 1 to find the first four nonzero terms of the Maclaurin 
expansion of sec x. 


(10) Suppose one uses the first two terms of the binomial series to approximate (627)!/* as 


follows: va 
2 1 2 
(oxy =5(1 4 =) ~a(147- ae] = 5.004. 


Show that the error in this approximation is less than 107°. 
(11) Explain in detail how to use power series to solve the differential equation 
y +y=sine 


subject to the initial conditions 
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21.4. Answers to Odd-Numbered Exercises 


(5) 4, 2 


(7) —o0, co 


(9) -1,5 


(11) [,) 


(13) (, ) 


(15) [ , —2, 2, ) 


CT) Al[og ate Bs 5) 


(19) 2a — 2? 


(21) r+27,3 


(23) 5 


(25) 8 


(27) 1,2+2° 


(29) k-1,1 


(31) k+1,1 


(33) n(n + 2) 


(35) 2k+1,1 


(37) n? 


(39) 4, 9, 8,9 


(41) 2 


(43) 6 


(45) —3 


(47) 25, 64 


(49) 3, -3, 7 


(55) 449 


(59) 50, 750, 15,000 


(61) 336 


(63) re” —e7 +1 


(65) —x?, 2x 


(67) xcosxz —sinx 


(69) —oo, oo, 3, 3 
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21.4. ANSWERS TO ODD-NUMBERED EXERCISES 


(71) 1,2 


(73) 15,3 


(75) v2 


(77) 4 


(79) 2 


(85) xarctan x 


Part 6 


SCALAR FIELDS AND VECTOR FIELDS 


CHAPTER 22 


VECTOR AND METRIC PROPERTIES of R” 


22.1. Background 


Topics: R”, vectors in R”, addition of vectors, scalars, scalar multiplication, inner product, 
Schwarz inequality, perpendicularity (orthogonality), norm of a vector, unit vector, cross prod- 
ucts, neighborhood of a point, deleted neighborhood, distance, open set, closed set, scalar fields, 
vector fields, standard basis vectors, equations of a line in R?, equation of a plane in R®. 


22.1.1. Definition. The set R” of all n-tuples of real numbers is Euclidean n-dimensional space— 
or more briefly, just n-space. We make a standard notational convention. If x belongs to R”, then 
x is the n-tuple whose coordinates are 71, 19,...,2n}; that is, 


x= Cho ese 


It must be confessed that we do not always use this convention. For example, the temptation to 
denote a member of R® by (z, y, z), rather than by (21, 22,23), is usually just too strong to resist. 

We will often refer to the elements of R” as vectors and real numbers as scalars. We give R” 
the structure of a vector space by defining operations of addition and scalar multiplication. For 
n-tuples x = (41, %2,...,%n) and y = (y1, y2,---,Yn) in R” define 


Sy = (i i Pat Wy on Ee) 


Thus we say that addition in R” is defined coordinatewise. Scalar multiplication is also defined in 
a coordinatewise fashion. That is, if x = (#1, 72,...,@%n) € R" and a € R, then we define 


Ge = (01, ita,» «x5 Git, ) 


It is convenient to define the distance between two points in R” in terms of a scalar valued 
function defined on pairs of vectors called an inner product. If x = (x1,...,%) and y = (y1,---, Yn) 
are vectors in R”, then the INNER PRODUCT (or DOT PRODUCT) of x and y, denoted by (x,y), is 
defined by 


n 
(x, y) = 3 LRYk - 
k=1 


(For the fundamental facts about the inner product see problem 1.) 
We define the ANGLE between two nonzero vectors x and y by 


A(x, y) := arccos (22 ) ; 


II II ly 
and we define two vectors x and y to be PERPENDICULAR (or ORTHOGONAL) if (x,y) = 0. 
The norm of a vector is defined using the inner product. If x = (a1,...,Zn) € R” define 


1/2 
|| xl] = (>: at] 
k=1 


This is the (EUCLIDEAN) NORM on R”. The expression || x|| may be read as “the norm of x” or 
“the length of x”. A vector in R” which has norm 1 is a UNIT VECTOR. 
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22.1.2. Theorem (Schwarz inequality). If x, y € R”, then 
(x,y) < I] xl [yl 


The distance between two vectors in R” is the length of their difference. If x and y are vectors 
in R” define 
d(x,y) = ||x—y]). 
This is the DISTANCE between x and y. (Here, as in real arithmetic, x — y means x + (—l)y.) 
We generalize the notion of d-neighborhood (see definition 1.1. 2) in R to open balls of radius 6 
in R”. Let a be a vector in R” and 6 > 0. The OPEN BALL ABOUT a OF RADIUS 6 is defined by 


Bs(a) := {x € R”: d(x,a) < 6}. 


We will also refer to this set as the 

6-NEIGHBORHOOD OF a. The DELETED 6-NEIGHBORHOOD of the point a € R” is the open ball 
around a of radius 6 from which the point a has been deleted. More generally, we will refer to any 
open set containing the point a as a NEIGHBORHOOD of a. 

A subset of IR” is OPEN if it is a union of open balls in R”. A set is CLOSED if its complement 
is open. 


22.1.3. Definition. If x = (x1, 72,73) and y = (y1,y2,y3) are vectors in R°, then their CROSS 
PRODUCT, denoted by x x y, is the vector (x2y3 — r3y2,%3Y1 — L1y3,21Y2 — X21). 


22.1.4. Notation. Define vectors e!,...,e” in R” by 
Pe (1 OyOrs4 0) 
= (0,1,0,2:.,0) 


” := (0,0,...,0,1). 


In other words, for 1 < j <n and1<k <n, the k™ coordinate of the vector e/ (denote it by (e);, 
or e}) is 1 if 7 =k and Oif j 4k. The vectors e!,...,e” are the STANDARD BASIS VECTORS in R”. 
(Note that the superscripts here have nothing to do with powers.) In R? the three standard basis 
vectors are often denoted by i, j, and k rather than e!, e”, and e®, respectively. 

Every vector in R” is a linear combination of the standard basis vectors in that space: that is, 


if x = (41,...,2%n) € R", then 
n 
x= >) ae". 
k=1 


22.1.5. Definition. In these exercise/problem sets we restrict our attention to functions F’ which 
map one Euclidean space, say R”, to another, say R™. In the first twenty chapters the emphasis has 
been on the case where n = m = 1, real valued functions of a real variable. Curves are mappings 
f: R > R™ (where m > 2). Thus curves are vector valued functions of a real variable. Much of 
the subsequent material in calculus is devoted to the study of scalar fields. These are real valued 
(that is, scalar valued) functions of a vector variable; that is, mappings f: R” — R (where n > 2). 
As we will see shortly, scalar fields are also called 0-forms. 

Also of importance are vector fields These are mappings of R” into R™ (where n, m > 2). 
Thus a vector field is a vector valued function of a vector variable. Such a mapping F: R” > R” 
comprises m coordinate functions F = (F!, F?,...,F™), where each F* is itself a scalar field. Thus 
for each vector x = (21, %2,...,2%n) in the domain of F we have 


Bie) = (8) Ff" @)c0: Fe). 
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As an example consider the function F which gives rectangular coordinates in terms of spherical 
coordinates. Then F: R*? —> R® and 
F(p, 6,0) = (F"(p, 9,0), F?(p, 9,9), F?(p, , 9)) 
where 
F'(p,@,0) = psin¢ cos, 
F?(p,¢,0) = psingsin#@, and 
F°(p,$,0) = pcos. 


22.1.6. Definition. Let x, y, and z be vectors in the plane. We say that z is a LINEAR COMBI- 
NATION of x and y if there exist scalars a and 8 such that 


zZ=ax+ By. 
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22.2. Exercises 
(1) Three vertices of a parallelogram are P = (1,3,2), Q = (4,5,3), and R = (2,—1,0). What 
are the possible locations of the fourth vertex? 
Answer: (-1, ; bPeoian (ese ; ),or(5, ; 
(2) Given the points A = (1,—2) and B = (4,—6), the unit vector in the direction of AB is 
ai + bj where a = and b = : 
(3) Find a vector parallel to the line 8x + 6y = 7. Answer: 9i+ bj where b = 
(4) Find a vector of length 26 which is parallel to the line 24x — 10y = 13. 
Answer: ai + bj where a = and b = 
(5) In R?, x+y = 4 is the equation of a . In R?, 2+ y = 4 is the equation of 
a : 
(6) In R?, y = 32? is the equation of a . In R’, y = 32? is the 
equation of a 
(7) In R?, 27+y? = 25 is the equation of a . In R38, 227 +y? = 25 
is the equation of a 
(8) The orthogonal projection of the point (2,3,5) on the ry-plane is (__ , __, __ ); on the 
yz-plane is (__ , ___, __); and on the xz-planeis(__,__, __). 
(9) Let x = (3,2), y = (2,-—1) and z = (7,1) be vectors in the plane. We know that z is a 
linear combination of x and y because z = ax + Gy where a = and ~ = 
(10) Let a = (5,0,2) and b = (1, —3, —2). Then 
|| al] = 
Kh = i+ jt kK, 
b= i+ ja k. 
eat i+ ae k. 
3a —2b= i+ j+ k. 


(11) Let x = (1,0,1), y = (0,1,1), and z = (1, 2,3). The only number a such that ax + 2y is 
perpendicular to z is a = 


(12) Find all numbers a such that the angle between the vectors 2i + 2j + (a — 2)k and 


2i+ (a — 2)j+2k is 3. Answer: a = and 
(13) Find all numbers a such that the vectors 2a i—2j—k and 2ai+3aj—2k are perpendicular. 
Answer: a = and 


(14) Find all numbers a such that the vectors 2ai—j+12k and ai+2aj—k are perpendicular. 
Answer: a = and 


(15) The angle in R? between the vectors (—3, 1,2) and (1,2,—3) is aw where a = 
(16) The angle in R* between the vectors (1,0, —1,3) and (1, V3, 3, —3) is aw where a = 


(17) Let x = (1,1,-1) and y = (2,0,3). Find a scalar a such that x + ay Lx. 
Answer: a = : 


(18) In R® which of the angles of triangle ABC, with vertices A = (1,—2,0), B = (2,1,—2), 
and C = (6,—1,—3), is a right angle? Answer: the right angle is at vertex 


(19) Suppose that the hydrogen atoms of a methane molecule CHy are located at (0,0,0), 


(1,1,0), (0,1,1), and (1,0,1) while the carbon atom is at (5, 5; 5). Find the cosine of 
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the angle 0 between two rays starting at the carbon atom and going to different hydrogen 
atoms. Answer: cos@ = 

(20) The length of the vector (1,2,—1,—3,1) in R° is 

(21) The length of the vector (2, —2,0,3,—2,2) in R® is 


(22) Find the angle 6 between the vectors x = (3, —1,1,0,2,1) and y = (2, —1,0, V2, 2,1) in R®. 
Answer: 0 = : 


(23) If a, b, c, d, e, f € R, then 
jad + be + cf| < Va2 +6? + c/a? +e? + f. 


The proof of this inequality is obvious since this is just the Schwarz inequality where 
x = ( ) and y = ( ). 


nm nm 1 
2) Sie, 
(a) 2" 
j=l k=1 
The proof of this is obvious from the Schwarz inequality 22.1.2 when we choose 


’ 


(24) If a1,-..,@n, > 0, then 


’ ? ’ 


x= and y = 


(25) The volume of the parallelepiped generated by the three vectors i + 2j — k, j +k, and 
3i-jt2kis___.. 
(26) The equations of the line containing the points (3, —1,4) and (7,9, 10) are 
o=3. y=—7  2-k 


2 b Cc 
where b = ,c= j= , and k = 


(27) The equations of the line containing the points (5,2,—1) and (9, —4, 1) are 
G=h Y=! @=k 
a -32 #4¢ 


where a = c= ,h= , and k = 


(28) Find the equations of the line containing the point (1,0,—1) which is parallel to the line 
god ay-d 62-7 


2 i) 6 
—h —j 1 
Answer: — -t tos where a = ,o= ,h= ,and j = 
(29) The equation of the plane containing the points (0, —1,1), (1,0, 2), and (3,0,1) is 7+ by+ 
cz = d where b = Ce ,and d= 
(30) The equation of the plane which passes through the points (0,—1,—1), (5,0,1), and 
(4, 1,0) is ax + by + cz = 1 where a = ,b= ,andc= ; 


(31) The angle between the planes 4x + 4z — 16 = 0 and —2z + 2y — 13 = 0 is 5m where 
a= and b = 


(32) Suppose that u € R® is a vector which lies in the first quadrant of the ry-plane and has 
length 3 and that v € R® is a vector that lies along the positive z-axis and has length 5. 
Then 

(a) Juxvi=__; 

(b) the x-coordinate of ux vis___ 0 (choose <, >, or =); 

(c) the y-coordinate of ux vis___ 0 (choose <, >, or =); and 
(d) the z-coordinate of ux vis___ 0 (choose <, >, or =). 
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(33) Suppose that u and v are vectors in R’ both of length 2\/2 and that the length of u—v 
is also 2\V/2. Then || u+ v|| = and the angle between u and v is 
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22.3. Problems 


(1) Verify the following properties of the inner product on R”: If x, y, and z are vectors in 
R” and a is a scalar. Then 

(x + y,2) = (x,z) + (y, 2); 

(ax, y) = a(x, y); 

(x,y) = (y,X); 

(x, x) 2 0; 


(f) || xl] = Gx, x). 
Items (a) and (b) say that the inner product is linear in its first variable; (c) says it is 
symmetric; and (d) and (e) say that it is positive definite. It is virtually obvious that the 
inner product on R” is also linear in its second variable. Thus an inner product may be 
characterized as a positive definite, symmetric, bilinear functional on R”. 


(2) Verify the fundamental facts about the norm on R”: if x and y are vectors in R” and a 
is a scalar, then 
(a) [|x+yll < [lll + [ly 
(b) || axl] = a] || x||; and 
(c) if || x|| = 0, then x = 0. 


[oe] 
(3) Prove that if (a1,a2,...) is a sequence of real numbers such that the series So an? con- 
= k=1 


verges, then the series > i dp converges absolutely. 
k=1 
Hint for proof. You may find the following steps helpful in organizing your solution. 
(i) The key to this problem is Monotonic Sequence Theorem (MST)—see 18.1.3. 
[oe] 


(ii) The hypothesis of the result we are trying to prove is that the series SS a,” converges. 


What, exactly, does this mean? k=1 
n 


(iii) For each natural number n let b,, = > a;,”. Rephrase (ii) in terms of the sequence (b,). 
k=1 
(iv) Is the sequence (b,,) increasing? 
(v) What, then, does the MST say about the sequence (b,,)? 
n 


1 
(vi) For each natural number n let cp, = > oe What do we know about the se- 
k=1 
quence (c,)? (If in doubt consult the p-test 20.1.2). What does the MST say about 


the sequence (c,,)? 
(oe) 


(vii) The conclusion we are trying to prove is that the series > zu converges absolutely. 


What does this mean? k=1 


(viii) For each natural number n let s,, = s k |ax|. Rephrase (vii) in terms of the se- 
quence (s,). k=1 
(ix) Explain how for each n we may regard the number s, as the dot product of two 
vectors in R”. 
(x) Apply the Schwarz inequality 22.1.2 to the dot product in (ix). Use (v) and (vi) to 
establish that the sequence (s,,) is bounded above. 
(xi) Use the MST one last time—keeping in mind what you said in (viii). 
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(4) Explain how to use the Schwarz inequality to show that if a, b, c > 0, then 


(5) Show that for all real numbers a, b, and 6 
|acos@ + bsin6| < Va? + b?. 
(6) Explain carefully how to use the Schwarz inequality to prove that 
1 21 1 1 
t+b+et+d > 16 
Ota )( oe 3) - 


for all numbers a, b, c, d > 0. 


(7) Suppose that a1,...,@n > 0. Use the Schwarz inequality to show that 
n n 1 
et ee 
(i) ae) =" 
j=l k=1 
(8) Show that the parallelogram law holds in R". That is, prove that if x, y € R”, then 
lx +-yl]? + |lx— yl]? = 2] xl? + 2ilyll’. 


(9) Prove that if a and b are vectors in R®, then 
|| ax bl|? = || all? | bil? — (a, b)?. 


22.4. ANSWERS TO ODD-NUMBERED EXERCISES 


22.4. Answers to Odd-Numbered Exercises 


281.0. 5. 1 


(un) -3 


— 
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CHAPTER 23 
LIMITS OF SCALAR FIELDS 


23.1. Background 


Topics: scalar fields, limits of scalar fields. 


An important, if rather obvious, theorem says that a scalar field has zero limit at a point in R” 
if and only if its absolute value does. 


23.1.1. Theorem. Let f be a scalar field defined in a neighborhood of a point a in R” but not 
necessarily at a. Then 


lim f(x) =0 if and only if Ht. | FGe}p0e 


x x a 


The next theorem, also very useful, is sometimes referred to as the sandwich theorem for scalar 
fields. 


23.1.2. Theorem. Let f, g, and h be scalar fields defined in a deleted neighborhood U of a point 
a in R”. If f(x) < g(x) < h(x) for allx € U, lim f(x) = 4, and lim h(x) = @, then 


lim g(x) =@. 
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23.2. Exercises 
ed ee 
(1) Let f(y) = sey for all (x,y) # (0,0). 
(a) lim, f(@,0) =__ 


(b) im f(e,2) = —__. 


x 


(c) Together what do (a) and (b) tell us about ’ ua i f(x,y)? 
v,y) —>~ (V, 


Answer: . 
(2) Let f be the scalar field defined by f(a,y) = xy? (2a!? + 3y*)~+ for all (a, y) 4 (0,0). 
(a) lim | f(#,0) = : 
(b) tim flea’) = 


(c) Together what do (a) and (b) tell us about ’ ease ae Flea)? 
x,y) —= (0, 


Answer: 


sin(x? + y?) 
ag? + y? 
point of R? except the origin. If we further define f(0,0) = , then f is continuous 

on all of R?. 


(4) The limit of ev**°Y as (x,y) approaches (4, 4) is 


(3) Let f be the scalar field defined by f(x,y) = . Then f is defined at every 


2 
(5) The limit of ae as (x,y) approaches (0,0) is 

9) 2 
(6) The limit of aap as (x,y) approaches (0,0) is 

x? + xy? 
(7) The limit of age as (x,y) approaches (0,0) is 
eee 

(8) The limit of 5 7 7 ae as (x,y) approaches (0,0) is 

x + ye +a — 


3cy + (cos y)z? + xyz 
s/x* + 4y* + 728 
sry +4 
Gd) rier be ee 
VV x? + 4y? + 724 
ryt yez+ 2x 
ae cia Sa 
a2 + ye + 22 
ry + yzZ+ 2x 
Vr? ty?t+ 2? 
Fat LYZ 

(13) The limit of (a $y? + ay 
Hint. Spherical coordinates. 


om LYZ 
(14) The limit of (@+y+ oP 


(9) The limit of 


as (x,y,z) approaches (0, 0,0) is 


as (x,y,z) approaches (0,0, 0) is 


(11) The limit o as (x,y, 2) approaches (0,0, 0) is 


(12) The limit of as (x,y,z) approaches (0, 0,0) is 


as (x,y,z) approaches (0,0, 0) is 


as (x,y,z) approaches (0,0, 0) is 


(15) Let g(t) = eb + Vt, f(x,y) = v — 2y — 8, and h be the composite function go f. (That 
is, h(x, y) = g(f(x,y)) whenever this is defined.) Then the domain of h is the set of all 
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points (x,y) in the plane R? which lie (above/below) the line y = ax + b 
where a = and b= 
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23. LIMITS OF SCALAR FIELDS 
23.3. Problems 
1) Prove or disprove: lim ————— exists. 
O) (x,y) —> (0,0) \/x? + y? 
Hint. Use problem 2 of chapter 1. 
22 
(2) Prove or disprove: lim ag oxists. 
x,y) —> (0,0) @* + y 
ae 
(3) Prove or disprove: lim age exists. 
x,y)—+(0,0) 2° + Y 
*y 
(4) Prove or disprove: lim ——~ exists. 
x,y) — (0,0) 23 + y? 
342 2 
(5) Prove or disprove: lim TY _ exists. 
x,y) —~ (0,0) 7x8 + Ay 
xy? 
(6) Prove or disprove: lim ——~ exists. 
x,y) —> (0,0) 2° + y? 


sin ry 
7) Let = 
(7) Let f(2,y) = Fa 


(8) Your friend Fred R. Dimm conjectures that whenever the double limit lim flag) 


(x,y) a (a,b) 


exists then the iterated limits lim ( lim if (@)) and lim ml lime, f(a, y)) exist. Write 
| i y—> b ‘x —>a 


if (x, y) (0,0) and f(0,0) = 1. Prove or disprove: f is continuous. 


a note to him explaining why his conjecture is not correct. 
Hint. Consider the function f defined by f(x,y) = ysin + whenever « 4 0 and 
f(0,y) =0 for all y. 
2 


x 
9) Prove or disprove: lim —s—z exists. 
8) af (x,y) —> (0,0) £2 + y? 


ge+y* 
exists. 


(10) Prove or disprove: lim 
(x,y) ——= (0,0) 

(11) Prove or disprove: lim ——— exists. 
(2,y)—> (0,0) 274? 


(12) Use the Schwarz inequality to show that if a, b € R”, then 
lim (x,b) = (a,b). 


(13) Let x = (21, 2%2,...,2%n) € R”. Prove that lim ada 


x—=0 || x|| 


= 0 forj7,k=1,...,n with 7 Fk. 


Show also that lim — =0 fork =1,...,n. 


Die” 
x—>0 || x| 


(14) Let f be areal valued function defined in a deleted neighborhood of the origin in R?. Prove 
or disprove: if f(x,y) approaches 0 as (x,y) approaches the origin along any straight line, 
then lim fi2o3) =O. 


(x,y) ee (0,0) 
ry? 


Hint. Consider the function f defined by f(x,y) = ae 
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23.4. Answers to Odd-Numbered Exercises 
0 
iL 
b) = 
(b) 5 


(c) It does not exist. 


not defined 


Part 7 


DIFFERENTIATION OF FUNCTIONS OF 
SEVERAL VARIABLES 


CHAPTER 24 


PARTIAL DERIVATIVES 


24.1. Background 


Topics: partial derivatives, tangent planes. 


24.1.1. Definition. If U is an open subset of R” and f: U > R is a scalar field on U, its k*® 
PARTIAL DERIVATIVE fy (for 1 < k < n) is defined by 


pia in Loete =F) 


t0 t 


for every a € U for which this limit exists. 

A vector field F = (F!, F?,...,F") defined on an open subset of R™ may also have partial 
derivatives. Let F, = (Fi, F?,...,F/) whenever the partial derivatives of all the coordinate 
functions F* exist. 


6) 
24.1.2. Notation. Among the notations for the k*” partial derivative of a scalar field f are fx, a 

Lk 
and D;f. When we work in R? and use coordinates (x,y, z)—instead of (x1, 22, 73)—alternative 


notations for f; are fr, and D,f. Similar notations are used for fo and fs. 


of 

Ox’ 

If the kt" partial derivative f; of f has a j** partial derivative, this second order partial 
2 


If 7 = k the last of these becomes 


ee O° f 
derivative (fis) is denoted by fx; or Dyjf or Bn 6r. 
Higher order partial derivatives are treated in a similar fashion. 

For a vector field F the notation F, 4 is unambiguous since it can be proved, at least for smooth 


vector fields (see definition 28.1.6), that (F J ) b= (F,)’ for all appropriate indices 7 and k. 


Ox}? , 
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24. PARTIAL DERIVATIVES 


24.2. Exercises 


(1) Let ¢(z,y) =e” ny. Then ¢,(0,e) = and ¢,(0,e) = 
(2) Let f(z, y, z) = 3ay? + ze and a = (In2,1, —2). Then FE (a) = ; 
sola) = and Fa) = 
x? sin y dt of 
L = ——__.. Then —(2, =) = ; 
(3) et f(x,y) i 1 + cos?(Zt) en Aa | ve) ——— 
OF 
(4) Let f(x,y, z) = 2¥ arctan z. Then ——(2,3,1) = aln2 where a = 
OzOy 
(5) Let (u,v) = Theis O12) = and ¢y(1,2) = 
U+vU 
—e : Ow Tw Ow Tw 
(6) Let ~(a,y) =e"* sin(a + 2y). Then Bq o a) = and By a= 
(7) Let g(x,y) = e!-® sin(4r + 2y). Then “2, 6) = (a- bV/b)e where a = and 
— 
ee a 
(8) Let f(x,y, z) = arctan(xyz). Then ade (1,231) = 5 where a = and b = 
(9) Let f(u,v, w) = In(u? + 2uv) + sin3(u + w). Then oa PE-l)= ; where a = 
10) Let z = xe—¥/*, Tf the constant c = , then z satisfies the partial differential 


equation 
Oz O°z _ Oz 
de> Oy2 ° Oy’ 


(11) Let d(w,2,y,z) = wry + 2 tan z and a = (1,—2,3, 4). Then ¢,(a) = : 
dc(a)=__ ss Gy (a) =__—gaand gdz(a)=__. 
x2 452 7 
ane dt of 5 
12) L = ee AG fe ea eee te 
(12) Let f(a, y) is 3 + cos!(Ont) en yo 5) - wherea= 
(13) Let f( =f a Tien Ayam | phere rat d 
et f(x,y) = : Sapa en 5, (4, = — where a = an 
aa V2)= Pv where b= 
(14) Let f(x,y, z) = 2. Then °! = yak.) where k(y, z) = ; 
= = a¥ g(x,y, z) where g(x, y,z) = , and 
OF a y*h(a, y) where h(x,y) = 
Oz 
2 tany dt of a 
(15) Let f(z,y,z) = [... Tease Then By | 1g,)= 7 ava where a = ; 
b= ,andc= ‘ 
(16) Let f(x,y) = xy(2* — y?)(x? + y?)~ if (x,y) # (0,0) and f(0,0) =0. Then 


fry(0,0) = ___ and fyz(0,0) = 
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(17) Let f(z, y) = 5xe¥ + 2a?(y + 3) sin 4 cosy for « £0 and f(0,y) =0. Then 
of 


5 (0,0) = 


34,2 


wey Og a 
(18) Let g(x,y) = ‘i dt. Then 9g (br 2) = — where a = 
1 


1+Vt+e 19 
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24.3. Problems 

2,2 

(1) Show that u = =o 
r+y 


satisfies the partial differential equation 
LUgy + Y Uy = 8u. 


(2) Show that for any constants a, b, and c the function u = ax* + 2ba7y? + cy* is a solution 
to the partial differential equation 
Ou Ou 


t= +y 


(3) Show that u = x?y + y?z + 222 is a solution to the partial differential equation 


Up + Uy + Uz = (w@+y tz). 


24.4. ANSWERS TO ODD-NUMBERED EXERCISES 


24.4. Answers to Odd-Numbered Exercises 


CHAPTER 25 
GRADIENTS OF SCALAR FIELDS AND TANGENT PLANES 


25.1. Background 


Topics: gradient, tangent plane, directional derivative, path of steepest descent 


For the following definition and theorem suppose that f is a real valued function whose domain 
is an open subset V of R”. Suppose also that a is a vector in the domain of f and that u is a unit 
vector in R”. 


25.1.1. Definition. The DIRECTIONAL DERIVATIVE of f at a in the direction u, denoted by 
Duf (a), is defined to be 
on fat du) = Fla) 
A—>0 r 


if this limit exists. 
25.1.2. Theorem. /f f is differentiable at a, then the directional derivative Dy f(a) exists and 
Duf(a) = (Vf (a), 4). 
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25.2. Exercises 


(1) Find a function (if one exists) whose gradient is 


5 1 
(x + 2ay? — re a + 3x7y? — siny) : 


Answer: 


(2) Find a function (if one exists) whose gradient is 


1 


Answer: 


(3) Find a function (if one exists) whose gradient is 
(y? + Qry + 3a? + Qry*)it (4y? + x? + Qx2y + 38ry")j. 


Answer: 


(4) Find a function (if one exists) whose gradient is 
2 : xs 
x” arcsin y, ———— — Iny }. 
3,/1 — y? 


(5) Find a function (if one exists) whose gradient is 


Answer: 


[us + QayeY 4 ae 1, xe¥ + 


1 2 
——— + rye! |. 
V1l— <2? Vl-y? " 


Answer: 


(6) Find a function (if one exists) whose gradient is 


| cel, 


Vl—-x2 y’ 1l+y? dy 


( arctany x arcsing 2 ) 


Answer: 


7) Find a function (if one exists) whose gradient is 
( 
(Qey + 27)i+t (a? + eY + Qyz3) j + (Qez + mcosmz + 3y%z”) k. 


Answer: 


(8) At what angle 0 do the sphere 2? + y? + z? = 8 and the plane y = 2 intersect? 


Answer: 6 = 


(9) The equation of the tangent plane to the surface x? + y? = 3ryz at the point (1,2, 3) is 


ax + by + 4z = 0 where a = and 6 = 

(10) Let f(x,y) = x? — y? — 22 + 3y — 4 and p = (2,1). The equation of the tangent plane to 
the surface z = f(x,y) at pis z = ax+by+c where a = 20 ,andc= : 
The value of A fp at (x, y) is 2? +ay?+bx+cy+d where a = ,b= eo ‘ 
and d = . The equation of the tangent plane to the surface z = Afp(a, y) at (0,0) 


is z= ax + by +c where a = ,b= ,andc= 
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(11) Let f(x,y) = x? +2y? — 42 —4y+6 and p = (1, —1). The equation of the tangent plane to 


the surface z = f(x,y) at pis z =ax+byt+cwherea=_ ,b=__ i, andc= 

The value of A fp at (a, y) is 2? +ay?+bx+cy+d where a = ,b= oS j 
andd=___. The equation of the tangent plane to the surface z = Afp(x, y) at (0,0) 
isz=ax+by+cwherea=  ,b= _ ,andc= ’ 


(12) The equation of the tangent plane to the surface x? + y® + z3 = 8 at the point (1,2, —1) 
is x +ay+z=b where a = and b = 


(13) The sum of the intercepts of a plane tangent to the surface /z + /y + /z = Va is 


(14) The sum of the squares of the intercepts of a plane tangent to the surface g/8 447/34 22/8 = 
213 
a‘!? is 


(15) The equation of the tangent plane to the surface x* + y* + z4 = 18 at the point (1, —2, 1) 


is ax + by + cz = 18 where a = ,b= ,andc= 

(16) The equation of the tangent plane to the surface v?z+ayz+y?2z? = 1 at the point (1,2, —1) 
is 5a + ay + bz = c where a = ,b= ,andc= : 

(17) The equation of the tangent plane to the surface ye*Y + z? = 0 at the point (0,—1,1) is 
ax + by + cz = 1 where a = ,b= ,andc= ; 

(18) The equation of the tangent plane to the cylinder xz = 4 at the point (1,0,4) is aw + by + 
cz = 8 where a = Oi ,andc= 

(19) The equation of the tangent plane to the ellipsoid 27? + y? + 2? = 12 at the point (1, —3, 1) 
is ax + by + cz = 12 where a = ,b= ,andc= ; 


(20) The equation of the tangent plane to the surface z = x?y — ry? + 7 at the point (1, 2,1) 
is ax + by + cz = 27 where a = b= ,andc= : 
(21) Let f(a,y,z) = x?y — yz. The directional derivative of f at the point (2,1,1) in the 


1 
direction of the curve r(t) = (2 cos(t — 1), t, exp(t* — t)) is -—~— where a = 


Ja 
(22) Let f(x,y, z) = ry + 2az — y* + z* and P = (1, —2,1). 
(a) The directional derivative of f at P in the direction of the curve r(t) = (t,t — 3, t?) is 
a 


— where a = : 

V6 
(b) A vector pointing in the direction of the greatest increase of f at Pis__i+___j+4k. 
(c) A vector normal to the surface f(z,y,z) = —3 at Pis__i+__j+4k. 


(23) Let f(z,y) = - + Z and P = (—2, 3V3). 
(a) A vector pointing in the direction of greatest increase of f at Pis__si+ 4j. 
(b) A vector normal to the level curve f(x,y) =1 at the point Pis i+ 4j. 
(c) A vector tangent to the level curve f(x,y) =1 at the point Pis4i+ __ j. 


(24) Let f(x,y, z) = xy+yz+axz. The directional derivative of f at (1,—1,1) in the direction 


of i+ 2j7+kis 5 V6 where a = 


(25) Let f(x,y, z) = xy+yz+axz. The directional derivative of f at (3,4, —1) in the direction 
of i+2j7+kis 5 V6 where a= 


(26) Let f(x,y) = x?y. Then the directional derivative of f at a = (2,4) in the direction of the 
curve r(t) = (t? + 1)i+ (7 + 2¢4+1)j is = where a = 
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(27) The directional derivative of ¢(x,y) = x? Iny at the point (2,4) in the direction of the 
curve r(t) = (t? + 1, 2t + 2) is sqlb+ 241nb) wherea=__ and b=___ 

(28) Find the derivatives of v = ry? sin z at the point (1,1,7/6) in the (two) directions of the 
line x = y, z = 0. 

Answer: and : 

(29) If f(a, y,z) = zy + yz and r(t) = ($07, — 4, ce then (for)/(2)=_ 

(30) The directional derivative of the function f: (x,y,z) 4 xexp(y? — 27) at (1,2, —2) in the 
direction of the curve r: t ++ (t,2.cos(t — 1), —2 exp(t — 1)) is z where a = 


25.3. PROBLEMS 199 


25.3. Problems 


(1) Let d(a, y) = 2x? + Gy? and a = (2,—1). Find the steepest downhill path on the surface 
z= o(x,y) starting at the point a and ending at the minimum point on the surface. 


Hints. 


(a) It is enough to find the equation of the projection of the curve onto the xy-plane; 


(b 


(c 
(d 


) 


) 


every curve t +> (x(t), y(t)) in the xy-plane is the projection along the z-axis of a 
unique curve t ++ (x(t), y(t), (a(t), y(t))) on the surface z = ¢(x,y). 

If c: t + (a(t), y(t)) is the desired curve and we set c(0) = a, then the unit vector 
u which minimizes the directional derivative Dy(b) at a point b in R? is the one 
obtained by choosing u to point in the direction of -V¢(b). Thus in order for the 
curve to point in the direction of the most rapid decrease of ¢ at each point c(t), the 
tangent vector to the curve at c(t) must be some positive multiple p(t) of —V¢(c(t)). 
The function p will govern the speed of descent; since this is irrelevant in the present 
problem, set p(t) = 1 for all t. 

Recall that on an interval the only nonzero solution to an equation of the form Dx(t) = 
ka(t) has the form x(t) = x(0) e*. 

The parameter t which we have introduced is artificial. Eliminate it to obtain an 
equation of the form y = f(z). 


(2) This, like the preceding problem, is a steepest descent problem. However, we now suppose 
(probably contrary to fact) that for some reason we are unable to solve explicitly the 
resulting differential equations. Instead we invoke an approximation technique. Let 


g(x) = 13217 — 4221 + 13x97 + Gre + 102122 + 9 


for all x in R?. The goal is to approximate the path of steepest descent. Start at an 
arbitrary point x° in R? and choose a number h > 0. At x? compute the gradient of ¢, 
take u° to be the unit vector pointing in the direction of -V¢(x°), and then move h units 
in the direction of u° arriving at a point x!. Repeat the procedure: find the unit vector ul 
in the direction of —V¢(x'), then from x! move h units along u! to a point x”. Continue 
in this fashion. In other words, x9 € R? andh>O are arbitrary, and for n > 0 


x?ttai x" 4 Ay” 


where u” = —|| V¢(x”)||-'Vo(x"). 
(a) Start at the origin x° = (0,0) and choose h = 1. Compute 25 or 30 values of x”. 


SS 


Explain geometrically what is happening here. Why is h “too large”? Hint. Don’t 
attempt to do this by hand. Write a program for a computer or a programmable 
calculator. In writing your program don’t ignore the possibility that V¢é(x”") may be 
zero for some n. Also don’t forget when you write up your report that the reader 
probably has no idea how to read the language in which you write your program. It 
must be well enough documented so that the reader can easily understand what you 
are doing at each step. 

Describe what happens when h is “too small”. Again start at the origin, take h = 
0.001 and compute 25 or 30 values of x”. 


By altering the values of h at appropriate times, find a succession of points x°,...,x” 
(starting with x? = (0,0) ) such that the distance between x” and the point where ¢ 
assumes its minimum value is less than 0.001. (By examining the points x°,...,x” 


you should be able to guess, for this particular function, the exact location of the 
minimum. ) 

Alter the program in part (a) to eliminate division by || Vé(x”)||. (That is, let 
x?tl — x” _ hV¢(x").) Explain what happens in this case when h is “too large” (say 
h = 1). Explain why the altered program works better (provided that h is chosen 
appropriately) than the program in (a) for the present function ¢. 
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(3) Let P(x, y) = 3x? arctan y + ye™Y +y? and Q(z, y) = 7 7 See x?y. Explain clearly 
] 
how you know that the vector field F(x,y) = P(x, y)i+ Q(a,y)j is not the gradient of 
any scalar field ¢ defined on R?. 

(4) Use the definition of directional derivative to find Dyf(a) when f(z,y) = In,/zy, u = 
(F5 aa) and a = (2,3). 

(5) Use the definition of directional derivative to find Dy f(a) when f(x,y) = In\/2? 4+ y?, 
u= (3, +), and a = (1,1). 

(6) Let f(x,y) = exp(x + y), u be the unit vector in the direction of (1,1), and a = (5, —3). 
Use the definition of directional derivative to find Dy f(a). 

(7) Let f(x,y,z) = xy + cosz, u be the unit vector in the direction of (4,—2,2) and a = 
(1,1,—4). Use the definition of directional derivative to find Duf (a). 

(8) Use the definition of directional derivative to find Dy f(a) when f(x,y) = In(x + y?)°, 
u = (2,4), and a = (2,1). 

(9) A force field F: R? —>R? is CONSERVATIVE if there exists a scalar field V: R? —>R such 
that F = —VV;; such a scalar field is a POTENTIAL FUNCTION for F. Let the position of a 
particle P at time t be denoted by r(t). Suppose that P is acted upon by a conservative 
force field F. Assume Newton’s second law: 

For=ma 
where a is the acceleration of P and m is its mass. The KINETIC ENERGY of P is defined 
by 

1 2 
KE := amyl 

where v is the velocity of P; its POTENTIAL ENERGY is defined by 

PE :=Vor 
where V is a potential function for F. The TOTAL ENERGY of P is the sum of its kinetic 
and potential energies. Prove for this situation the law of conservation of energy; that is, 
show that the total energy of P is constant. 

(10) Suppose that the temperature ¢ at a point (x,y) on a flat surface is given by the formula 
o(x,y) = 2? — y?. A heat-seeking bug is placed at a point (a,b) on the surface. What 
path should the bug follow to get warm as quickly as possible? 

3 

(11) Let P(x, y) = 32? arctan y + ye™ +y? and Q(a,y) = ne + xe + xy. Explain clearly 

ov] 


how you know that the vector field F(x,y) = P(x, y)i+ Q(a,y)j is not the gradient of 
any scalar field ¢ defined on R?. 


(12) Determine in non-parametric form the path of steepest descent (projected onto the ry— 
plane) along the surface z = 9a? + 3y? starting from the point (2, 2). 


25.4. ANSWERS TO ODD-NUMBERED EXERCISES 


25.4. Answers to Odd-Numbered Exercises 


y? Ina + xy? — arctan + cosy 
ry? + 22y + a3 4 xy? + y4 


xyeY + arcsiny + alnz 1 — 2? 


x eas +sinaz + y?z 
4, — 
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CHAPTER 26 


MATRICES AND DETERMINANTS 


26.1. Background 


Topics: matrix, transpose, symmetric, determinant, minor, cofactor. 


The Arithmetic of Matrices. Let m and n be natural numbers. An m x n (read “m by n”) 
MATRIX is a rectangular array of numbers with m rows and n columns. If A is a matrix, the entry 
in the i** row and j*" column is denoted by A; (Occasionally we use the notation Aj; instead.) 


The matrix A itself may be denoted by [Ai] "| by [Ai], or by a rectangular array 


i=1j=1’ 
Al Al... Al 
A? AB. AB 
BOS ARO Sn Ae 


In light of this notation it is reasonable to refer to the index 7 in the expression Ai as the ROW 
INDEX and to call 7 the COLUMN INDEX. When we speak of the “value of a matrix A at (7,7),” we 
mean the entry in the i** row and j** column of A. Thus, for example, 


1 4 

3-2 
ae 

7 O 


isa 4x 2 matrix and A’ ai 
Two matrices of the same size can be added. Addition of matrices is done pointwise. The sum 
A+ B of two m x n matrices is the m x n matrix whose value at (i,j) is Aj + B;, That is, 


(A+ B)i = Ai + Bi 
forl1<i<mand1<j<n. So, for example, 


aa ee Lei os) G1) 25 6 
3 0 —-4 oA 342 04 GOED 5 4 5 


Scalar multiplication is also defined pointwise. If A is an m x n matrix and a € R, then aA is 
the m x n matrix whose value at (i,j) is aA}. That is, 


(Aji = aA‘ 
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forl1<i<mand1<j<n. For example, 


1 3 -2 —-3 -9 6 
-1 4 -5 3 —12 15 


We may also subtract two matrices of the same size. By —B we mean (—1)B, and by A— B 


If A is an m x n matrix and B is an n x p matrix, the product of A and B is the m x p matrix 
whose value at (i,j) is )7p_, Ai, BY. That is, 


t 4 pk 


k=1 


for 1 <i<mand1<j<p. Notice that in order for the product AB to be defined the number 
of columns of A must be the same as the number of rows of B. Here is a slightly different way of 
thinking of the product of A and B. Define (as usual) the INNER PRODUCT (or DOT PRODUCT) of 
two n-tuples (1, %2,...,%m) and (y1,y2,---,Yn) to be S7f_, ceyx. Regard the rows of the matrix 
A as n-tuples (read from left to right) and the columns of B as n-tuples (read from top to bottom). 
Then the entry in the i*® row and j* column of the product AB is the dot product of the i*® row 
of A and the j*® column of B. 

a 

12 0 1 
-4 7 


26.1.1. Example. Let A be the 3 x 4 matrix E 3-4 ! and B be the 4x 2 matrix | | : 
1 -l 


0 1 8 2 
5 66 


—1 23 
Then the product AB is the 3 x 2 matrix }11 58]. 


14 11 


Matrix multiplication is not commutative. If A is a 2 x 3 matrix and B is a 3 x 4 matrix, then 
AB is defined but BA is not. 
Even in situations where both products AB and BA are defined, they need not be equal. For 


1 2 -1 1 3. 47 0 -2 
example, if A = and B= , then AB = whereas BA = F 
1 0 ees) —-1 1 5 (4 


We now define the ACTION of a matrix on a vector. If A is an m x n matrix and x € R”, then 
Ax, the RESULT OF A ACTING ON x, is defined to be the vector in R™ whose j*» coordinate is 
pe1 Ayer (this is just the dot product of the j*" row of A with x). That is, 


(Axi = Ss" Al xp 
k=1 
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for 1 < 7 <_m. Here is another way of saying the same thing: Regard x as an n x 1 matrix 


(sometimes called a COLUMN VECTOR). Now multiply the m x n matrix A by the n x 1 matrix x. 
The result will be an m x 1 matrix (another column vector), say 


Y1 
Y2 


i 


Then Ax is the m-tuple (y1,...,;Y%m). Thus an m x n matrix A may be thought of as a mapping 
from R” into R™. 


3.0 -1l -4 


26.1.2. Example. Let A= ]2 1 —1 2 and x = (2,1,—1,1). Then 


1 -3 O 2 
2 
30 -1l —-4 3 
1 
Ax = |2 1 —l -2 = 14 = (3,4, 1). 


One matrix for which we have a special name is [,,, the n x nm IDENTITY MATRIX. It has 1’s on 
the main diagonal (from upper left to lower right) and 0’s everywhere else. Thus, for example, 


meee 
Eon 


Notice that it acts as the identity function on any vector (that is, [,x = x for every x € R”) and 
that [, A = AI, = A for every n x n matrix A. (When it will cause no confusion, we often write [ 
for In.) 


26.1.3. Definition. Let A be an m xn matrix. The TRANSPOSE of A, denoted by A®, is the n x m 
matrix obtained by interchanging the rows and columns of A. That is, if B = A‘, then Bi =7) 


2 3 
4 6 
for 1 <i<nand1<j<~m. For example, if A= |4 —5|, then A’ = : 
‘ iH 3 -5 11 


A square matrix A is SYMMETRIC if A’ = A. 
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Some Facts about Determinants. Determinants are a useful tool for dealing with matrices 
(and the linear transformations they represent). 
Fact 1. Let n € N and M,y,, be the collection of all n x n matrices. There is exactly one function 
det: Mnxn—R: Av det A 
which satisfies 
(ay detl, = 1. 
(b) If AG M,x., and A’ is the matrix obtained by interchanging two rows of A, then det A’ = 
— det A. 
(c) If A € Myxn, c € R, and A’ is the matrix obtained by multiplying each element in one 
row of A by the number c, then det A’ = cdet A. 
(d) If A € Myyn, c € R, and A’ is the matrix obtained from A by multiplying one row of A 
by c and adding it to another row of A (that is, choose i and 7 between 1 and n with i F j 
and replace Aj, by Aj, + cAl, for 1 <k <n), then det A’ = det A. 
26.1.4. Definition. The unique function det: M,.,—R described above is the n x n DETER- 
MINANT FUNCTION. 


Fact 2. If Ae R (= Mjx1), then det A = A; if A € Mo xo, then det A = At A? — ASAP. 
Fact 3. If A,B © Mnxn, then det(AB) = (det A)(det B). 


Fact 4. If A € Myyn, then det Ab = det A. (An obvious corollary of this: in conditions (b), (c), 
and (d) of fact 1 the word “columns” may be substituted for the word “rows” .) 


26.1.5. Definition. Let A be an n x n matrix. The MINOR of the element Al, denoted by M?, is 
the determinant of the (n — 1) x (n — 1) matrix which results from the deletion of the j** row and 
kt» column of A. The COFACTOR of the element Aj, denoted by GC; is defined by 


Cf = (-1)t*¥ Mi}. 
Fact 5. If AG Mnyn and 1 <j <n, then 
n 
det A= S > ALC. 
k=1 
This is the (LAPLACE) EXPANSION of the determinant along the j*” row. 


In light of fact 4, it is clear that expansion along columns works as well as expansion along 
rows. That is, 
n 
= Jog 
det A= S > ALCt 
j=l 
for any k between 1 and n. This is the (LAPLACE) EXPANSION of the determinant along the k*® 
column. 
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26.2. Exercises 


4 2 0 -l 1 -5 3 -l 
(1) Let A= and B= . Then 
-1 -3 1 5 3 0 1 -!1 
A+B= ,3A= , and 
A-2B= 
2 —-1 
4 3 Lis 2 i 
(2) Let A= |]0 -1 -1 1 and B= . Then 
1 0 
2 0 1 3 
—3 2 


2 0 
(3) Let A= ]1 -—3] andx=i-—2j. Then Ax = i+ j+ k. 
iol 1 O 
(4) Let A= |? 7], B= , and C = AB. Evaluate the following. 
yal?" |o a 
(a) A” = (b) B® = 
(c) B38 = | | (d) CO = | | 


| 


Note: If M is a matrix M” is the product of p copies of M. 
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1 1/3 
(5) Let A= / . Find numbers c and d 


c Ud 


Answer: c = and d = 


(a) Does the matrix D = ABC exist? 
(b) Does the matrix EF = BAC exist? 
(c) Does the matrix F = BCA exist? 
(d) 
(e) 
(f) 


Does the matrix G = ACB exist? 
Does the matrix H = CAB exist? 
Does the matrix J = CBA exist? 


1 0 -1 2 | ; 2 
0 3 1 -!1 3-1 
(7) Let A= B= 
2 4 0 3 0 —-2 
|-3 Lech. 2 | |4 1 


M = 3A? — 5(BC)*. Then Mig = 


such that A? = 0. 


3-2 0 
1 0 -8 


5 
Al 


If so, then d34 = 
If so, then egg = 
If so, then f43 = 
If so, then g3; = 


If so, then hg, = 


If so, then 713 = 


) Evaluate each of the following determinants. 


9 39 49 
7 32 37 
3°04 +4 | 


e 
e 
ee 
ee 


— 
loo 
jms 
Oo Fe 
Go -& 
a 


a: 

| 
) det = ; 
2 

4 17 0 —5 
t 3 

0 0 -4 O 

) det 

1 O 

3. (0 


) Find the determinants of the following matrices. 


—73 78 24 
A= | 92 66 25 and 
—80 37 10 


Hint. Use a calculator. Answer: det A = 


3-2 0 5 
,C= 
| 1 O -3 4 
and May 
—73 78 24 
B=]92 66 25 
—80 37 10.01 
and det B = 
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(10) Find the determinant of the following matrix. 


283 5 a 347.86 x 1015° 
3136 56 5  cos(2.7402) 


6776 121 ll 5 
Be 44.4 2 | 
Hint. Do not use a calculator. Answer: 
4 5 16 30 
(11) Find the determinant of the matrix \* mas al . Answer: 
4 5 18 48 
p 5 16 | 
i ea 
(12) det pe = (1 —a(t))? where a(t) = and pS. 
@ te a 
i in | 
(13) Find the determinant of the following matrix. 
S23+905 0 Pe 
35 5 ATS < 273°) 
F 5 6 6 
E 5 6 9 | 


gor? 


where P is the smallest prime number greater than 1 . Answer: 


(14) Solve the following equation for x: 
| 3 4 V2 3 -6 8 
2 -6 4 -l1 9 17 


2 0 37 -4 0 -7 


Answer: «7 = 
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26.3. Problems 


(1) Show that the matrix A= |0 2 1 | satisfies the equation 


[0 a a’ a 
0 2 CO 7 _4)\k+1 
(2) Let A= | =~ and B= s- a AR, 
00 0 a 7. oe 
[ 0 O 0| 


(a) Explain why, for this matrix A, there are no convergence difficulties in the definition 
of B. Express B as a single matrix. 


1 
(b) Compute Ss" ae 
a a 


(3) (a) Give an example of two symmetric matrices whose product is not symmetric. Hint. 
Matrices containing only 0’s and 1’s will suffice. 


(b) Now suppose that A and B are symmetric nxn matrices. Prove that AB is symmetric 
if and only if A commutes with B. 


Hint. To prove that A statement P holds if and only if a statement Q holds you must 
first show that P implies Q and then show that Q implies P. In the current problem, there 
are 4 conditions to be considered: 

(i) A7=A_ (A is symmetric), 

(ii) B’=B (Bis symmetric), 

(iii) (AB)'’= AB (AB is symmetric), and 

(iv) AB=BA_ (A commutes with B). 

One important additional fact about transposes will be helpful here. If C and D are any 
two matrices whose product is defined, then 

@) (ED Sa= DE". 

The first task is to derive (iv) from (i), (ii), (iii), and (v). Then try to derive (iii) from (i), 
(ii), (iv), and (v). 


3.3 3 3 
3.5 59 5 
(4) Let M be the matrix ; 
3.5 6 6 
3.5 6 9 


(a) Explain how to express the determinant of M as a constant times the determinant of 
a single 3 x 3 matrix. (What is the constant and what is the resulting matrix?) 
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(b) Explain how to express the determinant of the 3 x 3 matrix you found in (a) as a 
constant times the determinant of a single 2 x 2 matrix. (What is the constant and 
what is the resulting matrix?) 


(c) Explain how to use (a) and (b) to find the determinant of M. (What is det 1?) 
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(5) Let A and B be n x n-matrices. Your good friend Fred R. Dimm believes that 


A B 
det = det(A + B) det(A — B). 
BA 


He offers the following argument to support this claim: 


A B ; 5 
det = det(A* — B*) 
BoA 
= det|(A + B)(A — B)} 
= det(A + B) det(A— B). 
(a) Comment (helpfully) on his “proof”. In particular, explain carefully why each of 
the three steps in his “proof” is correct or incorrect. (That is, provide a proof or a 
counterexample to each step.) 


(b) Is the result he is trying to prove actually true? 
B A+B 0 


Hint: Consider the product : 
A-B 0 I 


26.4. ANSWERS TO ODD-NUMBERED EXERCISES 


26.4. Answers to Odd-Numbered Exercises 


a a 1-56 <A <8 O- Go 6: I 
(1) A+ B= ,3A= ,A-2B= 
a ae 29-308. 15 Sf Sv Sie 
Tare 
= eal 
—2060, —1562 
1, —118.94 
144 
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CHAPTER 27 


LINEAR MAPS 


27.1. Background 


Topics: vector spaces, linear maps (transformations), 


27.1.1. Definition. Let V be a set. Suppose there is an operation (called ADDITION) which 
associates with each pair x and y of elements of V an element x+y of V. And suppose there is a 
second operation (called SCALAR MULTIPLICATION) which associates with each real number a@ and 
each member x of V an element a-x (or just ax) in V. Then V is said to be a VECTOR SPACE if 
the following conditions are satisfied: 


(1) Addition is associative. That is, 
x+(y+z)=(x+y)+z for allx,y,zEV. 
(II) In V there is an element 0 (called the ZERO VECTOR) such that 
x+0=x for allx EV. 


(III) For each x in V there is a corresponding element —x (the ADDITIVE INVERSE of x) such 
that 


x +(-—x) = 0. 
(IV) Addition is commutative. That is, 
x+y=ytx for allx,y EV. 
(V) Ifae€ Rand x,y €V, then 
a(x + y) = (ax) + (ay). 
(VI) Ifa,6€ Rand x€ V, then 


(a+ 8)x = (ax) + (6x). 


(VI) Ifa,8 € Rand x € V, then 
a(x) = (aB)x. 
(VII) Ifx € V, then 
1-x=x. 


An element of V is a VECTOR; an element of R is, in this context, often called a SCALAR. Concern- 
ing the order of performing operations, we agree that scalar multiplication takes precedence over 
addition. Thus, for example, condition (V) above may be unambiguously written as 


a(x+y) =ax+ay. 
(Notice that the parentheses on the left may not be omitted.) If x and y are vectors, we define 


x—y to bex+(-y). 
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27.1.2. Definition. A function T: V —>W between vector spaces is LINEAR if 
T(x+y) =T(x) +T(y) 
for all x, y € V and 
T(ax) = aT(x) 

for allx € V anda eR. A linear function is often called a LINEAR TRANSFORMATION, a LINEAR 
MAP, or a LINEAR OPERATOR. There are two notational oddities associated with linear maps: 

(i) The value of a linear map T at a vector x in V, is usually written Tx rather than T(x). 

Of course, sometimes parentheses are necessary for clarity as in the expression T(x + y). 


(ii) The composite of two linear maps S: U—+V and T: V—+W is usually written T'S rather 
than To S. 


27.1.3. Definition. If 7: R” —+R” is a linear map, we define [T] to be the m x n matrix whose 
entry in the j row and k* column is (Te*),, the j*" component of the vector Te® in R™. That 
is, [T]j, = (Te*);. The matrix [7] is the MATRIX REPRESENTATION of T 


27.1.4. Example. Let T: R4—+R?: (w,2z,y,z) > (w+22+4+ 3y, 5w+6x+7y +82, —2x —3y—4z). 
Then T is linear and 


Te’ = T(1,0,0,0) = (1,5,0) 
Te’ = T(0,1;0,0) = (2,6, —2) 
Te°® = T(0,0,1,0) = (3,7, —3) 


Te* = T(0,0,0,1) = (0,8, =4). 


Having computed Te!,...,Te*, we use these as the successive columns of [T]. Thus 


27.1.5. Example. If J: R” —>R” is the identity map on R", then its matrix representation [J] is 
just the n x n identity matrix [,,. 
27.1.6. Theorem. Let T, U: R”° —>R”™ be linear maps anda € R. Then 
(a) [T+ U] = [T] + [U], and 
(b) [aT] = oT]. 
If, in addition, S: R? —>R”, then [T'S] = [T][S]. 


27.1.7. Definition. Let T: V —~W be a linear map between vector spaces. The KERNEL of 7, 
denoted by ker 7, is the set of all x € V such that Tx = 0. 
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27.2. Exercises 


(1) If 7: R? +R? is a linear map satisfying 


Ti = 3i- 5j 
Tj =2i-j 
then, 
T(4i — 5j) = i+ j 


(2) Define T: R? —+ R* by 
Tx = (xy — %3,%1 + %2,%3 — £2,721 — 2x2) 


for all x = (x1, 22,73) in R®. 

(a) Then T(1, —2,3) = ( ; ; ; ; 

(b) Find a vector x € R® such that Tx = (8,9, —5,0). 
Answer: x = ( ; ; Vs 


(3) If 7: R? +R? is a linear map satisfying 


Ti = 21+ 4j 
Tj=i+j+k 
Tk = 3i—j — 2k 
then, 
T(2i-j—k)= i+ j+ k. 


(4) Your friend Fred R. Dimm took an exam in which he made the following incorrect 
calculations. Each error can be explained by supposing that Fred believes (wrongly) that 
some particular function f is linear. Specify the function. 


J3?+4=V7V324+V2=7 ~ Ans.f(x)= 


V24+2 = /(34+4)2=7 Ans.f(w)=_____. 


sin 75° = 5 + Gr Ans. f(x) = 
2 1 1 
| yg t= 5 tm2 — Ans.f(e) = 
ein4tin7 _ Ind gin? _ 44 Ans. f(x) = 
eind+in7 _ ,In(11) _ 44 Ans. f(x) = 
1 ea 
arctan 5 a 3 Ans. f(x) = 


(5) Let T: R? —+R* be defined by 
P= (a1 — 373, %1+ 22-623, LQ — 323, x1 — 3x3) 


for every x = (21,272,713) € R®. (The map T is linear, but you need not prove this.) Then 
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(a) [7] 


7 


(b) T(3, 5 
(6) Let J’: R* +R? be defined by 
Tx = e4, — 373 +%4, 24, +%2+2%3+2%4, 3x2 — 4x3 + 7x4) 


for every x = (21,72, 2%3,24) € R*. (The map T is linear, but you need not prove this.) 


| | 


(a) Find [7]. Answer: | . 


| 


(b) Find T(1, —2,1,3). Answer: 


(1) 


(6 


(7) 
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27.3. Problems 


Consider an interval [a,b] in R. Let C([a,b]) be the family of all continuous real valued 
functions defined on [a,b]. For functions f, g € C([a,b]) define the function f + g by 


(f+ g)(x) := f(x) + g(x) for all x € [a, b]. 


(It should be clear that the two “+” signs in the preceding equation denote operations in 
different spaces. The one on the left (which is being defined) represents addition in the 
space C([{a,b]); the one on the right is ordinary addition in R.) Because we specify the 
value of f + g at each point x by adding the values of f and g at that point, we say that 
we add f and g POINTWISE. 

We also define scalar multiplication to be a pointwise operation. That is, if f € C({a, 5]) 
and a € R, then we define the function af by 


(af)(x) := a(f(x)) for every x € [a,b]. 


We know from first term calculus that according to the definitions above, both f+ g and af 
belong to C({a, b]). (Sums of continuous functions are continuous, and constant multiples 
of continuous functions are continuous. ) 

Prove that under these pointwise operations C(|a, b]) is a vector space. 


Show that a vector space has at most one zero vector. That is, if 0 and 0’ are members 
of a vector space V which satisfy x + 0 = x and x + 0’ = x for all x € V, then 0 = 0’. 


Show that for every vector x in a vector space V there exists only one vector —x such that 
x+(—x)=0. 


Show that if x is a vector (in some vector space) and x + x = x, then x = 0. Hint. Add 
0 to x; then write 0 as x + (—x). 


Let x be a vector in a vector space V and let @ be a real number. Prove that ax = 0 if 
and only if x = 0 ora=0. 
Hint. You need to show three things: 

(a) a0 =0, 

(b) 0x = 0, and 

(c) Ifa £0 and ax = 0, then x = 0. 
To prove (a) write 0 + 0 = 0, multiply both sides by a, and use a previous problem. For 
(c) use the fact that if a € R is not zero, it has a reciprocal. What happens if we multiply 
the vector ax by the scalar 1/a? 


Suppose that S: U—>+V and T: V —+W are linear maps between vector spaces. Show 
that their composite (usually denoted by T'S rather than T o S) is also linear. 
Prove that the map T’: R? —> R? defined by 


T(z,y,Z) = (@+y— z,x— 2y + 3z) 
is linear. 
Let A be a2 x 2 matrix. Show that the action of A on vectors in R? is linear. Conversely, 


show that every linear map from R? to R? can be represented by the action of a 2 x 2 
matrix. 

Note: A more general statement is also true. (You need not prove this.) Every m x n 
matrix acts as a linear map from R” to R™; and every linear map from R” to R™ can be 
represented by an m xX n matrix. 


If T: V —+W is a linear transformation between vector spaces, then it takes the zero 
vector of V to the zero vector of W. 
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(10) Denote by C the family of all continuous functions on the real line R and by C! the 
family of all continuously differentiable functions on R. (A function f is CONTINUOUSLY 
DIFFERENTIABLE if it is differentiable and its derivative f’ is continuous.) Show that the 
differentiation operator D: C'—+C defined by D(f) = f’ is linear. 


au 


NS 


Denote by C({a,6]) the family of all continuous functions on the interval [a,b]. Show 
that integration is linear: that is, show that the function @: C({a,b]) —>R defined by 


o(f) = iba f(a) dz is linear. 


(12) Let a be a fixed point in R. As in problem 10, let C be the family of all continuous 
functions on R and C! be the family of all continuously differentiable functions on R. 
Define an operator J: C —+C! as follows: for every f € C let Jf be the function whose 
value at each x is the integral of f from a to x. That is, 


(Ae) = f " p(t) at 


for each x € R. Show that the operator J is linear. Also show that DJ is the identity 
operator on C. Is JD the identity operator on C!? Why or why not? 


(13 


YN 


Identify all the linear transformations mapping R into R. Hint. What does the graph of 
such a function look like? 


(14) Suppose that 7’: R” —>R” is a linear map. Prove that if we compute the action of its 
matrix representation [7] on a vector x in R”, what we get is the value of the function T 
at x. That is, show that for every x € R” 
Te Ths. 


Show, moreover, the representation is unique; that is, two distinct matrices cannot repre- 
sent the same linear map. 
Hint. For the last assertion show that if A is any m x n matrix which satisfies 


Tx = Ax for all x € R", 
then A = [T]. 


(15) Let T: V-—+W be a linear map between vector spaces. Show that T is one-to-one if and 
only if the kernel of T is {O}. 


27.4. ANSWERS TO ODD-NUMBERED EXERCISES 


27.4. Answers to Odd-Numbered Exercises 


el 
ee 
oom Ee SS 
| | 
Dm w 
| ia a a eae 
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CHAPTER 28 


DEFINITION OF DERIVATIVE 


28.1. Background 


Topics: differential = derivative = total derivative, differentiable at a point, differentiable function, 
tangent plane to a surface, Jacobian matrix, smooth function. 


28.1.1. Definition. Let F: R” +R” be a vector field and p be a point in R”. Define a function 
AF): R” —> R™ by 

AF») (h) = F(p + h) — F(p) 
for every h € R”. 


28.1.2. Definition. A function F: R”—+R” is DIFFERENTIABLE AT a point p € R” if there exists 
a linear transformation (equivalently, an m x n matrix) dFp taking R” to R™ such that 


km SF ph) — dF p (h) 
ho lh] 


= 0. 


When this happens we say that the linear transformation (or matrix) dF) is TANGENT TO the 
function AF,. We call dF, the DIFFERENTIAL (or DERIVATIVE, or TOTAL DERIVATIVE) of F at p. 
A function F is DIFFERENTIABLE if it is differentiable at each point in its domain. 


28.1.3. Theorem. /f a function F: R”° —>R"”™ is DIFFERENTIABLE AT A POINT p € R”, then 


dF, = [Fj(p)] = er e, 


i=1j=1 
28.1.4. Definition. The matrix in the preceding theorem is the JACOBIAN MATRIX OF F AT p. 


28.1.5. Definition. A function F: R’ —>R” is TWICE DIFFERENTIABLE AT a point p € R” if it 
is differentiable there and the function dF is also differentiable at p. Higher order differentiability 
is defined similarly. 


28.1.6. Definition. A function F: U — R”, where U is an open subset of R™, is SMOOTH (or 
INFINITELY DIFFERENTIABLE) if it has derivatives of all orders. 


28.1.7. Convention. When we say that a function f is differentiable (or smooth) on some region 
in R”, we will mean that it is differentiable (or smooth) on some open set in R” which contains the 
region. 
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28. DEFINITION OF DERIVATIVE 


28.2. Exercises 


(1) Let f(#) = sinz and p = 7/6. The slope of the tangent line to the curve y = f(x) at 


4p AS . The value of Af, at x is $(asinxz + bcos — b) where a = and 
b= . The slope of the tangent line to the curve y = Af,(x) at x = 0 is : 
(2) Let f(x) = —24 + 52° — 7x7 + 82 +1 and p = 2. The slope of the tangent line to the 
curve: y = fle) at.a =p 16 . The value of Af, at x is —x+ + ar? — x2 + br +c 


where a = ,b= , and c= . The slope of the tangent line to the curve 
y =Afp(x) at c = 0 is 


(3) Let f(a) = tanz and p = 7/4. The slope of the tangent line to the curve y = f(x) at 


om where g(x) = . The 


r=pis . The value of Af, at x is 
1 —tanz 


slope of the tangent line to the curve y = Af,(x) at x = 0 is : 
(4) Let f(x) = e”” and p=In3. The slope of the tangent line to the curve y = f(x) at x = p 


is . The value of Af, at x is ae?” — b where a = and b = . The slope of 
the tangent line to the curve y = Af,(x) at x = 0 is 
2 of of 
(5) Let f(z,y) = zy and p = (1,-1). Then 9, (P) = and By P = . The 
function A fp(, y) = a(x)b(y) — ¢ where a(x) = , o(y) = vanes. — ~ 
Oo(A 
The partial derivatives of this function at 0 = (0,0) are given by ( “fo (0) = and 
d(A fp) 
=a, (0) = , 
7] 
of of 
(6) Let f(x,y, 2) = ay + yz and p = (1,—1,2). Then =" (p) = By P = , and 
op) = . The function Afp(z, y, z) = zy + yz + ax + by + cz where a = : 
2 
v= , atid c= . The partial derivatives of this function at 0 = (0,0,0) are 
OAfp) iq) _ I Afp) iq) _ B(Afp) yy _ 
given by 5, (9) = ‘ = po = , and —5, (9) = 
(7) Let f(x,y) =2?+y? and p = (1,1). If we choose dfp to be the 1 x 2-matrix [a 6], where 
a= and b = , then Afp is tangent to dfp. 
a b 
(8) Let F(x, y) = (22, 3y”) and p = (1,1). If we choose dF py to be the 2 x 2-matrix ; 
c d 
where a = ,b= C= , and d= , then AF, is tangent to dF). 


(9) Let F: R? —>R? be defined by F(z, y,z) = x2?ye7it+ (x? + y? + 23)j and p = (1,2,0). 
Then the derivative of F at p is given by 


dE = 
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(10) Let F(z, y) = (2? — 52y?,4ay) and p = (5,2). Then the differential of F at p is given by 


dE» = 


(11) Let F: R? —+ R® be defined by F(z, y) = (x?, 2x — 3y,5ry) and p = (1,—1). Then the 
Jacobian matrix of F at p is given by 


| 


(12) Let F: R?—+R?° be defined by F(x, y) = ryi+ (2?y+ay?)jt+y?sinz2zk and p = (3,—1). 
Then the Jacobian matrix of F at p is given by 


a E 


(13) Let T be a linear map from R” to R” and p € R”. Then dTp = 


28. DEFINITION OF DERIVATIVE 


28.3. Problems 


(1) Let f(x) = x? — 42 + 6 and p = 3. On the same set of axes make a careful sketch of the 
curves y = f(x) and y = Af,(a). Draw the tangent line to the first curve at x = p and 
the tangent line to the second curve at x = 0. 


(2) Let f(x) = 4a* — 22+ 4 and p = —1. On the same set of axes make a careful sketch of 
the curves y = f(x) and y = Af,(x). Draw the tangent line to the first curve at 7 = p 
and the tangent line to the second curve at x = 0. 


(3) Let F: R? +R? be defined by F(z, y) = (3xy, x? + y?), and let p = (1, 2). 
(a) Compute the derivative dF). 
(b) Use the definition of “differentiable” to show that F is differentiable at p. 

(4) Let F: R? —>R? be defined by F(z, y) = (32 —y +7, + 4y), and let p = (1,2). Use the 
definition of “differentiable” to show that F is differentiable at p. 

(5) Let F: R?—+R? be defined by F(z, y, z) = (3a + 27)i+ 5yzj, and let p = (3,—2,1). Use 
the definition of “differentiable” to show that F is differentiable at p. 

(6) Let F: R? —>R? be defined by F(z, y, z) = (xy — 3) i+ (y + 22”)j, and let p = (1, -1, 2). 
Use the definition of “differentiable” to show that F is differentiable at p. 

(7) Let F: R? —+ R* be defined by F(z,y,z) = (a + 2yz,y? — z,3y?,2xy — 5z), and let 
p = (1,2,—5). Use the definition of “differentiable” to show that F is differentiable at p. 


(8) Let T be a symmetric n x n matrix and let p € R”. Define a function f: R” —+R by 
f(x) = (Tx,x). Show that 
dfp(a) = (Tp, h) 
for every h € R”. 
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28.4. Answers to Odd-Numbered Exercises 


2, 2tangz, 2 


CHAPTER 29 


DIFFERENTIATION OF FUNCTIONS OF SEVERAL 
VARIABLLES 


29.1. Background 


Topics: chain rule 


Differentiation is about approximating (a suitable translation of) a smooth function by a linear 
one. What the chain rule says (although it may be difficult to see this from what you are told 
in many texts) is that the best linear approximation to the composite of two smooth functions is 
the composite of their best linear approximations. That is, the differential of the composite is the 
composite of the differentials. Here is the formal statement. 


29.1.1. Theorem (The Chain Rule). Jf F': R”—+R” is differentiable ata € R™ and G: R"—>R? 
is differentiable at F(a) € R", then Go F is differentiable at a and 


d(Go F)a = (dQ) g(a) dFa. 


For computational purposes it is convenient to rephrase this theorem in terms of partial deriva- 
tives. 


29.1.2. Theorem (The Chain Rule). Jf F': R”—+R” is differentiable ata € R™ and G: R"—>R? 
is differentiable at F(a) € R", then Go F is differentiable at a and 


(Go F)F(a) = ¥_ Gh(F(a)) Fi (a) 
j=l 


fori=1,...,m andk=1,...,p. 


29.1.3. Notation. Scientists like to work with variables. And frequently they use the name of a 
function for its corresponding dependent variable. As a consequence of this highly dubious notation 
one variable may depend explicitly and/or implicitly on another variable. For example, suppose 
that w = w(a,y,t) where x = x(s,t) and y = y(s,t) and that all the functions mentioned are 
differentiable. In this case we say that w depends explicitly on the variables x and y; it depends 
implicitly on s; and it depends both explicitly and implicitly on t. This can lead to notational 
confusion. For example, it is perhaps tempting to write 


Ow  Owdx  Owdy  Owot 

Ot Ox Ot Oy Ot Ot At 
_ Owdx  Owdy dw 
Ox Ot Oy Ot At 


(29.1) 


(since of = 1). The trouble with this is that the ie on the left is not the same as the one on 
the right. The ie on the right refers only to the rate of change of w with respect to t insofar as 
t appears explicitly in the formula for w; the one on the left takes into account the fact that in 


addition w depends implicitly on t via the variables x and y. 
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One way of dealing with the resulting ambiguity is to give the functions involved names of their 
own. Relate the variables by functions as follows. 


xv 
Ss 
Ss gy eas (29.2) 
' 
i 


Also let h = go f. Notice that f?(s,t) =t. Then according to the chain rule 29.1.2 


3 
hg =S (90 f) £8. 
k=] 
But jf = 1 (that is, ot = 1). Bo 
he = (10 f) fz + (20 f) fF +930 f. (29.3) 


The ambiguity of (29.1) has been eliminated in (29.3). The a on the left is seen to be the derivative 
with respect to t of the composite h = go f, whereas the ae on the right is just the derivative with 
respect to t of the function g. 

But what does one do if, as is often the case in scientific work, one refuses to give names to 
functions? Here is one standard procedure. Look back at diagram (29.2) and remove the names of 
the functions. 


x 
Ss 
—_> y —— w (29.4) 
t 
t 


The problem now is that the symbol “t” occurs twice. To specify differentiation of the composite 
function (our h) with respect to t, indicate that the “t” you are interested in is the one in the 
left column of (29.4). This may be done by listing everything else that appears in that column. 
That is, specify which variables are held constant. This specification conventionally appears as a 


subscript outside parentheses. Thus the @ on the left of (29.1) (our hz) is written as (3) . (and 


ot Ot 
is read, « Ow with s held constant”). Similarly, the ihe on the right of (29.1)) (our gg) involves 


differentiation with respect to t while x and y are fixed. So it is written ( ow) i (and is read, “ te 


with x and y held constant”). Thus (29.1) becomes 
Ow Ow Ox Ow Ody Ow 
(F ) = Bn BE By ott (F , 92) 


It is not necessary to write, for example, an expression such as (%)., because there is no 
Ye 


ambiguity; the symbol “x” occurs only once in (29.4). If you choose to use the convention just 
presented, it is best to use it only to avoid confusion; use it because you must, not because you can. 


29.1.4. CAUTION. Be careful not to mix the notational convention using subscripts described 
above with the one introduced in 24.1.2. 


29.1.5. Definition. A smooth function F mapping from a subset of R” into R” is said to be 
LOCALLY INVERTIBLE at a point a in its domain if there exists a neighborhood U of a such that 
the restriction of F to U is a bijection between U and F(U) and such that the inverse function 
F-!: F(U) —+U is smooth. 


29.1.6. Example. The function x +> 2? is locally invertible at every point a € R except for a = 0. 


Here is a special case of the inverse function theorem. . 
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29.1.7. Theorem. Let F be a smooth function from an open subset of R” into R”. If its differential 
dF, is an invertible linear map at a point a, then F is locally invertible at a and 


dE") (x) = |dF;] - 


for all x in some neighborhood of a. 
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29.2. Exercises 


(1) Suppose that f(u,v) = g(x,y) where u = x? — y? and v = 2ry. Then 


dg 29 _ of at 
V Oa dy du 0 
(2) Suppose w = qux7y where « = u? — v? and y = 2uv. At the point where u = —1 and 


v= —2 
Ow Ow 
(a = md (5) = 


t : 
(3) Suppose w = gta? — 5y? Int where x = t? —u? and y = —. At the point where ¢t = 2 and 
u 


(3) -_ and (3) =a-—blnc 
ot ‘ei Ob} x, 


where a = ,b= ,andc= 


u=1 


(4) Suppose w = ypuly +y? arctanu where x = t? + u? and y = t? — 5u. At the point where 


t=uHl1 
(5) _ and (5) =anr—b 
Ou 643 Ou), 


where a = and b = 


(5) Suppose w = 4”?y+ arctan(tx) where x = t? — 3u? and y = 2tu. At the point where t = 2 


82) 
dw) _a@ 4 Ow) 
Bt}ay 5 at), 


and u= —1 
where a = and b = 


ola 


2 


(6) Let w = ux? +arctan yz, where x = u+v, y = u?—v, and z = uv—3. At the point where 


u=2andv=3 
aay ad CON oe 
Ou spores == : OU) yo. 2 


2 


where a = : 
(7) Suppose that w = f(x,y) = g(u,v) where x = u? — v? and y = 2uv, and that f and g are 
twice continuously differentiable functions. Then 
d’9 _ 9 _ orf Of of 
Ou2 Ov? Ox? OxOy ——— Oy2 ' — dx | — dy’ 


(8) Suppose that z = f(x,y) = g(r,9) where x = rcos6, y = rsin@, and f and g are twice 
continuously differentiable functions. Then 


poo _ OT fOD NY % o*f of of 
Or0d = ——— \ dy? dx? ~~ daxdy Oy Ox 
2 92 


. Then at the point where x = 1 and y=1 


(9) Let f(x,y) = : 


x2+y 


Pf Of 29) Of Of Of _ 
oy (55 - 5a) + Uw aepy By Yaa aya 


where a = . Hint. Use the preceding exercise. 
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(10) (Conversion of the Laplacian to polar coordinates) If f(x,y) = g(r, 6), then 
Og 109, 19 _ OF 0? f Ort OF a. Of 


Or2 ' r Or v2.02. —— Ox? ' —— dzxdy | — dy? | — Ox Oy” 


(11) Let f(z,y) = ses Then sah ae of 


far ty? dx?" Oy? 


Hint. Use the preceding exercise. 


(12) Let w = f(x,y) = g(u,v) where 2 = u? + v? and y = 2uv. Then 
Hy, 
Oudv Ox? OxOy Oy? Ox 


Very t Vey 
(13) Let f(x,y) = =a 


O° f O f OFF \ 0 
Fg? * saa +25 2 ae 


Hint. Use the preceding exercise. 


+ /JVx+y—V/x-—y. Then the value of the expression 


at the point where x = 5 and y = 4 is 


(14) Suppose that w = G(a,y,z) = F(x,xz,xry) where F and G are differentiable functions. 
) 


Find x y z in terms of the partial derivatives of F. Answer: 


Ox Oy Oz 
(15) At the point (1,7) the vector field F defined by F(z, y) = (x?y?, x tan y) is locally invert- 


| | 


ible. Then d(F-! 


(16) The vector field G defined by G(x, y) = (Iny, zy?) for all y > 0 is locally invertible at 


each point in its domain. Then d (G"') (—1n 2,1) 


HESS 
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29.3. Problems 


(1) Derive theorem 29.1.2 from theorem 29.1.1. 


(2) Your good friend Fred R. Dimm is hopelessly confused. He knows the formulas for changing 
polar to rectangular coordinates (x = rcos@ and y = rsin@), and wants to find the partial 
derivative of the variable r with respect to the variable x. Fred likes to check his answers 
by doing problems two different ways. So he calculates 


Or re) IP x x 6 

—= V2 = —— = — = cos#. 

Ox Ox y A / 2 + y? r 

But when he rewrites the formula for x as r = = r and differentiates he gets 
cos 

Or 1 
= = sec @. 
Ox cos 


Even Fred knows that cos@ and sec@ are not always equal, but he just can’t seem to find 
the error in his work. Write a note to your friend helping him out. Make sure that you 
explain with exemplary clarity exactly what he did that was right and exactly what was 
wrong. 


(3) Show that if z = f (=*), then rzz + yzy = 0. 
oT] 


(4) Show that if z=azy+af (2), then zy + y2zy = cy + 2. 


(5) Show that ifw = f(«—y, y—z, z—x) where f is a differentiable function, then w,+w,y+w, = 
0. 


(6) Let z = f(a+ct)+9(2-—ct),uw=2+ct, and v = x —ct (where c is a constant). Show 
Oz Oz 
that Bye = Ca = c2(f"(u) + g"(v)). 
— - O 0 0 
(7) Let w = f é os * \. Show that 222" + y? v4 2 i= 
xy LZ Ox Oy Oz 


022 O7z «O22 


(8) Let z = f(u,v) where u=2+y and v=2-—y. Show that andy = a2 Doe 


(9) Let w = f(u? — ¢?, t? — u?). Show that tw, + wuz = 0. 

(10) Let n be a fixed positive integer. Prove that if a function f: R? > R satisfies f (tx, ty) = 
i" f(x,y) for allt, x, y ER, then cf, + yfy = nf. 

(11) Let n be a fixed positive integer. Give a coherent proof that if a function f: R? — R 
satisfies the relation f(tx,ty) = t" f(x,y) for allt, x, y € R, then 27 fox +2ry fry ty? fyy = 
n(n — 1)f. 

(12) Suppose that a variable y is defined implicitly in terms of x by an equation of the form 
G(x, y(x)) = 0, where G is a smooth real valued function of two variables. Derive a formula 
for in terms of the partial derivatives Gi(x,y) and Go(x,y). Hint. Let h(x) = (2, y(2)) 


and pousdes D(Goh)(z). 
Illustrate your result by showing how it can be used to find the slope of the tangent 
line to the curve 
ay Iny + cy2e™4 + ay” =1 
at the point (e, 4). 
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(13) Here is a problem from a thermodynamics text: 


Show that if f(x,y, z) = 0, then 


(55), (se), (ae), = 


Your old pal, Fred Dimm, is in trouble again. He is taking a class in thermodynamics 
and is baffled by the statement of the problem. Among other things he notices that there 
is a mysterious f in the hypothesis that does not appear in the conclusion. He wonders, 
not unreasonably, how assuming something about f is going to help him prove something 
that makes no reference whatever to that quantity. He is also convinced that the answer 
is wrong: he thinks that the product of the partial derivatives should be +1. He claims 
dy dy dz 
dt dx dt 


it should be just like the single variable case: the chain rule says because we 


can cancel the dx’s. 

Help Fred by explaining the exercise to him. And comment on his “correction” of the 
problem. 

Unfortunately, once you have explained all this to him, he still can’t do the problem. 
So also show him how to solve it. 


Hint. Let w = f(x,y, z). By considering the mappings 


see if you can find a simple expression for ——~—.—-. 


(14) What, precisely, do people mean when they write the formula 


OG) 


Give a careful proof that (under appropriate conditions) this formula is correct. 


(15) Regard thermodynamics as having 5 fundamental variables: T (temperature), V (volume), 
U (internal energy), P (pressure), and S (entropy). Any two of these may be regarded as 
“independent”. If we take T and V to be our independent variables, then two basic laws 
of thermodynamics may be stated as follows: 


(3), (i), : 


“(B),- +" : 


29. DIFFERENTIATION OF FUNCTIONS OF SEVERAL VARIABLLES 


Using (I) and (II) derive the following “Maxwell relations”: 


(7) (3), : 
(2),--(2), w 
().-@), Y 


Hints: You may wish to develop some tools. For example, you may be able to derive 
(and use) the following formulas. (Keep in mind that “formulas” are typically conclusions 
of theorems: and theorems have hypotheses as well as conclusions.) 


(ar). (ae). = (ae), a) 
Gi = (2) 2) 


(C) 


(x) - Me 


Ox 


Once you have succeeded in deriving (A)—(C), you may choose to proceed as follows. 
For (III) differentiate (I) with respect to V and (II) with respect to T. For (IV) use (C) 
to write the left side of (IV) in terms of the variables T and V; use (A) to write the left 


side of (III) as a product of two terms one of which is then apply (III). For (V) 


; OP ee. pf OF . 
write (— ] asa product of two terms one of which is {| — ]} , using (A). Apply (C) 
OT OV) 5 


to both terms of the product. In the denominator of the resulting expression there will be 
a term with subscript V; apply (B) to it. Use (A) once more, and then (III). 


(16) Define a function F by F(z, y, z) = —_ it+yzj+lnyk for x, y, z > 0. For this vector field 
Zz 


verify the equation in the conclusion of the inverse function theorem 29.1.7 by computing 
each side separately. 


(1) 2v, 2u 
(3) —1, 35, 20, 2 
(5) 1, 76 
(7) 42x, 8y, 4x, 4, 0 
(9) 2 
Ge ean 
(a2 + y2)? 
@S\=4 
1 3 
273 Q0 
(15) 


29.4. ANSWERS TO ODD-NUMBERED EXERCISES 


29.4. Answers to Odd-Numbered Exercises 


CHAPTER 30 


MORE APPLICATIONS OF THE DERIVATIVE 


30.1. Background 


Topics: optimization of functions of several variables, global extrema, local extrema, saddle points, 
Lagrange multipliers. 


Classification of Critical Points. The second derivative test as stated in many texts works 
only for functions of two (or three) variables. Here is a procedure for classifying critical points of 
functions of any (finite) number of variables. 


30.1.1. Definition. Let f : RR” — R be a smooth scalar field and p € R”. The HESSIAN MATRIX 
(or SECOND DERIVATIVE MATRIX) of f at p, denoted by Hy(p), is the n x n matrix 


2 non 
Hy(p) = | inte ) = [fis(p)]- 


i=1j=1 


30.1.2. Definition. An n x n matrix M is POSITIVE DEFINITE if (M/x,x) > 0 for every x 4 0 
in R”. It is NEGATIVE DEFINITE if (Mx, x) < 0 for every x £ 0 in R”. It is INDEFINITE if there are 
vectors x and y in R” such that (Mx,x) > 0 and (My,y) < 0. 


30.1.3. Theorem (Second Derivative Test). Let p be a critical point of a smooth scalar field f. If 
the Hessian matrix Hy is positive definite at p, then f has a local minimum there. If Hy is negative 
definite at p, then f has a local maximum there. If Hy is indefinite at p, then f has a saddle point 
there. 


Is there some simple way of telling whether a matrix is positive definite? 


Yes. It is positive definite if all its eigenvalues are strictly positive. 
It is negative definite if all its eigenvalues are strictly negative. It 
is indefinite if it has at least one strictly positive and at least one 
strictly negative eigenvalue. 


What’s an eigenvalue? 


An EIGENVALUE of a square matrix M is a root of its characteristic 
polynomial. 


OK. What’s a characteristic polynomial then? 


Notice that if M is ann xn matrix, then det(M—AI,) is a polynomial 
in A of degree n. This is the CHARACTERISTIC POLYNOMIAL of M. 
Incidentally, it turns out that if the matrix is symmetric (the Hessian 
matrix of a smooth scalar field, for example, is symmetric), then all 
the roots of the characteristic polynomial are real. 
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Summary: To classify the critical points of a scalar field f : R” —+R 
(A) Compute Vf. 
Solve V f = 0 to find the critical points. 
Compute the Hessian matrix Hy. 
For each critical point p find the roots of the polynomial det( Hy — In). 
If all these roots are strictly positive, f has a local minimum at p. If they are all strictly 
negative, f has a local maximum at p. And if there is at least one strictly positive and 
one strictly negative root, then f has a saddle point at p. 


(B 
(C 
(D 
( 


62 Sy 


E 


Some definitions relevant to Problem 1. 


30.1.4. Definition. A RAY from the origin in R? is a parametrized constant speed curve r: [0,00)—>R? 
such that r(0) = (0,0) and the range of r lies in some straight line. 


30.1.5. Definition. A function f: R? > R is LOCALLY INCREASING at the origin on a ray r if the 
real valued function f or is increasing on some interval of the form [0, to] (to > 0). The term locally 
decreasing is defined similarly. 


30.1.6. Definition. Two collections of distinct rays (rj,...r,) and (R1,...R,) are SEPARATING 
if it is not possible to move between any two members of the first collection (in either the clockwise 
or counterclockwise direction) without encountering a member of the second. 
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30.2. Exercises 
In the first 7 exercises below you are asked to classify critical points as local minima, local 
maxima, or saddle points. 
(1) Let f(a, y, z) = xy — ye* + 224+ z. The only critical point of the function f is located at 
; ; ) and it isa 


(2) Let f(x,y) = 2° — 3xy + y> — 2. Then f has two critical points. One is located at 


(0, ) andisa . The other is located at ( , __ ) and 
isa 
(3) Let f(x,y, z) = 2?y + 2aey +y—ye* 14+ 2x +2+7. The only critical point of f is located 
at ( : : ) and it isa 
2 1 
A) Let f(x,y) = —4ay + —=— —. The only critical point of f is located at (__, and 
2 zy 
it isa 


(5) Let f(z,y) = sina + siny + sin(a + y) for0 << a<7,0<y<7. The only critical point 
of f is located at ( ; ) and itisa : 


(6) Let f(z, y,z) = a3y + 22 — 32 —y+4z+5. The only critical point of the function f is 


located at ( . : ) and it isa 


(7) Let f(x,y, z) = 2?y — 4x — ysin z for 0 < z <a. Then f has two critical points located at 
(a,b,c) and at (-a,-b,c) where a = b= pends . Both of these 
critical points are 


(8) Suppose that f: R? > R, f(2,1) = —3, Vf(2,1) = (2,0) and the Hessian matrix of f at 


2 —3 
(a, b) is for all (a,b). Then f(x,y, z) = 


-3 4 
(9) Let f(x,y) = x? —xy+2y? —x—3y+1 be defined over the region bounded by the triangle 
whose vertices are (0,0), (2,0), and (0,2). The global minimum of f is and occurs 
at the point (___ , ____ ). The global maximum of f is and occurs at two points 
(0, —_) and,(, =. ). 

(10) Let f(x,y) = xy — x? +10 be defined over the rectangular region [0,5] x [0,4]. The global 
minimum of f is and occurs at the point (___ , ____). The global maximum of 
f is and occurs at the point (___, ye 

(11) Let f(2,y) = x — 3ry + y>? — 2 be defined over the rectangular region [0,3] x [0,2]. 
The global minimum of f is and occurs at the point (___—, ____). The global 
maximum of f is and occurs at the point(s, ___). 

(12) Let f(x,y) = 3x? —2xy+3y? — 10x +6y+8 be defined on the square region [0, 2] x [—1, 1]. 
The global minimum of f is and occurs at the point ( ; ). The 
global maximum of f is and occurs at the point ( : 

(13) Let f(x,y) = 2* + y? — 2a? — 4y be defined on the rectangular region [0,3] x [0,5]. The 
global minimum of f is and occurs at the point (___ , ____). The global maximum 
of f is and occurs at the point (__, 

(14) Let f(a,y) = x? + 2xy + 4x — y? — 8y — 6 be defined on the triangular region whose 
vertices are (0,0), (0, —8), and (4, —4). The global minimum of f is and occurs at 
the point ( F ). The global maximum of f is and occurs at the point 


( ). 


’ 
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6+ 2xy —y , 
(15). Let<7 (9). sage be defined over the rectangular region [0,3] x [0,6]. The global 
x 
minimum of f is and occurs at the point (___—, ____). The global maximum of f 
is and occurs at the point ( ; Ve 


(16) Let D = {(x,y): 2? +y? <1} be the closed unit disk in R?. At each point (x,y) in D 
the temperature 7 is given by T(x, y) = x? + 2y? — y +3. The coldest point on the disk 
a 


is ( ; ); at that point the temperature is — where a = . The hottest 


point on the disk is ( ; ); at that point the temperature is 


1 

(17) The maximum value achieved by xyz? on the unit sphere x? + y? + z? = 1 is as where 
= . 

(18) The maximum value achieved by x + 3y +42 on the sphere 2? + y? + 2? = 13 is a/2 where 
a= : 

(19) The maximum value achieved by x + 2y + 4z on the sphere 2? + y? + z? = 7 is av/3 where 
a= 

(20) A rectangular box without a top is to be made from 18 ft? of a given material. The largest 
possible volume of such a box is a/2a ft? where a = 

(21) Locate the maximum value of ry?z? on the plane z+ y+2z=1. 


Answer: 


(22) The largest value achieved by xyz on the curve of intersection of the circular cylinder 
x? + y? = 3 and the plane y = 2z is . One point where this maximum occurs is 
(a, b, bo) where a = and b= 

(23) The largest value achieved by x+ y+ z on the curve of intersection of the circular cylinder 


a? +y? =2 and the plane «+ z = 1 is a+ Vb where a = and b = . One point 
where this maximum occurs is (c, Vb, a) where c = 


(24) The (right circular) cylinder whose axis is the z-axis and whose radius is 2 intersects 
the plane y + 3z = 9 in an ellipse C. Let f: R®? — R be the scalar field defined by 
f(x,y, z) = —@ + 2y + 6z. Then the maximum value attained by f on C is and 
the minimum value of f on C is 
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30.3. Problems 


(1) Following are three plausible conjectures. In each case if the conjecture is true, prove it; 
and if it is false, give an example to show that it can fail. (In the latter case, don’t forget 
to prove that your example really does what you claim.) 


Conjecture 1. If on every parametrized ray from the origin a function f of two variables 
is locally increasing at the origin, then f has a local minimum at the origin. 


Conjecture 2. If a function f of two variables has a saddle point at the origin, then there 
are at least two separating pairs of rays from the origin such that f is locally increasing 
at the origin on one pair and locally decreasing at the origin on the other. 


Conjecture 3. It is possible to find a function f of two variables for which there exist 
two separating triples of rays from the origin such that on one of the triples f is locally 
increasing at the origin and on the other f is locally decreasing at the origin. 


Hint. A careful analysis of the behavior of the following surfaces may provide some 
insight into a couple of the conjectures. 


f(x,y) = x ~~ 3ry”, 
gay) = y? — 3a7y + 227. 


Lee Ve TV ie 
(2) Let f(w,2,y,z) = (w+) + («+ ~) a (u ) (: ) for w, vz, y, z > 0. 
w x y z 


Prove that on the hyperplane w+ 2+ y+ z= 16 in R* the function f is bounded below 
289 
by —. 
ae 
(3) Explain carefully how to use Lagrange multipliers to find the distance from (0,1) to the 


parabola x? = 4y. 


(4) Use Lagrange multipliers to show that of all triangles inscribed in a circle, the equilateral 
triangle has the largest product of the lengths of the sides. Hint. As the constraint use the 
fact that the sum of the central angles of the circle determined by the sides of the triangle 
is 27. Use the law of cosines. 


(5) Use the theorem concerning Lagrange multipliers to argue that the function f(x,y, z) = 
x+y-+z does not achieve either a maximum or a minimum on the curve of intersection 
of the hyperbolic cylinder x? — y? = 1 and the plane 27 + z = 1. 


(6) Find the point on the plane 2x — 3y — 4z = 25 which is nearest the point (3, 2,1) using 
(a) a geometric method; 
(b) the second derivative test; and 
(c) Lagrange multipliers. 
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30.4. Answers to Odd-Numbered Exercises 
(1) —1, 1, 0, saddle point 
(3) —2, 1, 1, saddle point 
ae tocal maximum 
a 
1 


2s = saddle points 


) 
eed Wi 62, 0 
y 230 11,255 3.0 
) =5, 1, 2, 68, 3, 5 
15) 0, 0, 6, 23, V3, 6 
ye 

) 

) 

) 


NI 


no maximum exists 


9.68 


Part 8 


PARAMETRIZED CURVES 


CHAPTER 31 


PARAMETRIZED CURVES 


31.1. Background 


Topics: parametrized curves, arclength of parametrized curves and of curves specified in polar 
coordinates, areas of regions bounded by closed curves, tangent lines to curves. 
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31.2. Exercises 


xz=sint 
(t € R) in nonparametric form. 


(1) Express the curve 5 
y=1-cos*t 


Answer: y = f(x) where f(x) = and Sa 
= 3cost 
(2) Express the curve . See in nonparametric form. 
y =Asint 
a2 2 
Answer: — + ie 1 where a = and b = 
a 
x =sint 
(3) Express the curve in nonparametric form. 
y = cos 2t 
Answer: y = f(x) where f(x) = 
a: 
(4) Express the curve : = >, in nonparametric form. 
y=te 


t 
=e 
(5) Express the curve ,2 in nonparametric form. 
y =e 
Answer: y = 2/() where f(x) = 
t 
t= 
(6) Express the curve } ee in nonparametric form. 
Os ied 


Answer: y = f(x) where f(x) = 

(7) Let L be the line segment connecting the points (2, —2) and (10,2). Find a parametrization 
of L starting at (10,2) and ending at (2,—2) with parameter interval [0, 1]. 

Answer: « =a+ bt and y=c+dt where a = ,b= 
c= , and t € (0, 1]. 
Let T be the triangle with vertices (0,0), (1,0), and (0,1). Find a counterclockwise 
parametrization of T with parameter interval [0, 1]. 

Answer: Let f(t) = ( , 0) for0 <t < §, f(t) = ( : ) for 
4<t< 3, and f(t)=(0, ) for $<t<1. 
Let C be the circle of radius 1 whose center is at (0,1). Find a parametrization of C with 
parameter interval [0,27] which traverses the curve once in a counterclockwise direction 
starting at (1,1). 

Answer: Let z(t) = a+bsint+ccost and y(t) = A+ Bsint+C cost where a = ; 


,o= 


— 
ied) 
wa 


— 
No) 
NS 


b= ,e= ,A= ,B= jandC= 
2 it 
(10) Express the curve 7 +t in nonparametric form. 
Let 
Answer: The curve lies on the ellipse ax? + by? =1 wherea= _— andb=_s; 


but it contains only those points (x, y) such that p< a <qandr<y< 5s, where 
p= ,9= r= ,ands= ; 
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2t+1 


2 
(11) Express the curve (t na 1) in nonparametric form. 


aes 


Answer: x = f(y) where f(y) = 
(12) Let C be the circle of radius 1 whose center is at (0,1). Find a parametrization of C which 
traverses the curve once in a clockwise direction starting at (1,1) and has parameter 
interval [0, 1]. 
Answer: Let x(t) = a+ bsinkt + ccoskt and y(t) = A+ Bsinkt + Ccoskt where 
a= ,b= ,c= ,A= ,B= ,C= ,andk = 
(13) Let S be the square with vertices (0,0), (1,0), (1,1), and (0,1). Find a counterclockwise 
parametrization of S with parameter interval [0, 1]. 


Answer: Let f(t) = ( ,0) forO<t< 4, f®O=(1, ) for} <t <5, 
fy =< , 1) for § <t < 3, and f(t) = (0, ) for 2<t<1. 


(14) Let D be the region in the plane satisfying 
oa <A, x>0, and y > 0. 


Find a counterclockwise parametrization of the curve which bounds D, has parameter 
interval [0,1], and starts at (0,0). 


Answer: Let 


( , 0) for 0 <t < §, 
f(t) = § ( ; ) for } <t < 3, and 
Cs ) for $<t<l 


(15) The positions of two particles A and B at time t are given by 


r(t)=(2sint,—2cost) 5a <t<2r. 
R(t) = (208, 2(5 — 1)) 


(a) The paths intersect at ( : ) and ( : Vise 
(b) The particles collide at ( ; ) at time t = 
(16) The positions of two particles A and B at time t are given by 
spo me yo 
r(t) = (* — 5, t* —3) Bee sas 
R(t) = (2t — 5, 4t? — 20¢ + 25) 
(a) The paths intersect at ( 3 ) and ( : ys 
(b) The particles collide at ( : ) at time t = 
(17) The positions of two particles A and B at time t¢ are given by 
r(t) = (16 cos? t — 12, 4sint) 
R(t) = (4 — 2¢3, t8). 
(a) The paths intersect at ( : ) and ( ; Md 
(b) The particles collide at ( : ) at time t = 


(18) The positions of two particles A and B at time t are given by 
(-° = (vIF#,t) 


R(t) = (4 — 12, /lee 4 6) 
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(a) The only point at which the paths intersect is ( : 
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(b) The particles collide at this point when t = 


(19) The positions of two particles A and B at time t are given by 


(a) The paths intersect at ( 5 ) and ( 


r(t) = (1 — 2cos £4 cos? f — 4cos a) 
R(t) = (Gt-1, 7) 


o] 


(b) The particles collide at ( , ) at time t = 


(20) The positions of two particles A and B at time t are given by 


(a) The only point at which the paths intersect is ( : 


R(t) = (bv8 +P, B(8+?) 


(b) The particles collide at this point when t = 


(21) The positions of two particles A and B at time t are given by 


(a) 
(b) 


for -t7<t<7. 


i = (sin? t, cos? t) 


R(t) = (tan? 4,2 — sec? £) 


The paths intersect at ( 3 ) and ( 
The particles collide at ( , ) at time t = 


7 


(22) The positions of two particles A and B at time t are given by 


( 


r(t) = (sin? t, cos? t) 7 7 
2¢ 2¢ for ace 2 < t < 2° 
R(t) = (tan? $,2— sec? 5) 
The particles collide at the point ( ; ) when t = and at the point 


: ) when t = 


(23) Let L be the line segment connecting the points (—2,4) and (1,0). 


(a) 


(b) 


Find a parametrization of L starting at (—2,4) and ending at (1,0) with parameter 
interval [—2, 1]. 

Answer: « =r and y=c+dr where c = = , and r € [—2, 1]. 

Find a parametrization of L starting at (1,0) and ending at (—2,4) with parameter 
interval [—1, 2]. Hint. Let s = —r in (a). 

Answer: x = —s and y = c+ds where c = ,d= , and s € [—1,2]. 
Find a parametrization of L starting at (1,0) and ending at (—2,4) with parameter 
interval [0,3]. Hint. Let t = s+ 1 in (b). 

Answer: x = a+bt and y = c+dt where a = ,o= C= 
= , and t € (0, 1]. 

Find a parametrization of L starting at (1,0) and ending at (—2,4) with parameter 
interval [0,1]. Hint. Let u = at in (c). 

Answer: x = a+bu and y = c+du where a = ,o= C= 
= , and u € (0, 1]. 
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=t-—sint d 
(24) The equation of a cycloid is given by ‘; on . At the point t = &, =a + vb 
y=1-cost x 
dy 
and 5 = —4(c + dvb) where a = ,b= a ,and d= 
=t?-2t+1 
(25) Find the tangent lines to the curve whose parametric equations are ‘ i ea i 
y = 
at the point (1,4). Answer: y = az +6 and y = c where a = ,b= , and 
C= 
é : dy d*y 1 d 
(26) Consider the curve r = 30. At the point where 0 = 7, aoe + band eS ena) 
where a = ,b= C= , and d= 


(27) The slope of the tangent line to the cardioid r = 2—2cos6@ at the point on the curve where 


6=f isa + Vb wherea = and b= 
d 
(28) At the point on the limagon r = 1 + 2sin@ where @ = 4, 7 =a—2vb and 
x 
d?y 
“ee c(dV/b + 2) where a = ;b= C= ,and d = 
= t+tsint 
(29) Consider the curve given by the parametric equations if ne ee . At the point 
y =sint—tcost 
d a b 
where t= §, 5” = a and —> = = where a = ,b= ,andc= 
1-? 
) —_— 
(30) Consider the curve given by the parametric equations 1 a . At the point where 
o> Te 


a 
t = 3, the slope of the tangent line to the curve is 3 where a = 


= tant 
(31) Let C be the curve whose parametric equations are ‘; a . At the point (=. 3), 
y = sec 

d 1 d? b 

oY _ = where a = and <5 — “\/b where b = and c = 

dx a da c 

, c= bi" Pecks Ses 
(32) The length of that portion of the curve 443 Gi which lies between the origin and 
Y= 3b — 


the point (54,9) is 


x = a(t — sint) 


for 0 <t < 47 is 
y = a(1 — cost) 


(33) Let a > 0. The arc length of the cycloid 


= sin? t 
(34) The length of the curve . nae for0<t<7is 
y =cos’t 


x =3-+arctant 


y=2-Invl+# 


(35) The length of the curve from t = 0 to t = 1 is In(a + Vb) where 


a= and b = 
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t 

= t ; 
as ae from t = 0 to t = In8 is aVb where a = and 
y=e'sint 


(36) The length of the curve 


b= 
(37) Estimate the length of the curve ‘; i 143 from t= 0 tot =$. 
S13 
Answer: with an error of less than 10~* the length is —— where a = . Hint: Use the 


a 
binomial theorem to approximate an intractable integrand. 


(38) The area of the region that lies outside the circle r = a but inside the lemniscate r? = 
2a? cos 260 is a?(V/b + cr) where b = and ¢= 


(39) The area enclosed by the curve r = 6sin 36 is 


(40) The area of the region common to the circles (x — 1)? + y2 = 1 and 2? + (y—1)? = 1 
is a+ bm where a = and b = 


(41) The area enclosed by the curve r = 1+ cos 26 is 


(42) Use integration in polar coordinates to find the area of the region which lies inside the 
circle x? + y? = 2 and to the right of the line x = 1. 


Answer: az +b where a = and b = 


(43) The area between the two loops of the limacon r = 1+ /2 cos is a+bm where a = 
and b = 


(44) The area of the region bounded by the astroid x?/3 + y?/3 = 1 is where a = 


(45) The length of the curve r = 1 — cos@ for0 <6 < = is 


6 
(46) The length of the curve r = sin? 5 for 0 < 6 < § is a— /a where a = 


(47) The arclength of the spiral of Archimedes, r = 30, where 0 < 0 < V3 is a\/at+ i In(b+ /a) 


where a = and b = 


1 
(48) The length of the hyperbolic spiral r = 7 for 1<0<yV3is Va - +1 atvb 


vb 1+ Va 


where 
a= and b = 


(49) The length of the curve r(t) = (2t, t, 4/2 9/2) between the points where t = 0 and t = 3 
is 


(50) The length of the curve r(t) = e'i+ e~'j + /2tk between the points where t = 0 and 


1 
t=1isa—-— wherea = 
a 


(51) The length of the curve r(t) = (arctant, $ n(1 + t?),—5) between the points where t = 0 


and t = 1 is In(a+ Vb) where a = and b = 
(52) The length of the logarithmic spiral r(t) = e? between 0 = 0 and @ = 4r is a(e® — 1) where 
c= and b = 


(53) A particle follows the path r(t) = (¢, 2/22, 5t”). The distance the particle travels be- 
tween t = 0 and t = 4 is ; 


(54) The length of the curve forming the intersection of the surfaces 2x? = 3y and x? = z 
between the origin and the point (3, 18,9) is 
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(55) The length of the curve r(t) = 3(1 + t) 
t=-—landt=1is 


(56) The length of the curve r(t) = (8t, 6t?, 3t?) between the points where t = 0 and t = 2 is 


i+ 4(1—t)2j+ }tk between the points where 


(57) The length of the curve forming the intersection of the surfaces y = 2\/2” and z = Inx 


between the points (1,2/2,0) and (2,4,1n2) is a+1Inb where a = and b = 
(58) The curves r(t) = (3¢? — 1,t-— 1, nt — 3t) and R(u) = (uw? +:1,-u—1,e%*! —u? +u-2) 
intersect at the point ( ; F ) . The cosine of their angle of intersection is 


— 4/7 where a = 3 


(59) The curves r(t) = (e' — 1,2sint,In(¢ + 1)) and R(u) = (u+ 1,u? — 1,u° 4+ 1) intersect at 
the origin. The angle (in radians) at which the curves intersect is 


(60) The curves r(t) = (t? —1,t+ 3,—(t + 4)) and R(u) = (u — 3, 2u — 4, u? — 4u? — 4u + 18) 


intersect at the point ( ; ‘ ). The cosine of their angle of intersection is 
1 
— where a = 
a 

(61) The curves r(t) = (t?—2, t?-2t—1, 2In(t—-1)) and R(u) = (u?+3u+4, u?+2u, e“++-2u—3) 
intersect at the point ( ; : ). The cosine of their angle of intersection 
is Ja where a = 

(62) The curves r(t) = ti+ (t? +t-—4)j+(3+Int)k and R(u) = (u? —8)i+ (u? —2u—5)j4 
(u® — 3u? — 3u +12) k intersect at the point ( ; : ). The cosine of their 


6 
angle of intersection is —\/2 where a = 
a 
(63) The curves r(t) = e'i+2sin(t+ 3) j+ (t? —2)k and R(u) = wi+2j+ (u? — 3) k intersect 


at the point ( ; , ). The cosine of their angle of intersection is —= 


Ja 
where a = : 
(64) Let £(t) = (#8 +t +1,t? —4,t+ cosat) and g(t) = (e” + 2t+5,3,t?+t-4). Then the 
derivative of f x g at t = 0 is ( ; : ie 
(65) Let f(t) = (4-28 +2 +t+1,44-—84¢ —¢t+1,2¢ —¢? —t +2) and g(t) = || F(4)||?. 
Then Dg(1) = 


(66) Let f(t) = 2t?i+ —3j and g(t) =i+tj+t?k). Then 


D(f x g)(-1) = ( ). 


(67) Let f(t) = (f'(4), f7@), f?(), where f1(t) =# +t-14+171, f?@ =P-#+3-t°?, and 
Pt) =t-B8+t —t+3. Also let g(t) = (g(t), 97(t), g3(t)), where g'(t) = 2¢(1+ t)7!, 
g(t) =(1—-2t)(14+ #?)“}, and 93 (t) =t-1 +477 4+ Int. 

(a) Ifp = (f,g), then Dp(1) = __ 


(b) Ifu=f x g, then Du(1) = ( ; , y 
(c) Ifn =||f|]?, then Dn(1) = 
(68) Let f(t) = (e', n(t +1), arctant). Then Df(2) = ( ; : ) and 
1 


[ swar= ). 
0 
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(69) Let f(t) = (t? +¢4+ 1)i+ (8 — 4)j +cosatk and g(t) = (e* +.5)i+3j4 (24¢45)k. 


Then D(f x g)(0) = ( | | ie 
(70) Let f(t) = (2 + 2¢? — 4¢+ 1)i+ (4 — 20° +t? +3)j+ (8 —t? +¢-2)k and g(t) = || f(t)||?. 
Then Dg(1) = 
(71) Let f(t) = (t2 sint + cost,e” +e! — 1,t3 — t2) and g(t) = (e' sint + e¢ cost, arctan ??, 
t4 —t7 + 3t— 2). Then D(f x g)(0) = ( ; ; Vy 


t2 
(72) Let G(t) = i (cos u,e™ , tan u) du. Then 
0 


G'(t) = ( ). 
(73) Let f(t) = fl (t)it+ f7(t)j+f3(t)k where f!(t) = sint+cost+?¢? —3t, f(t) =t+2+tant, 
and f(t) = t — t? + arctant. Also let g(t) = g(t) i+ g?(t)j + g3(t) k where 
g(t) =tt+et+e-, g(t) =P +e —e-*, and g3(t) = arctant? +e" — 3. 


(a) Ifh =f +g, then Dh(0) = ( ' : iz 
(b) If p = (f,g), then Dp(0) = 

(c) Ifr =f x g, then Dr(0) = ( ; ; Nes 
(d) Ifu=gx f, then Du(0) = ( ; ; ie 


(74) Let f(t) = f'(t)it f2(t)j+ fe(t)k where f1(t) = 8+ 2¢? —4¢+1, f2(t) = t4-28 4043, 
and f3(t) = —t7+t—-2. Let g(t) = || f(t)||?. Then Dg(1) = 


(75) tim, (i+ Si) =(__, ). 
ue) 5 (Si , aaa , 'x) = ( ps 
(77) Let G(t) = - — i Lsin > jn a Then lim | G(¢) = ( 
(78) lim, (2G Seen ap) =f ; ). 
(+4 1)i4 mt tek ift <0 
(79) Let f(t) = cos(mt)i¢ (t+ )j+ek if0<t<1 - The function f is continuous at 


(2¢-3)i+ (2 -2Qj+e™k ift>1 
every real number except t = 


1 
(80) Ifr(t) = (.mt +1),V5-—t], then the domain of r is ( ‘ JU ( : 


(81) Let F(t) = 3tj +¢-'k and G(t) = 5ti+ V10—tj. Then the domain of F + G is 
( ? )U ( ’ ie 

(82) Let F(t) = i+ tj +2tk and G(t) = 5 
F x G is ( ’ Jul : Te 


i+(t+4)j—/-tk. Then the domain of 
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31.3. Problems 
(1) Show that the equations 


parametrize the entire unit circle except for the point (—1,0). (It is quite easy to show 
that for any number ¢ these equations produce a point lying on the unit circle. What is 
not so easy is to show that if (a,b) is a point on the unit circle other than (—1,0), then 
there exists a number t such that x(t) = a and y(t) = b.) 


(2) Show that if an object moves with constant velocity, then its angular momentum (with 
respect to the origin) is constant. (The ANGULAR MOMENTUM L about the origin is defined 
by L(t) = r(t) x mv(t), where m is the mass of the object, r is its position, and v its 
velocity.) 


(3) Explain why the curve r(t) = (2. cos 2t) i+ (3cost)j for 0 < t < 47 is not a smooth curve. 
Include a sketch of the curve, and on your sketch identify the points at which the tangent 
vector vanishes. 


(4) Fred is riding a ferris wheel at an amusement park. The radius of the wheel is 20 feet. His 
friends Sally and Leslie are on the ground. Leslie sees that Sally is standing in the plane 
of the ferris wheel 75 feet to the right of the bottom of the wheel. Leslie also notices that 
the wheel is making 5 counterclockwise revolutions each minute. Sally throws a baseball 
to Fred as he moves upwards. At the instant Fred is halfway up Sally throws the ball with 
a speed of 60 ft/sec at an angle of 60° above the horizontal. The point at which the ball 
leaves Sally’s hand is the same distance from the ground as the bottom of the wheel. How 
close to Fred does the ball get? Give your answer to the nearest inch. 


(5) Let f be a differentiable curve. Show that || f(t)|| is constant if and only if f(t) L Df(t) 
for all t. 


1= 26? At ,, 2tv3? 1 
= i 

1-42 ' 14429"  144e 
for allt > 1. Without actually calculating the velocity vector v(t) explain how you know 
that it must be perpendicular to the position vector r(t) for every t > 1. 


(6) The position of a particle at time t is given by r(t) 
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31.4. Answers to Odd-Numbered Exercises 


(1) x*, -1,1 


(3) 1-22? 
(5) ng 


(A084 


(9) 0,0, 1, 1,1, 0 


(11) 1-7? 


1,3—4t, 4—4¢ 


(13) 4t, 4t 
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(25) 8, —4, 4 


7) 159 


(29) 3, 24, x 


(31) 2, 3,8 


(33) 16a 


(35) 1, 2 


(37) 320 


(39) 9m 


(43) 3, 1 


(45) 2 


(47) 3, 2 


(49) 15 


(51) 1,2 


(53) 12 


(55) v3 


(57) 1,2 
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EIN 


(59) 


(61) 2-203 


(65) 20 


(69) —4, —6, 3 


(Ti) 3.3 


(79) 1 


(81) —oo, 0, 0, 10 


CHAPTER 32 


ACCELERATION AND CURVATURE 


32.1. Background 


Topics: velocity, speed, acceleration, tangential component of the acceleration (denoted by Gn); 
normal component of the acceleration of a curve (denoted by a or arclength, parametrization by 
arclength, curvature. 


32.1.1. Definition. Let C be a curve parametrized by arclength. The CURVATURE k of C’ is the 


at | where T 
ds 


rate of change of the unit tangent vector with respect to arclength; that is, K(s) = 


is the unit tangent vector and s is arclength. 
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32.2. Exercises 


(1) A particle P moves along a curve C. The position of P at time ¢ is given by r(t) = 
6tit+ V2? 5j+5k. 
(a) When t = 6 the tangential component of the acceleration of P is 5 where a = 


ava 


(b) When ¢ = 6 the normal component of the acceleration of P is ~ where a = 
and b= 
22 
(c) At the point r(6) the curvature of C is — where a = 
a 
(2) A particle P moves along a curve C. The position of P at time ¢ is given by r(t) = 
3ti+ 50 j-—7k. 
(a) At the point r(3) the equation of the tangent line to the curve C is R(u) = (a+ 
3u)it+ (3 +bu)j+(c+du) k where a = OS ay of ,and d= 


1 
(b) When ¢ = 3 the tangential component of acceleration of P is —= where a = 


Ja 
1 
(c) When ¢ = 3 the normal component of acceleration of P is a where a = 
a 
1 
(d) At the point r(3) the curvature of C is a5 where a = 
a 


(3) The motion of a particle is given by r(t) = 6t?i+ ($t? — 9t)j. Then at time ¢ its 
) velocity is a(t) i+ b(t)j where a(t) = and b(t) = : 


) speed is : 
) acceleration is a(t)i-+ b(t) j where a(t) = and b(t) = 
d) tangential component of acceleration is : 
) normal component of acceleration is 
) 


: 12 
curvature is ———; where a(t) = 
(a(t))? 

(4) A particle P moves along a curve C. Its position at time t is given by 
r(t) = 2ti+¢j+4t?k. Then 

(a) the velocity of P at time t is i+ j+ k; 
(b 

c 
(d 


) 
) the speed of P at time t is a + bt? where a = ,b= , and p = ; 

(c) the tangential component of the acceleration of P at time t is é 

) the normal component of the acceleration of P at time t is ; 

) 


2 b(t t 
(e) the unit tangent vector to C at time t is i4 ) j+ ew) k where a(t) = 


a(t) a(t)" a(t) 
bt) = , and c(t) = : 
b(t). c(t) 


—2t 
(f) the unit normal vector to C at time t is Ae i4 5G) T@ 
bor ,andc(t)=_ ss and 


k where a(t) = 


(g) the curvature of C at time t is where a(t) = 


2 
a(t) 
(5) A particle P moves along a curve C. Its position at time t is given by 


4 3 
r(t) = 5 cost + (1 —sint)j— 5 cost k. 


Then 
4 
(a) the velocity of P at time t is ~ galt) i+ b(t) j + ca(t)k where a(t) = ; 
bt). = ,andc= ; 


(b) the speed of P at time t is ; 
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(c) the tangential component of the acceleration of P at time t is : 
(d) the normal component of the acceleration of P at time t is : 


4 
(e) the unit tangent vector to C at time t is ~ 5 a(t) i+b(t) j+ca(t) k where a(t) = ; 


b(t) = ,and c= ; and 
4 

(f) the unit normal vector to C at time t is pat) i+b(t) j+ca(t) k where a(t) = ; 

b(t) = and ¢= ; 
(6) The motion of a particle is given by r(t) = ei + e~'j + V2tk. Then at time t its 

(a) velocity is a(t)i+ b(t)j + c(t)k where a(t) = b= , and 
Et) = : 

(b) speed is : 

(c) acceleration is a(t) i+6(t) j+c(t) k where a(t) = ot) = , and c(t) = : 

(d) tangential component of acceleration is : 


e) normal component of acceleration is 


( 
(7) A particle P moves along a curve C in a plane. Its position at time t is given by 


r(t) = (cost + tsint)i-+ (sint — tcost) j 


for all t > 0. 

(a) The unit tangent to C at time t is T(t) = a(t)i+ b(t)j where a(t) = and 
bf) : 

(b) The unit normal to C at time t is N(t) = a(t)i+ b(t)j where a(t) = and 
bt) = : 


(c) The tangential component of the acceleration of P at time t is ap(t) = 
(d) The normal component of the acceleration of P at time t is an(t) = ; 


1 
(e) The curvature of C at time t is «(t) = —~ where a(t) = ; 


a(t) 
(8) The curvature of the curve x? + 4ry — 2y? = 10 at the point (2,1) is oT where a = 
and b = 


(9) The curvature of the ellipse x? + 4y? = 8 at the point (2,1) is oa where a = and 
b= 
(10) The curvature of the spiral of Archimedes r = @ at the point where 0 = 2/2 is ; where 
a= and b = 
(11) The curvature of the curve x? — ry + y? = 7 at the point (1,3) is ; where a = and 
b= 


(12) me curvature of the curve r(t) = (¢—sint)i+ (1 —cost)j at the point (3 — %*)i+5jis 
— where a = 
a 

(13) The curvature of the logarithmic spiral r = e@ at an arbitrary point is (cbc) * where 
b= and c = 


(14) The curvature of the curve r(t) = t?i+ (t* — t°)j at the point r(0) is 


a 
(15) The curvature of the curve 2x? + 2xy — y? = 2 at the point (1,0) is Ji where a = 
and b = 
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: a 
(16) The curvature of the curve y = Inz is greatest at the point « = —= where a = and 


; vb 
b= . At that point the curvature is —~ where c = 


cy/C ——- 


(17) At the point where the curve y = 32 — 2° attains a local maximum its curvature is 


(18) The curvature of the cardioid r = 2(1 — cos 6) is zr where a = ee 
Pp — 


, and 
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32.3. Problems 


(1) Explain carefully why the principal unit normal vector N to a curve is perpendicular to 
the unit tangent vector T. 


(2) Consider a parametrized curve in R® with velocity v and acceleration a. Give a careful 
and informative derivation of the formula for its curvature 
_ivxal 
ll vil? 
from the definition of curvature (see 32.1.1). Hint. Derive the formulas 


ds d’s : 
ae and a=SaT+«(F) N. 


From these conclude that 


(3) Let r(t) =ti+ 3(t? +1)j and P =r(1). 

(a) Make a careful sketch of the graph of the range of r for 0 <t < 2. 

(b) Add to your sketch the vector a(1), with its initial point at r(1). (Include an expla- 
nation of how you found this vector.) 

(c) Add to your sketch the vectors a,,(1)T(1) and a,,(1)N(1) with initial point r(1). 
(Include an explanation of how you found these vectors. ) 

(d) Compute the arc length along the curve from 0 to an arbitrary point ¢t. (Include an 
explanation but not the details of the calculation that produced your answer.) 

(e) Compute the curvature of the curve at t = 1. (Include an explanation but not the 
details of the calculation that produced your answer.) 


(4) A parametrized curve r in R® is a UNIT SPEED CURVE if its speed || v(¢)|| is 1 for each t. 
Recall that the length of arc between the points r(0) and r(t) on such a curve is s = 
fll v(7)|| dr = t; thus we may say that a unit speed curve has been PARAMETRIZED BY 
ARCLENGTH. 

In this problem we wish to attach a moving orthonormal frame of coordinates to a curve 
in such a way that one of the axes always points in the direction of the unit tangent vector 
T and a second axis points in the direction of the unit normal N. (The third axis is called 
B, for unit binormal.) When a geometric curve (as opposed to a parametrized one) has 
been parametrized by arclength (or when a parametrized curve has been reparametrized 
by arclength), the business of deriving properties of the moving T — N — B frame is fairly 
straightforward. That is the task here. The idea is to write up a coherent introduction 
to moving frames. Include the material in items (a)—(i) below, but do not break up your 
exposition into chunks called (a), (b), (c), ete. 


(a) Let a,b > 0. Find a constant c with the property that the helix r defined by 
r(t) = (acos(ct), asin(ct), bct) 


is a unit speed curve. 
(b) For an arbitrary (unspecified) unit speed curve define for each t 


T(t) = v(t), 


= a(t) an 
NO=Ta@r 24 
B(t) = T(t) x N(t). 
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Show that for each ¢ the vectors T(t), N(t), and B(t) are mutually perpendicular 
unit vectors. 

(c) Make a careful sketch of the unit speed helix in part (a) showing the vectors T(t), 
N(t), and B(¢t) at several different points. 

(d) If r is a unit speed curve define its CURVATURE k(t) at t by «(t) = || a(t)||. Show that 
T’(t) = K(t)N(¢) for each t. 

(e) Let r be a unit speed curve. Show that for each t there exists a number 7(t) (which 
we call the TORSION of r at t) such that B’/(t) = —r(t)N(t). (Don’t worry about the 
sign; it’s just a convention. Many people use the opposite one.) 

(f) Let r be a unit speed curve. Show that 


N’(t) = —xK(t) T(t) + T(t)B(t) 


for every t. 
0 K(t) 0 
(g) Let A(t) be the matrix | —«(t) 0 T(t)|. What vector do we obtain by letting 
0 —r(t) 0 


the matrix A(t) act on the vector (T(t), N(t), B(t))? 
(h) For a unit speed curve derive the formula 


4) = eee") 

(«(t))? 
where [x,y,z] is the scalar triple (or box) product of x, y, and z. 

(i) Compute the curvature and the torsion of the unit speed helix in part (a). Use these 
computations to illustrate the following two assertions. (i) Curvature measures how 
far a curve is from being a straight line. 

(ii) Torsion measures how far a curve is from being a plane curve. 


(5) For the path traversed by a particle discuss the appropriate units for curvature (in either 
the English or metric system). 
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32.4. Answers to Odd-Numbered Exercises 
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MULTIPLE INTEGRALS 


CHAPTER 33 
DOUBLE INTEGRALS 
33.1. Background 
Topics: Riemann sums, double integrals, iterated integrals, double integrals in polar coordinates, 


improper double integrals, moment of a plane region about a line, density and mass of a plane 
lamina, center of gravity (or mass). 


33.1.1. Theorem a s theorem for double integrals). If a real valued function f is continuous 
on the rectangle R = [a,b] x [c,d], then 


[[ fenaa- [ [ senedy= ff senaver. 
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33.2. Exercises 
(1) Let f(x,y) = 2y—<2? and R be the region in the xy-plane bounded by the coordinate axes 
1 
and the line x+y =1. Then SpfdA = — where a = 
a 


(2) Let f(x,y) = 22 +y?. Then the integral of f over the region bounded by the straight line 


2 


. 3 
y = «x and the parabola y = x* is — where a = 
a 


(3) Let f be a continuous function of two variables. Then 


V8-y? g(x) 
ie flay)ardy = ff feevdyaes fof” f(x,y) dy dx 
0 vy 


, and h(x) = 


The volume of the region in the first octant bounded by the surfaces z = xy, y? = x, and 
y = x? is given by the double oe 


[f- j(x, y) dy dx 


(5) The volume of the region satisfying 2? + y? < 4 and 0 < z < 2z can be expressed as the 


iterated integral 
f le 2x dx dy 


where a = ,b= ,c= , g(t) = 


Thc 
oe 
ace 


where a = ,o= 


where a = ‘oS , and g(y) = or as the iterated 
integral 
d l(a) 
j | 2x dy dx 
c Jk(ax) 
where c = = ee) = and lig) = 


(6) Let f be a continuous function of two variables. Then 


4 2x 6 —32+20 
| | f(z, y) ayac+ | | f(a, y) dy dx 
0 zx 4 zr 


a ph(y) b ily) 
=} fle,y) dedy + f / f(x,y) da dy 
0 Yg(y) a Jg(y) 


where a = ,b= Og). —-—— ny). anid 


(7) Let f be a continuous function of two variables. Then 


iar a h(z) 
[ i flyz Jacdy+ = (y,2)dedy = | i f(y, z) dy dz 
0 Yg(z) 


where a = ,g(z)=____ ss and A(z) = 


(8) Let f be a continuous function of two variables. Then 


3 pga b phy) 
/ f(@,y) dyde = | / f(@,y) da dy 
0 Jha? a Jg(y) 


, and h(y) = 


where a = ,b= 5 9(y) 
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1 pl 
(9) | / cos 2° dx dy = © sina where a = and b = 
0 Sy b 
10 p10 a 
(10) ts | [ min{z,y}drdy = 5 where a = and b = . [Note: min{z, y} 
0 
denotes the smaller of the numbers zx and y.| 
2 pl 
(11) : emaxte? 4} dy dx = ze —a) where a = oe , and p = 
0 Jo 
[Note: max{u,v} denotes the larger of the numbers wu and v.| 
1 p7r/4 
(12) | / sec? x dx dy = aoe 1) where a = and b = 
0 Varctany a 
a ie a 
13 ——, dx dy = —|Inb wh = = 
( if few , nb where a and b 
a fil . 
x+y) ax ay = — where a = an = 
(14) / / ( dad 5 h db 
—1YIy| 
mf? 2 1 b 
(15) | :) (a + y)e™ *°*4 dy dx = —e? + — where a = p= , and b= 
0 J-1/2 a 2 


(16) Let R be the rectangle [0,3] x [0,2] in the xy-plane and let P be the partition of this 
rectangle into squares induced by partitioning both [0,3] and [0,2] into subintervals of 
length one. Estimate the volume of the solid lying above R and below the surface z = 
xy + 2x by calculating the Riemann sum associated with the partition P and choosing 
the upper right corner of each square as a sample point. 


Answer: 


1 wT 
(17) ip i x? cos ry dx dy = : 
0 Jo 


(18) If R = [0,3] x [4,5], then [<= 
é x? + y? — 16 


dx dy = a(Vb — 1) where a = and 
b= 


2 pr/8—-y? 
(19) Express i | xy dx dy as an integral in polar coordinates. 
0 J2 


b re 
Answer: i | r? sin 6 cos 6 dr dO where a = ,b= Pee ; 
a J f(@) 
f@) = and p = 
(20) The integral of g(x,y) = cos(a? + y?) over the unit disk is asinb where a = and 
v= . Hint. Polar coordinates. 


(21) Let R be the region defined by 1 < x7 + y? < 2, and x > 0. The integral of f(a, y) = 2? 


F A . a 
over this region is a” where a = 


(22) Let D be the closed unit disk in the plane. Then / e+") dy dy = (1 _ ~) b where 
a 
D 


a= and b = 
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V/45—y? y? 
(23) In polar coordinates 7 [ (e + ay) dx dy can be written as 
in ic r' sin” @ cos? 6dr d@ where a = i ee ; 
0 JO 
n= , and p = 
(24) The volume of the solid bounded below by the zy-plane, above by the cone x? + y? = z?, 
and on the sides by the cylinder 2? + y? = 2y is 5 where a = 
(25) The area of the region bounded by the lemniscate 2 +y ay? = 2a7(x? — y”) is 
(2 dx dy =~ where a = 
6) ESeeeauE ee a : 
(27) a of the solid bounded below by the xy—plane, above by the ellipsoid 
2 2 2 
a + om + — = 1, and on the sides by the cylinder x? + y? — ay = 0 is 2a*b(ma —n) 
a a b2 
where m = and n = 
(28) Let R be the region bounded by the limacon r = 2+ cos. Then [fe + y2)2 dA = a 
where a = : 
asin 6 
(29) Let a>Oand0< 6 < §. aa on n(x? +y?) drdy = a? 84(Inr — s) where 
y cot B 
p= ,g= ,r= ,and s = 
1 
(30) Rotate that portion of the curve y = — where x > 1 about the x-axis. Then the volume 
x 
of the resulting solid is and its surface area is 
t 
(31) ie a dt = a where a = 
0 (oe) (oe) 
Hint. Consider the iterated integral il [ e* sintds dt. You may use the fact that in 
0. JO 
this problem the aes of integration of the improper integrals may be reversed. 
(32) Let f(a,y) = eae 5. Then i Fle; ydsdy= and 
if i f(x,y) dy dz = . This result does not violate Fubini’s theorem because 
0 JO 
. Hint. Although these integrals can be 
evaluated by hand, they take some effort. Use a CAS. 
(33) Let D be the region in the xy-plane lying above the line y = x and below the parabola 
y = —x* +2. Then the moments of D about the x-axis and the y-axis are given by 
b 1 
M, = © where a = and M, = Z where b = . The centroid is at (--, 7) 
Cc 
where c = and d= 


(34) A plane lamina L is bounded by the lines y = x, y = 2 — x, and the z-axis; its density 
function p is given by p(z,y) = 2x +y +1 grams per square centimeter. Then the mass 


ne where 


of L is grams and its center of mass is located at the point (5: 50 


a= and 6 = 


(35) Let LZ be a plane lamina in the shape of the upper half of a circular disk of radius 3 centered 
at the origin. The density of the lamina at any point is proportional to the square of the 


(37) 


(38) 


(39) 
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distance of the point from the center of the circle. Then the center of mass of LD is located 


b 
at the point («. =~) where a = and 6b = 


Let E be the solid region determined by the surfaces x = 0, x = 1, y=0, y=1, z = 0, 

and z = 2—2?—y?. The base of this region is the square S = [0,1] x [0, 1] in the zy-plane. 

Estimate the volume of E by using the midpoint rule for double integrals to approximate 

the integral | f(x,y) dxdy where f(x,y) = 2-2? —y’. For this approximation divide S 
Ss 


into nine squares each having side < Calculate the corresponding Riemann sum evaluating 
f at the center of each square. According to this estimate the volume of F is approximately 


a 
5A where a = . The error made in this approximation (that is, the absolute value 


b 
of the difference between the approximate volume and the true volume) is BA where 6 = 
Let E be the solid region determined by the inequalities 0 < «x < 1,0< y < 1, and 
O0<z<2-—ax-y. The base of this region is the square S = [0,1] x [0,1] in the ry-plane. 
Estimate the volume of E by using the midpoint rule for double integrals to approximate 
the integral [f f(x, y) dxdy where f(x,y) = 2-—ax-—y. For this approximation divide S into 
S 


nine squares each having side $. Calculate the corresponding Riemann sum evaluating f 
at the center of each square.According to this estimate the volume of F is approximately 
. The error made in this approximation (that is, the absolute value of the difference 


between the approximate volume and the true volume) is 


If R = [0,4] x [0, §], then [[ ecosuazdy = : 
R 


If R = [0,4] x [0, GJ, then [f ecostu) dx dy = - where a = 
R 
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33.3. Problems 


(1) Let fle) = 
the function f is integrable over R. Find [f f(x,y) dA if it exists. 
R 


over the region R where 0 < y < 2x and x < 3. Determine whether 


(2) Let f(e,y) = — 


and find ff f(x,y) dA. 
R 


over the region R = [0,4] x [0,4]. Show that f is integrable over R 


a 


1 
(3) Let f(z,y) = ny? over the region R where 0 < y < 2x and x < 3. Determine 


whether the function f is integrable over R. Find [ ii f(x,y) dA if it exists. 
R 


1 
(4) Let f(x, y) = ———— over the region R where 0 < y < 2a and x < 3. Determine whether 
V2" —Y 


the function f is integrable over R. Find [f f(x,y) dA if it exists. 
R 


over the region R = [—1,4] x [-1,4]. Explain carefully why 


(5) Let f(2,y) = aa 


Jf f(x,y) dA is improper. Show that f is integrable over R and find [f f(x,y) dA. 
R R 


1 
(6) Let f(z,y) = Teal over the region R = [0,1] x [0,1]. Explain carefully why 
cw —Y 


J{f(«,y) dA is improper. Show that f is integrable over R and find [f f(x,y) dA. 
R R 


(oe) 
1 
(7) Derive the formula i e” dx = VT Hint. Do exercise 22. 
0 


33.4. ANSWERS TO ODD-NUMBERED EXERCISES 


33.4. Answers to Odd-Numbered Exercises 


(1) 4 
(3) 2, 0, 2/2, x, V8— x? 
(5) —2, 2, 0, /4—y?, 0, 2, -V4—22, V4—22 
(7) 2V3, wat Vi6— 2 
(9) 1,3 
Ca ea 
(18) 3 
(15) 4,5, —3 
(17)-3 
(19) 0, = 2/2, 2sec 0, 3 
(21) 3 
(23) arctan 5, 3/5, 5, 0, 2 
(25) 2a? 
(27) 3,4 
1 

(29) 2, la, 5 

T 
31) 5 
33) 9, —9, 2,5 
35) 0, 24 
37) 1s 0 
39) 9 
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CHAPTER 34 


SURFACES 


34.1. Background 


Topics: quadric surfaces, spheres, ellipsoids, elliptic paraboloids, hyperboloids of 1 and 2 sheets, 
parametrized surface, level surface. 
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34. SURFACES 


34.2. Exercises 


(1) The surface z = $\/36(a? — 1) + 4y? is the upper half of which quadric surface? 


Answer. 


The curve obtained when the surface is cut by the plane z = 2\/3 is an ellipse whose major 
axis is of length and whose minor axis is of length 


(2) The surface z = 2y/ 5(x? + 2) + 4y? is the upper half of which quadric surface? 


Answer. 


The curve obtained when the surface is cut by the plane z = 2/3 is an ellipse whose major 
axis is of length and whose minor axis is of length 


03) Tekst Fe es) = es (2) 1/2 


value of w is set to 4 is a(n) 


. The level surface which results when the 


which opens along the positive -axis. 
(4) Let w = f(a, y, 2) =3— 62+ \/9ax? + 4y?. The level surface at w = 3 is the upper half of 
a(n) which opens along the positive -axis. 
2 
(5) Consider the surface in R® defined by f(x,y) = eo: if (x,y) 4 (0,0) and f(0,0) = 0. 


Then the plane z = c intersects the surface for all values of c in the interval [a,b] where 
C= and b = : 


1+ /y?-4 
(6) Let f(z,y) = Eee aes The domain of f is the set of all (x,y) in R? such that 
34+ 25 — x? 


cre[__,__ jandye€(__,__ |JU[__,___). Therange of fis[__, 
(7) The surface whose parametrization is given by r(u,v) = (u,v,u — 3) with u,v € Risa 
plane whose equation is ax + by — z+c=0 where a = ,b= ,andc= 


(8) The surface whose parametrization is given by 
r(u,v) = (u, 2ucosv, 3usinv) 


with u > 0 and 0 < v < 27 is the upper half of an elliptic opening along 
the _- axis. 


(9) The surface whose parametrization is given by 
r(u,v) = (u, wcosv, usin v) 


with u > 0 and 0 < v < 27 is the upper half of a(n) cone opening along 
the _- axis. 


(10) The surface whose parametrization is given by 
r(u,v) = (cos u, v, sin u) 
with 0 <u < 27 and v € Ris a circular whose axis lies along the __ -axis. 
(11) The surface whose parametrization is given by 
r(u,v) = (cos u, sin u, v) 


withO<u<27 andvé€ Risa cylinder whose axis lies along the __-axis. 
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(12) Let S be the portion of the cylinder x? + z? = 1 in R? that lies between the planes y = 0 
and x+y = 2. A parametric representation of S' is 
r(u,v) = (cosu, : ) 
where 0 < wu < 27 and <u< 


(13) Let S be that portion of the hyperboloid x? + y? — 22 = —1 that lies above the rectangle 
[—1,1] x [—2, 2] in the xy-plane. A parametric representation of S is 


r(u,v) =(u,v, ) 
where -1<u<land—-2<v<2. 


(14) Let S be that portion of the elliptic paraboloid x + y? + 2z? = 4 for which x > 0. A 
parametric representation of S' is 


r(u,v) = ( »U, ) 


where —2 <u <2 and —,/a(u) <v < \/a(u) with a(u) = : 
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34.3. Problems 


(1) Suppose 0 < a < b. In R? let Co be the circle in the xz-plane of radius a centered at the 
point (b,0,0). Let T be the surface of revolution formed by revolving Cp about the z-axis. 
Find a (reasonably simple) parametrization of the torus T. 

Hint. Let P be a point on T. Then there exists a circular cross-section C’ of T which 
contains the point P and which is coplanar with the z-axis. This circle can be specified by 
a single parameter 0: the angle between the positive x-axis and the vector from the origin 
to the center of C. The location of P on C can also be specified by a single parameter ¢: 
the angle between the vector in the xy-plane from the center of C' to the outer portion of 
the surface T and the vector from the center of C' to the point P. 


34.4. ANSWERS TO ODD-NUMBERED EXERCISES 


34.4. Answers to Odd-Numbered Exercises 
1 
3 


(1) hyperboloid of one sheet, 12, 4 
( 

(5 

( 

( 


ne paraboloid, x 


7 
9 


(11) circular, z 


circular, x 


(13) V1 +u2 4+ v? 


(15) 0, 27, 0, sinu, 2 — cosu 


) 
) 
is 
jl 
) 
) 
) 
) 
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CHAPTER 35 


SURFACE AREA 


35.1. Background 


Topics: surfaces of revolution, surface area. 
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35. SURFACE AREA 


35.2. Exercises 


(1) The area of the surface which is formed when the curve 


2¢ = yV/y? —14 In(y y? — 1) 


for 2 << y <5 is revolved about the x-axis is 


(2) The area of the surface generated when the curve 
y? —2ilny = 4a 


a 
from y = 1 to y = 2 is revolved about the x-axis is a7 where a = 


(3) The area of the surface obtained by revolving that portion of the astroid 
g = sint 
y= cos® t 
: T é fe HOT 
for which 0 <t< 3 about the x-axis is 5 where a = 


(4) A zone of a sphere is the portion of its surface which lies between two parallel planes 
which intersect the sphere. The altitude of the zone is the distance between the planes. 
The surface area of a zone of height h of a sphere of radius a is 

(5) The surface area of the solid which results from revolving the curve 32? + 4y? = 12 about 


a 
the x-axis is —=7” + br where a = ,p= , and b= 


V3 


(6) A surface is defined parametrically by 
R(u,v) = ucosvi+ usinvj +uk 


where 0 << u<1land0< v < 27. 


(a) The equation of the tangent plane to the surface at the point ( 7 0, 5) isax+by+z = 
c where a = ,b= ,andc= : 


(b) The area of the surface is 


(7) A surface is defined parametrically by 
R(u,v) = ucosvi+ usinvj +vk 


where 0 <u<1land0<v < 2rn. 


(a) The equation of the tangent plane to the surface at the point (—5, 0,7) isax+bytz = 
c where a = ,b= ,andc= 


(b) The area of the surface is a(b + In(1+ 6)) where a = and b = 


(8) The surface area in the first octant cut from the cylindrical surface 7? + y? = a? by the 
plane z = x is 


(9) Rotate the portion of the parabola y = 2? where 0 < 2 < 1 about the y-axis. The area of 
the surface thus obtained is * (ovo — 1) where a = and b = 
a 


(10) Let R(u,v) = (u-—v,u+v,uv) and D be the unit disk in the plane. Then the area of 
R(D) is “(bv — 8) where a = and b = 


(11) The surface area of that portion of the sphere x? + y? + 2? = 142 that is inside the 
paraboloid x? + y? = 5z is am where a = 
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(12) The surface area of that portion of the parabolic cylinder x? = 1 — z bounded by the 
1 
planes y = 0, z = 0, and y = x with x,y,z > 0 is —(bVb — 1) where a = and 
a 
b= 


(13) The circular cylinder x? + y? = x divides the unit sphere into 2 pieces. Let U be the piece 
inside the cylinder and V be the one outside. Then the ratio of the surface area of V to 


the surface area of U is 


a+ 0 where a = and b = 


(14) he area of that portion of the plane x + y+ z = 1 lying inside the elliptic cylinder 
ax? + 2y? <1 is /am where a = 


(15) The surface area of that portion of the cone z 
and z= 1 is 


2 — 7? + y? lying between the planes z = 0 
2 y° 2 
(16) Represent the ellipsoid —> + 7 + ~ = 1 (where a, 6, and ¢ are positive constants) 


parametrically using the ree Badass g and 6. Then the surface are of the ellipse 


20 T 
is | i: V/ f(¢,0) déd@ where 
0 Jo 
f(¢,8) = 
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35. SURFACE AREA 


35.3. Problems 


(1) You are considering the problem of calculating the surface area of a solid of revolution. 


Nea 


wn 


The curve y = f(x) (for a < x < b) has been rotated about the x-axis. You set up a 
partition (%9,21,...,2n) of [a,b] and approximate the surface area of the resulting solid by 
connecting consecutive points (tea, f@e4)) and (xp, f(rx)) by a straight line segment, 
which, when rotated about the z-axis, produces a portion of a cone. Taking the limit of 
these conical approximations you end up with the integral 


an f sera (fl(x))? de 


which you claim represents the surface area of the solid. 
Your friend Fred has chosen to make cylindrical approximations rather than conical 
ones and produces the integral 


on ffl da 


which he claims represents the surface area. So you and Fred argue. 

He says your formula is too complicated to compute. You say his is too simple to 
work. Unable to convince him, you look up the formula in a well known calculus text and 
find that the author agrees with you. Fred is unimpressed; he says the author probably 
made the same mistake you did. You find several more references to support your work. 
Fred thinks they all probably copied from the person who made the original mistake. 

Find a completely convincing argument that even skeptical Fred will accept that his 
formula can’t be correct and that yours is better. 


In many calculus texts the authors derive the formula for the arc length of a smooth 
curve by taking the limit of sums of lengths of polygonal paths inscribed in the curve. 
The purpose of this problem is to inquire into the possibility of doing the “same thing” 
to find the surface area of a smooth surface. In particular, consider a (vertical) right 
circular cylinder with height h and base radius r. Partition the surface of this cylinder by 
m +1 equally spaced horizontal circles, thus creating m sub-cylinders of height h/m (and 
radius r). Then partition each circle into n circular arcs by means of n equally spaced 
points. (The points on one circle need not necessarily be directly above those on the circle 
below.) Now approximate the surface area of each sub-cylinder by the area of triangles 
inscribed in the sub-cylinder using these points as vertices. In each sub-cylinder there will 
be 2n such triangles—n having two vertices on the upper circle and n having two vertices 
on the lower circle. Thus, altogether, there will be 2mn triangles the sum of whose areas 
approximates the surface area of the original cylinder. 

Now, of course, the question is: what can we say about the limit of the sum of the 
areas of these triangles as m and n get large? Does it give us the correct expression for 
the area of a cylinder? (How, incidentally, can we be sure what the surface area of a 
right circular cylinder really ought to be?) Thinking about the problem in more precise 
terms, we need to ask whether this double limit even exists. If not, can we make the 
corresponding iterated limits exist by restricting m and n in some way? Does the answer 
depend on the relative rates of growth of m and n? What happens if we require m and n 
to be in some fixed ratio? That is, will the limit depend on the shape of the triangles? 

After considering these matters, what do you think of the prospects of generalizing 
the derivation of the formula for arc length to one for surface area? 


Let the curve y = f(x) (where a < x < b) be rotated about the y-axis. Show that the 
b 

surface area swept out is 27 : |jx|\/1 + (f'(x))? dx. Hint. Parametrize the surface. 
a 


35.4. ANSWERS TO ODD-NUMBERED EXERCISES 


35.4. Answers to Odd-Numbered Exercises 


CHAPTER 36 


TRIPLE INTEGRALS 


36.1. Background 


Topics: triple integrals, iterated integrals, cylindrical coordinates, spherical coordinates, density, 
mass, center of gravity, moment of inertia of a solid about a line. 
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36. TRIPLE INTEGRALS 


36.2. Exercises 


a ff [earasay = where a = 


(2) Sketch the region over which the function f is being integrated in the integral 


2-22 1l-z 
ie | f(a, m2) dedy dz: 
0 Jo 0 


(3) Choose functions g and h so that the expression 


1 ph(y) po(z,y) 
i; i i dz dx dy 
0 JO 0 


gives the volume of the solid bounded by the planes x = 0, y = 0, z = 0, and 2x+y+3z = 1. 
(Do not integrate.) 


Answer: g(x,y) = and h(y) = 


(4) Sketch the region over which the function f is being integrated in the integral 


2 pa—y? p2—-y 
i | | f(x, y, z) dz dx dy. 
0 Jo 0 


(5) Use a triple integral to find the volume of the tetrahedron whose vertices are the points 
(0,0,0), (1,0,0), (0,1,0), and (0,0, 1). 


_ 1 
Answer: the volume is — where a = 
a 


(6) The volume of the region bounded by the planes z = y, z = 0, x = 1, and the surface 


y = x? can be computed using any one of the following iterated triple integrals: 


Eas 


where a = ,b= panda 3 
or a a : dy dx dz 
where a = ,b= ,andd=__; 
or Lae a i: dx dz dy 
where a = ,b= ,andd=__; 
or cf a a dz dx dy 
where a = ,b= ,andd=___; 
or a [ i. dy dz dx 
where a = ,b= ,andd=__; 


or ts 


where a = ,b= ,andd=_ 
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(7) The volume of the solid in the first octant bounded by the planes x = y, « = 1, z = 0, 


1 
and z = y is — where a = 
a 


(8) The volume of the solid bounded by y = 22, y = 2, z = 0, 7 = 0, and z =5—2?—y? is 


a 
6 where a = 


(9) The integral of the function f(a, y,z) = v?cosaxz over the solid bounded by the planes 


L=Yy,2=y,2 1, and z = 0 is (a — sina) where a = 


(10) Let £ be the solid bounded above by the cylinder y? +z = 4, below by the plane y+z = 2, 
and on the sides by the planes x = 0 and x = 2. If its density is y? at each point (a, y, z) 


: : A A . a 
in E, then its volume is and its mass is 10 where a = 


(11) Consider a block in the shape of a cube with edges of length a. Its density at each point 
P is proportional to the distance between P and one fixed face of the cube. (Let k be the 
constant of proportionality.) Then its mass is 


(12) Consider a block in the shape of a cube with edges of length a. Suppose that the block’s 
density at each point is proportional to the square of the distance between the point and 
one fixed vertex. (Let & be the constant of proportionality.) Then the mass of the block 
is : 


(13) The volume of the region in the first octant lying under the plane 3x+2y+6z = 6 is : 
(14) Sketch the region over which the function f is being integrated in the integral 


1 pl—ax pcos(ra/2) 
| | fl fla, yz) dzdydz. 
0 Jo 0 


(15) The volume of the region you sketched in the preceding exercise is az? where a = 
and p = 


(16) The volume of the solid bounded by the torus p = 3sin @ is 7m where a = and 
— 

(17) A homogeneous solid sphere of radius a is centered at the origin. The center of gravity of 
the hemisphere lying above the xy-plane is at the point (0,0, 


(18) Let a > 0. A solid is bounded below by the zy-plane, above by the sphere #?+y?+z? = 4a?, 
and on the sides by the cylinder r = 2acos@. Then the moment of inertia of the solid 


b 
about the z-axis is Tal (« — =) where b = i , and c= 


(19) Let R be the solid region which lies above the cone x? + y? = 3z? and inside the sphere 
T 
x? + y? +22 =1. The moment of inertia of R about the z-axis is — where a = 
a 
(20) Suppose the density of a spherical object of radius a at a point p is proportional to 


exp(—d?/a?) where d is the distance between p and the center of the sphere. Then the 
mass of the object is . 


(21) The solid R is bounded below by the paraboloid z = x? +y? and above by the plane z = 4. 
The density at each point of R is the distance from the point to the z-axis (in kilograms 


per cubic meter). Then the mass of R is =e kilograms where a = . 


(22) The volume of the solid bounded above by the plane z = y and below by the paraboloid 


3 oe 
z=2?+y? is — where a = 
a 
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(23) The volume of the solid bounded by z = 2r (r > 0), r = 1—cos@, and z = 0 is = where 
oS ; 

(24) Let S be the solid bounded above by the plane z = y and below by the paraboloid 
z=a7+y?. If the density at each point of S is 20 times its distance from the z-axis, then 
the mass of $' is = where a = 


(25) The triple integral in cylindrical coordinates giving the volume of the solid bounded above 
by the (lower of the two) surfaces x? + y? + 27 = 4 (z > 0) and 3z = x7 + y? and bounded 
below by the plane z = 0 can be written either as 


Qn 27 
oh h freee DL fe [ [recarao 


where a = , and d = ; or as 
20 
/ [ r r dr dz dd 
where a = ,b= ,andc= 
(26) The volume of the solid which lies above the plane z = V3 and within the sphere 2? + 
yP +2? = 4is (F— bv) m where a = and b = 


(27) The equation of the sphere centered at (0,0,b) with radius 6 in spherical coordinates is p 


(28) Let C be a circular cone of base radius 1 and height 1. If the density at each point of C 
5 
is 5 times its distance from the base, then the mass of C' is 2a where a = 
a 
(29) Let C be a circular cone of base radius 1 and height 1. If the density at each point of C 
is 5 times the square of its distance from the vertex then the mass of C is : 


(30) A hole of radius 1 millimeter is drilled through the center of a ball bearing of radius 
2 millimeters. The volume of the solid which remains is az cubic millimeters where 
= 


(31) The value of JJ / J f where f(x,y,z) = Vz and R is the solid region determined by the 
inequalities ee <y<2,z>0,and 2? +y?4+ 2? < 16 is =P where a = 


(32) Find numbers a, b, c, and d and a function f such that the integral (in spherical coordi- 


nates) 
d ec Ja 
i | | p” sin ¢dpd¢ dé 
0 Jarctan Vb J f(¢) 


gives the volume of the solid bounded above by the (lower of the two) surfaces 27+y?+2? = 
15 (z > 0) and 2z = 2? + y” and below by the plane z = 0. Answer: a = 


b= ,Cc= ,d= , and f(¢) = 


y] 
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36.3. ANSWERS TO ODD-NUMBERED EXERCISES 


36.3. Answers to Odd-Numbered Exercises 


(1) 81 


(13) 1 


(19) 12 


(21) 128 


(23) 10 


_ v3, V4—r2, 2, V3z, V4 — 22, 1 


ae 
3 
(27) 2bcos @ 


(25) 


(29) 


(31) 128 


CHAPTER 37 
CHANGE OF VARIABLES IN AN INTEGRAL 


37.1. Background 


Topics: change of coordinates, one-to-one (= injective), onto (= surjective), Jacobian matrix, 
Jacobian 


37.1.1. Theorem (Abel’s theorem). Let )7?° 9 c,z® be a power series with radius of convergence 
R> 0. If the series converges at x = R, then it converges uniformly on the closed interval [0, R] 
and the function f defined by 
(oe) 
fa S> cpa® 
k=0 


is continuous on [0, R]. 


(A proof of this theorem may be found on page 644 of Advanced Calculus, 3'4 ed; by A. E. Taylor 
and W. R. Mann.) 
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37. CHANGE OF VARIABLES IN AN INTEGRAL 


37.2. Exercises 


(1) Let C be the circle of radius 4 in the uv-plane. A transformation T: R? —>R? is defined 
by T(u,v) = (u? — v?,2uv). Then the image of C under T is a of 


(2) Consider the transformation T: R? —>R? defined by T(u, v) = (4u+13v,2u+7v). Then 
the image under T of the square [0, 1] x [0, 1] is a parallelogram whose vertices are (0, ____), 
(By el, Fan, { , ____ ). The area of the image is | 
Hint. Recall properties of the cross product. 


(3) Let T: R? —+R? be the transformation defined by T(u,v) = (u+v,v —u?). Let D be 
the region bounded by the curves y = x (0< @ <1), y= —a? +22 (l<a<2),y=x-2 
(1 <a <2), and y = —2? (0 < x <1). There are two regions Dj and D3 in the wv-plane 


which T maps onto D. The region Dj is a parallelogram whose vertices are (-1 , ); 
( ge AQ ), and ( , 2); and D3 isa whose vertices 
are(0,0),(___, 0), ( ,___ ), and (0, ): 
(4) Let T be the triangular region whose vertices are (1,0), (0,1), and (0,0). Then 
1 1 
// sin(x + y) cos(x — y) dx dy = — — p sine where a = and b = 
a 
T 


(5) The area of that portion of the plane x + y + z = 1 which lies inside the elliptic cylinder 
a? + 2y? = 1 is $\/am where a = 


go 0 MS a = Se : 
(6) The volume of the ellipsoid — + 5 + > < lis 
G2 GP 


(7) Let D be the region bounded by the lines 7+ y = 0, x+y = 5, 3a — 2y = 0, and 
a 


3x —2y = 5. Let f(z,y) = ry — y. Then [f few aedy = — where a = 
‘ 12 
Aint. Try x = 2r+s,y=3r-—s. D 


or — 
(8) The value of / exp ( Z “) dx dy where D is the triangular region (0,0), (1,0), and 
D 


2u+y 
(5,1) is +(b—1) where a = and b = 
(9) The area of that portion of the plane 4x+6y—z = 1 which lies inside the elliptic paraboloid 
z= 4x? + Oy? is van where a = 
y2 2 


2 
(10) Let E be the ellipsoid > - sre 


ita < 1. Then 


a? y? 3 
fff (@+8+3) dx dy dz = 


(11) Let D be the square with vertices (+1,0) and (0,+1). Then 


[Joven 20-9 
D 


where a = and b = 


2 le 
1 
(12) [ [ exp (s*") iyde =$ (0-5) where a = and b = 
0 2x2—3 _ 
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dr — 
(13) The integral of f(x,y) = cos (“== over the region bounded by the lines y = 2z, 
at+y 
y = —3x4+ 20, and y = eG is ~ where a = 
T 


(14) Let D be the triangular region in the xy-plane with vertices (0,1), (1,0), and (3, 5): Then 
1 
[fe +y-—1) cos(F (2 —yt 1)*) dx dy = — where a = . Hint. Try the change 
a 
D 


of variables u=a2+y—landv=a—y+l1. 
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37. CHANGE OF VARIABLES IN AN INTEGRAL 


37.3. Problems 


(1) Consider the transformation T: R? —> R? defined by T(u, v) = (3u — 4v,u + 5v). Prove 
or disprove: 
(a) T is one-to-one. 
(b) T is onto. 
(2) Prove or disprove: the mapping T: R? —> R? defined by T(u,v) = (u 
one-to-one. 
(3) Consider the transformation T: R*? —+R? defined by T(u, v) = (4u+13v,2u+7v). Prove 
or disprove: 
(a) T is one-to-one. 
(b) T is onto. 
(4) Consider the transformation T: R? —>R? defined by T(u, v) = (8u+12v,6u+9v). Prove 
or disprove: 
(a) T is one-to-one. 
(b) T is onto. 


(5) Let D be the region bounded by the lines x + y= 0, 7+ y = 6, @ = 2y, and x = 2y — 3, 


2 _ vy? Quy) is 


and let F(x,y) = x + 2y. Explain in detail how to find // F (x,y) dx dy by making use 
D 
. xv =2r-s . 
of the change of variables T ae Carry out the computation. 
y =rt+s 
(6) Let D be the region bounded by y= 2 (0< 2 <1), y= —a?2+22 (l<a<2),y=r-2 


(1 <a < 2), and y = —a2? (0 < 2 < 1). Explain in detail how to compute [fe —y)dxdy 


D 
in three different ways. (Carry out the computations to check that you get the same 


answer each time.) Hint. For two of the ways try the change of variables x = u+ v and 


y=v—u’. 


(7) Give an argument showing that 
oR? 
re 6 
Hint. Start by showing that 


3 1 -[f dx dy 
a (0) 0 l—zy 


To evaluate the integral change variables: obtain u and v axes by rotating the x and y 
axes counterclockwise by 7/4 radians. Then make use of Abel’s theorem 37.1.1. 


37.4. ANSWERS TO ODD-NUMBERED EXERCISES 


37.4. Answers to Odd-Numbered Exercises 
circle, radius 16 


1, —2, 3, —1, square, 1, 1, 1, 1 
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CHAPTER 38 


VECTOR FIELDS 


38.1. Background 


Topics: vector fields, flow lines, divergence, curl, conservative fields, potential functions, open sets, 
connected sets, simply connected sets. 


38.1.1. Definition. A vector field is INCOMPRESSIBLE (or SOLENOIDAL) if its divergence is zero. 
It is IRROTATIONAL if its curl is zero. 
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38. VECTOR FIELDS 
38.2. Exercises 

(1) The (nonparametric) equation of the flow line of the vector field F(z, y) = xi-— yj which 
passes through the point (4,3) is ; 

(2) The (nonparametric) equation of the flow line of the vector field F(x, y) = yi-— xj which 
passes through the point (4,3) is . 

(3) The (nonparametric) equation of the flow line of the vector field F(x, y) = xi+2?j which 
passes through the point (1,1) is 3y = f(a) where f(x) = : 

(4) Let f(x,y) = V2? + y? for all (x,y) 4 (0,0). Then Vf (a, y) = P(x, y)i+ Q(z, y)j where: 

P(w,y) = ____and Q(z, y) = 
Sketch the gradient field of f. 

(5) The (parametric) equation of the flow line of the vector field F(x, y, z) = 2vi+ zj— 27k 
which passes through the point (e?,0,1) at time t = 1 is r(t) = a(t)i+b(t)j+c(t)k where 
alt) = £0) = , and c(t) = : 

(6) The (parametric) equation of the flow line of the vector field F(z, y,z) = (y+1)i+2j+ 
(2z)~!k which passes through the point (1,1, 1) at time t = 1 is r(t) = a(t) i+0(t) j+c(t)k 
where a(t) = he) = , and c(t) = : 

(7) A (parametric) equation of the flow line of the vector field F(z, y) = 3t?xi+ yj which 
passes through the point (2,1) is r(t) = a(t)i+ b(t)j where a(t) = and 
b(t) = : 

(8) An example of a potential function f for the vector field F(x,y) = (ycosx — cosy)i+ 
(sina +asiny)jis f(x,y) = 

(9) Consider the set S = {(x,y): #0}. The set S$ (is/is not) open; it 
(is/is not) connected; it (is/is not) simply connected. 

(10) Consider the set S = {(2,y): 27+ y? <1 or 4<a2?+y? <9}. The set 9 (is/is 
not) open; it (is/is not) connected; it (is/is not) simply connected. 
(11) Consider the set S = {(x,y): 1 < 27+ y? < 25}. The set 9 (is/is not) open; it 
(is/is not) connected; it (is/is not) simply connected. 
(12) Let f(x,y) = (a? + y? + 4c — 6y + 13)~!. Then the domain of f (is/is not) 
open; it (is/is not) connected; it (is/is not) simply connected. 
(13) Let f(z, y, z) = 2y%e*. Find each of the following (if they make sense): 
(a) grad f = 
(b) div f = 
(c) curl f = . 
(14) Let F(a, y, z) = y2?it 2?y?j+ (a2? + y? + 2)k. Find each of the following (if they make 
sense): 
(a) gradF = : 
(b) divF = ; 
(c) curlF = ' 
(15) Let F(a, y, z) = 2rye* it xe? j + (x? ye? + z7)k. Then 
(a) V-F= 
(b) Vx F= ; and 


(c) afunction f such that F = Vf is given by f(z, y, z) = 
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(16) Let F(z, y, z) =vi+a7y?j4+ 2°y%z3k. Then 
(a) the divergence of F is 
(b) and the curl of F is i+ jt k. 
(17) Let F(,y,2) = 5 ~ att zy 
F is i+ j+ k. 
(18) Let F(z, y, z) =2?i+ y?j+2%k. Then 
(a) the divergence of F is 
(b) and the curl of F is i+ jt k. 
(19) Consider the following vector fields: 
(a) rityjt+zk; 
(b) (2 + y*)it (y+ 2°) §+ (2 +27) k; and 
(c) yzit+azj+ayk. 
The ones that are incompressible (solenoidal) are 


5 J. Then the divergence of F is and the curl of 
7] 


The ones that are irrotational are 


(20) Let r= vi+yjt+zkandF= . Then the divergence of F is zero when p = 


r 
|| rIlP 


(21) Let F(a, y) = ry?i+ (x+y)j and let D be the region bounded by the curves y = x? and 


y =x. Then 
[fvx) Kaa é 
D 


304 


( 
( 


7 
9 


(11 
(13 


(1 


) 
) 
) 
) 


5) 


38. VECTOR FIELDS 


38.3. Answers to Odd-Numbered Exercises 


is, is not, is not 

is, 1S, is not 

) (Qry%e*, 307y7e*, 27 y>e*) 
does not make sense 
does not make sense 
Qye? + x ye? + 2z 

(0, 0,0) sg 

C) EYE az 


(a 

(b) 
(c) 
(a) 
(b) 
( 


(17) 0, 0, 0, 0 
(19) c,aandc 


(21) 


a 
12 


Part 10 


THE CALCULUS OF DIFFERENTIAL 
FORMS 


CHAPTER 39 
DIFFERENTIAL FORMS 


39.1. Background 


Topics: differential forms, wedge product. 


Although differential forms can be defined in spaces of any dimension, in this course we will 
work only with forms defined on subsets of R°. In the following take U to be a subset of R?. 


39.1.1. Definition. A 0-FORM on U is a smooth scalar field defined on U. 
Example: w = 27y + sin(xz) is a 0-form on R?. 
39.1.2. Definition. A 1-FORM on U is an expression of the form 
w= P(x, y,z) dx + Q(a, y, z) dy + R(a, y, z) dz (1) 
where P, Q, and R are smooth scalar fields (0-forms) defined on U. We usually write just 
w= Pdxr+Qdy+ Rdz. 
Example: w = x7ydz 4+ xyz dy + e¥z° dz is a 1-form on R°. 
Example: w = xsinxdx + ylnazdy is a 1-form on the right half plane. 
Example: w = y’ arctan y dy is a 1-form on the real line. 
39.1.3. Definition. A 2-FORM on U is an expression of the form 
w= P(x,y,z)dyA\ dz+ Q(a,y,z)dzAdx+ R(x, y, z) dx A dy (2) 
where P, Q, and R are smooth scalar fields (0-forms) defined on U. We usually write 
w= PdyAdz+QdzAdz+Rdz dy. 
Example: w = ryzdy \ dz + yzdz \dx + zdx A dy is a 2-form on R®. 


Example: w = 


eh dy is a 2-form on R? with the origin excluded. 
x? + y? 


39.1.4. Definition. A 3-FORM on U is an expression of the form 
w= P(x, y,z) dx Ady Adz (3) 
where P is a smooth scalar field (0-form) defined on U. We usually write 
w= Pdx Ady Adz. 
Example: w = (2? + y? + 2”) dx A dy A dz is a 3-form on R°. 


The n-forms above (for n = 0,1,2,3) are examples of DIFFERENTIAL FORMS. It will be conve- 
nient (for the purposes of this course) to regard a p-form for p > 3 as identically 0. We denote by 
G?(U) the family of p-forms on the region U. Thus (in this course), G4(U) = G°(U) =--- =0. 

Terms of differential forms which are multiplied by 0 are omitted. For example, the 1-form 
P dz is understood to be Pdx + Ody + Odz and the 2-form Q dz A dz is understood to be Ody A 
dz+QdzAdz+O0dz A dy. 

Let P, Q, and R be scalar fields on U. We say that w = Pdx + Qdy+ Rdz is the 1-form 
ASSOCIATED WITH the vector field F = Pi+ Qj+ Rk. (And, of course, F is the vector field 
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associated with w.) Notice that a vector field is identically zero if and only if its associated 1-form 
is. 


Example: If F(z, y,z) = x?yi+ ysin zj+e**k, then its associated 1-form is «?y dx + ysin z dy + 
e”* dz. 


Differential forms can be ADDED. Addition of 0-forms (scalar fields) is familiar. We add 1-forms 
by adding “coefficients”. Ifw = Pdx+ Qdy+ Rdz and w= Sdx+Tdy+U dz, then 


wt p=(P+S)dr+(Q+T)dy+(R+U) dz. 
Addition of 2-forms and 3-forms is similar. 
Differential forms can be multiplied. The (WEDGE) PRODUCT of a p-form w and a q-form pu is 
a (p + q)-form denoted by w A yu. The wedge product has the following properties: 
(1) The operation / is associative. That is, if w, w, and v are differential forms, then 
(wAp)AvV=WwA(pmAv); 
(2) The distributive laws hold: if w € G? and pv € G4, then 
wA(utv)=wAptwAv 
and 
(utv)Aw=pAwt+vAyn; 
(3) If w is a 1-form, then w Aw = 0. 


Note: The wedge symbol is usually not written when taking the product of a 0-form with another 
differential form. For example, if we multiply the 0-form 3x7z by the 2-form dx \ dy we would write 
3az dx \ dy instead of 3x2z \ dx Ady. Furthermore, 0-forms are usually written on the left. Thus, 
for example, if w = 3x2 dx and p = 2xz dy, then w A p = 6x7z dx A dy. Note also that the number 0 
acts as an annihilator on differential forms; that is, if w is a k-form, then 0-w is the zero k-form. 


39.1.5. Theorem. [fw and pu are 1-forms, then 
WN b= —-pAw. 


PRooF. You are asked to prove this fact as problem 1 below. 


39.1.6. Example. If w = «dx +ydy and w= ydx + «dy, then 
wA p= (adx+ydy) A (ydzx + x dy) 
= aydz\dx+a2dx A dyt+y? dy A dx + xy dy A dy [by (2) above] 
a” dx \ dy + y? dy A dx [by (3) above] 
(a? — y*) dx A dy [ by the preceding theorem] 


39.1.7. Example. If w = 2xydx + x27 dy and p = xdx + ydy + zdz, then 
wA p= (Qry dx +27 dy) A (a dx + ydy + zdz) 
= 2x7y dx \ dx + 2xy” dx A dy + 2xyz dz \ dz + 2° dy A dx + x7y dy A dy + x72 dy A dz 
= (Qry” — 2°) dx A dy — 2ryzdz A dx + a7zdy A dz. 
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39.2. Exercises 
(1) Let w = (3a + yz) dx + cos(xz) dy + (x? + y) dz and pw = (x@ + 2”) dx + e&¥ dy + (y+ 2) dz. 
Then w+ p= dx + dy + dz. 
(2) Let w = e¥ dz Adz and p =e" dy. ThenwA p = 
(3) Let w = 3rdzr + ydy and p= x3 dx + 2° dz. 
Then w A pp = dy \dz+ dz \ dx + dx A dy. 
(4) Let w = 32ydzx 4+ y?zdy + xy dz and p = xz dy Adz + 2ydz A dz — dz A dy. 
Then w A pp = 
(5) Letw = Pdx+Qdy+ Rdz and p= Sdx+Tdy+U dz be 1-forms. 
Then w A pp = dy \dz+ dz\dx+ dx A dy. 
(6) Let w = 3yzdy A dz — 5xy dx A dy and p = x7 dy Adz 4+ ayzdz \ da + 27 dx A dy. 
Then w A pp = : 
(7) Let w = x?ydy A dz + xyzdz A dx and yp = dx + dy. Then 


wN b= 


(8) Let F = xi—-yj+zk and G = yzi+ xzj+xyk. Then the 1-form associated with the 
vector field F x G is dx + dy + dz. 
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39.3. Problems 
(1) Prove that if w and p are 1-forms, then 
wAh=—-pLAw. 
Hint. Consider (w + p)?. 


(2) Let f be a scalar field (that is, a 0-form) on a region in R*. Show that df is the 1-form 
associated with Vf. 


39.4. ANSWERS TO ODD-NUMBERED EXERCISES 


39.4. Answers to Odd-Numbered Exercises 
1) 42 + yz + x, cos(xz) + e¥, a7 +2y +z 
3) y2°, —3az°, —ax3y 
5) QU — RT, RS— PU, PT —Qs 
7) (@?y + xyz) dx A dy A dz 


( 
( 
( 
( 
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CHAPTER 40 
THE EXTERIOR DIFFERENTIAL OPERATOR 


40.1. Background 


Topics: exterior differential operator. 


40.1.1. Definition. The EXTERIOR DIFFERENTIATION OPERATOR d is a mapping which takes 
k-forms to (k + 1)-forms. That is d: G* —>G**!. It has the following properties: 


(i) If f is a 0-form on R®, then d(f) is just the differential (or total derivative) df of f. That 
is, 
d(f) =df= fredx + fydy + fz dz; 
(ii) d is linear (that is, if w and yz are k-forms and c is a constant, then d(w + yw) = dw + du 
and d(cw) = cdw); 
(iii) d? = 0 (that is, d(dw) = 0 for every k-form w); 
(iv) If w is a k-form and yp is any differential form 


d(w A pt) = (dw) A p+ (—1)kw A dp. 
Example: If w = ry? sin z, then 
dw = y* sin z dx + 2xysin z dy + xy” cos z dz [by (i)] 
Example: If w = xe”, then 
dw = 2xe* dx + x7 e* dz [by (i)] 
Example: If w = xy?z° dy, then 
dw = d(ay*z?) A dy + xyz? d(dy) [by (iv)] 
=d(xy?z’) Ady [by (iii)] 
= (y*2z3 dx + 2xyz? dy + 3xy?z? dz) A dy [by (i)] 
= y*29 dx A dy + 2xyz? dy A dy + 3ay7z? dz A dy 
= y*29 dx A dy — 3ay7z7 dy A dz 


Example: If w = ry dz + 2?yz dy + 23 dz, then 
dw = d(ay dx) + d(a*yz dy) + d(z3 dz) [by (ii)] 
= d(xy) \ dx + ry d(dx) + d(a”yz) A dy + 2” yz d(dy) 
+ d(z?) A dz + 23 d(dz) [by (iv)] 
= d(xy) A dx + d(x?yz) A dy + d(z?) A dz [by (iii)] 
= (ydx + x dy) A dx + (Qryz dx + 27z dy + x? ydz) A dy 
+ (327 dz) Adz [by (i)] 
= x dy A dx + 2ayz dx A dy + x7y dz A dy 
= x(2yz — 1) dx A dy — xy dy A dz. 
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Remark: It simplifies computations to notice that d(dx \ dy) = d(dx) A dy — dz A d(dy) = 
OA dy—dxA0=0. 


Example: If w = xz? dx A dy + xyz dz A dz, then 
dw = d(xz* dx A dy) + d(ayz dz A dz) [by (ii)] 

= d(xz*) A (dx A dy) + z* d(dx A dy) + d(ayz) A (dz A dz) 
+ xyz d(dz A dz) [by (iv)] 
= d(xz) A (dx A dy) 
+ d(xyz) A (dz A dz) [by the Remark above] 
= (27 dx + 2xzdz) Adz A dy 
+ (yzdx + uzdy+ xrydz) \dz Adz [by (i)] 
= 2azdz\dx \dy+azdy A dz dz 
= —2rzdxz \ dz dy — xz dy A dx A dz 
= 2azdx \ dy \dz+azdz A dy A dz 
= 3xzdx A dy \ dz 


Example: If w = ry?z° dx A dy A dz, then dw = 0. [Proof: The differentiation operator takes 
3-forms to 4-forms and (in this course) all 4-forms are zero. Or, you can give essentially the same 
argument as in the Remark above.] 


40.2. EXERCISES 


40.2. Exercises 
(1) Let f(z,y,z) =a? + y? + 2asinz. Then 
df = dx + dy + 


(2) If w = 2 y?z° dy, then 
dw = dy \dz+ dz \dx+ 


(3) Let w = cos(xy?) dx A dz. Then (in simplified form) 
dw = 
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dz. 


dx /\ dy. 


(4) If w = ay?z3 dx + sin(xy) dy + e dz, then 
dw = dy \dz+ dz \ dz + 


dx /\ dy. 


(5) Let w = x?y dy — xy? dx. Then (in simplified form) 
dw = 


(6) Let w= adyAdz+ydzAdx+zdx dy. Then (in simplified form) 


dx A dy. 


dx A dy. 


dx /\ dy. 


dw = 
(7) Let f be a 0-form. Then (in simplified form) 
d(f dx) = dy Adz+ dz\dx+ 
(8) Let w = 3azdxr 4+ xy? dy and p = x?y dx — 6rydz. Then (in simplified form) 
d(w A p) = 
(9) Let w = yzdx+auzdy+axrydz. Then 
dw = dy \dz+ dz \dx+ 
(10) Let w = 22°e* dx + y*® sin z dy + (a? + y) dz. Then 
dw = dy \dz+ dz \ dx + 
(11) Let w = xdx+arydy + xyz dz. Then 
dw = dy \dz+ dz \ dx + 


da /\ dy. 
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40.3. Problems 


(1) Let U be a region in R? and F : U—+R? be a smooth vector field. Consider the change 
of coordinates in the plane given by 
(x,y) = F(u,v). 
(a) Show that 
dx \ dy = det|dF] du A dv. 
(b) Apply (a) to the transformation taking polar to rectangular coordinates: 
{ x=rcosé 


y=rsind 


(2) Let U be a region in R® and F: U —+R?® be a smooth vector field. Consider the change 
of coordinates in R® given by 
(g, Y; z) = F(u, v, w). 
(a) Show that 
dx \ dy \ dz = det|dF] du A du A dw. 


(b) Apply (a) to the transformation taking cylindrical to rectangular coordinates. 
(c) Apply (a) to the transformation taking spherical to rectangular coordinates. 


40.4. ANSWERS TO ODD-NUMBERED EXERCISES 


40.4. Answers to Odd-Numbered Exercises 
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CHAPTER 41 
THE HODGE STAR OPERATOR 


41.1. Background 


Topics: Hodge star operator. 


41.1.1. Definition. In R®? the HODGE STAR OPERATOR * maps k-forms to (3 — k)-forms for 
0<k <3. That is, if w is a k-form then *w is a (3 — k)-form. The operator has the following 
properties: 

(i) *(wt+p) =*w+x*p if w and p are k-forms; 


) 

bdr hay Aes 

(iv) «dx = dy A dz; * dy = dz A dx; xdz = dx A dy; and 
) 


Note: In even dimensional spaces R” (n an even integer) condition (v) must be replaced by 
* * w= (—1)"—-")y when w is a k-form. 


41.1.2. Example. Let w = x7yzdy A dz + ysinz dx A dy + e®Y dx A dz. Then 


*w = xyz dx — e™ dy + ysinz dz. 
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41. THE HODGE STAR OPERATOR 


41.2. Exercises 


(1) 
(2) 
(3) Let w = 3azda+y?zdy+27y> dz. Then *d* w = ; 
(4) Let w = 3rzdr4 y?zdy+27y3 dz. Then *dw = Pdx+Qdy+ Rdz where 


P= ,Q= ,and R= 


(5) Suppose we wish to define the INNER PRODUCT (or DOT PRODUCT) of two 1-forms w = 
Pdz+Qdy+Rdz and p= Sdx+T dy+U dz to be the 0-form PS+QT+ RU. Rephrase 
this definition without mentioning the components of w and w. 


Answer: (w, p) =w- p= 


(6) Let w = sin(yz) dy A dz + xyzdz A dx + e** dx \ dy. Then *d* w = Pdx+Qdy+ Rdz 
where P = ,Q= ,and R= : 

(7) Let w = sin(yz) dy A dz + xyz dz A dx + e®* dx \ dy. Then dx dw = iba + Rdz 
where P = ,Q= ,and R= 


(8) Let f be a scalar field. Write Laplace’s equation rx + byy + dzz = 0 in terms of d, *, and 
f only. 
Answer: = 0. 


(9) Suppose we wish to define the SCALAR TRIPLE PRODUCT |w, 11,7] of three 1-forms w = 
Pdz+Qdy+Rdz, w= Sdx+Tdy+U dz, andy = V dx+W dy+X dz to be the 0-form 


PQ R 

det|S T U|. Rephrase this definition without mentioning the components of w, pu, 
VW X | 

and 7. 


Answer: [w, 1,7] = 
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41.3. Problems 


(1) Let F and G be vector fields on a region in R®. Show that if w and p are, respectively, 
their associated 1-forms, then * (w A jz) is the 1-form associated with F x G. 


322 


( 
( 
( 
( 
( 


1) 
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41. THE HODGE STAR OPERATOR 


41.4. Answers to Odd-Numbered Exercises 


xy + 3y2z 
3% + 2yz 


)) (or *( (w) A 1) 
1)e** + z, 0, x(1 + ze**) 


9) x(wA An) 


CHAPTER 42 


CLOSED AND EXACT DIFFERENTIAL FORMS 


42.1. Background 


Topics: closed differential forms, exact differential forms. 


42.1.1. Definition. A k-form w is CLOSED if dw = 0. It is EXACT if there exists a (k — 1)-form 7 
such that w = dn. 
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42. CLOSED AND EXACT DIFFERENTIAL FORMS 


42.2. Exercises 


(1) The 1-form w = ye™¥ dx + xe*¥ dy (is/is not) exact. If it is then w = df 
where f(x,y, z) = ‘ 
(2) The 1-form w = xsinydzx + ycosx dy (is/is not) exact. If it is then w = df 
where f(x,y, 2) = , 
arctany 2 arcsing =” = 
3) The l-form w = +4307 | dx + te¥ | d is/is 
2 Cre y a 2y? 4 os 


not) exact. If it is then w = df where 


f(e,m%2) = 


(4) The 1-form w = 


2x3 y + 2 1 
Ley + 2ry + ) da + (x? + e*) dy + (ye® + 22) dz (is/is not) 


14 2? 
exact. If it is then w = df where 


fla, Y, z) al 
(5) The 1-form w = (yze"¥? + 2ay?) dx + (xze*4¥* +3x7y? +sin z) dyt (xye™¥? +y cos 2 +42) dz 
(is/is not) exact. If it is, then w = df where 
f(a; Y, z) = 
(6) Solve the initial value problem 
e” cosy + 2x — e*(siny)y’ = 0, y(0) = 7/3. 
Hint. Why is the 1-form (e* cos y + 2x) dx — e*(sin y) dy exact? 


Answer: y(x) = 


(7) Solve the differential equation 2x°y? + x+y y’ = 0 on the interval 1 < x < 10 subject to 
the condition y(2) = 5: Hint. Is 2x?y? dx + x4y dy exact? 


Answer: y(x) = 
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42.3. Problems 
1 
2 
3 
4 


Show that every exact k-form is closed. 
Show that if w and yu are closed differential forms, then so is w A w. 
Show that if w is exact and yp is closed, then w A p is exact. 


Show that if the 1-form w = Pdx + Qdy + Rdz is exact, then Py = Q,, P: = Ry, and 
Q: = Ry. 

(5) Suppose that F is a smooth vector field in R® and that w is its associated 1-form. Show 
that * dw is the 1-form associated with curl F. 


(6) Let F be a vector field on R? and w be its associated 1-form. Show that *d* w = divF. 


(7) Let f be a smooth scalar field (that is, a 0-form) in R°. Use differential forms (but not 
partial derivatives) to show that curl grad f = 0. 


(1) 
(2) 
(3) 
(4) 


(8) Let F be a vector field on an open subset of R?. Use differential forms (but not partial 
derivatives) to show that div curl F = 0. 


(9) Use differential forms to show that the cross product of two irrotational vector fields 
is incompressible (solenoidal). Hint. Show (without using partial derivatives) that 
div(w x uw) = curlw-w—w- curl pu. 


(10) Explain how you know that there does not exist a vector field defined on R? whose curl is 
y2ritatyzjt+y?zk. 
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42. CLOSED AND EXACT DIFFERENTIAL FORMS 


42.4. Answers to Odd-Numbered Exercises 


(1) is, exp(xy) 
x 
(3) is, arcsinx arctan y + oF + 2° +e 


(5) is, exp(xyz) + zy? + ysin z+ 24 
2 
(7) 


x 


Part 11 


THE FUNDAMENTAL THEOREM OF 
CALCULUS 


CHAPTER 43 


MANIFOLDS AND ORIENTATION 


43.1. Background—The Language of Manifolds 


Topics: manifolds, parametrization, orientation, unit normal vector 


In these notes, for simplicity, we consider only manifolds contained in R*. For more serious 
applications manifolds in Euclidean spaces R” of arbitrary dimensions must be considered. 


A 0-MANIFOLD is a point (or finite collection of points). 
A function is SMOOTH if it is infinitely differentiable (that is, if it has derivatives of all orders). 


A CURVE is a continuous image of a closed line segment in R. 

Let C be a curve. The choice of an interval [a,b] and a continuous function f such that 
C = f({a, |) is a PARAMETRIZATION of C. If the function f is smooth, we say that C is a SMOOTH 
CURVE. 

A 1-MANIFOLD is a curve (or finite collection of curves). A 1-manifold is FLAT if it is contained 
in some line in R*. For example, the line segment connecting two points in R? is a flat 1-manifold. 


A SURFACE is a continuous image of a closed rectangular region in R?. 

Let S be a surface. The choice of an interval R = [a1, bi] x [a2, bg] and a continuous function f 
such that S = f(R) is a PARAMETRIZATION of S. If the function f is smooth, we say that S is a 
SMOOTH SURFACE. 

A 2-MANIFOLD is a surface (or finite collection of surfaces). A 2-manifold is FLAT if it is 
contained in some plane in R*. For example, the triangular region connecting the points (1,0, 0), 
(0, 1,0), and (0,0,1) is a flat 2-manifold. 


A SOLID is a continuous image of the 3-dimensional region determined by a closed rectangular 
parallelepiped (to avoid a ten-syllable name many people say rectangular solid or even just box) 
in R?. 

Let EF be a solid. The choice of a rectangular parallelepiped P = |a,, bi] x [a2, bz] x [a3, bs] and 
a continuous function f such that EF = f(P) is a PARAMETRIZATION of EF. If the function f is 
smooth, we say that EF’ is a SMOOTH SOLID. 

A 3-MANIFOLD is a solid (or finite collection of solids). 


43.1.1. Notation. Let P, Q, and R be points in R?. We denote by (P, Q) the oriented line segment 
starting at P and ending at Q. (It should be clear from context when this notation indicates a 
line segment and when it indicates an inner product.) Also we denote by (P,Q, R) the oriented 
triangular region whose vertices are P, Q, and R and whose orientation is P first, then Q, then R. 


Notice that 0(P,Q) = Q — P and that 0(P,Q, R) = (P,Q) + (Q, R) + (R, P). 
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In the following paragraphs we will lay out some conventions for assigning orientations to the 
manifolds we are considering. It should be noted that not every manifold admits an orientation. 
When, for example, there is no way of assigning in a continuous fashion a unit tangent vector to 
each point of a smooth 2-manifold, as is the case for a Mébius strip, we say that the manifold is 
nonorientable. 

Each of the manifolds we consider can be given two orientations, which we call, somewhat 
arbitrarily, positive and negative. If M is an oriented manifold (that is, a manifold together with 
an orientation), we denote by —M the same manifold with the opposite orientation. Furthermore, 
if M, and Mg are oriented k-manifolds, we denote by My + Mo the union of M, and Mz where each 
part keeps its original orientation. 

Is there any point to defining —M and M;,+ Mg»? For our purposes there is exactly one reason: 
it has to do with integration. Shortly we will discuss (for k = 0, 1, 2, and 3) what it means to 
integrate a differential form over an oriented manifold. We will adopt the following very important 
conventions: 


(1) Whenever M is an oriented k-manifold and w is a k-form defined on some open set con- 


taining M, we define 
/ i= -{ Ww. 
—M M 


(2) Whenever M; and Mg are oriented k-manifolds and w is a k-form defined on some open 
set containing My U Mo, we define 


i w= f Ww +f W,. 
M\+Moe M, M2 


Oriented points 


A point P can be assigned one of two orientations: +1 or —1. There is no geometrical signifi- 
cance in this assignment. 


Oriented curves 


An example of a flat 1-manifold is an interval in R. Its positive orientation is taken to be in 
the direction of increasing values. That is, if you think of the interval as a subset of the x-axis; its 
positive orientation is from left to right. 


The orientations of an orientable 1-manifold are induced by its parametrization. If 
r(t) = (r(t),r?(t), r3(t)) (where a < t < b) is the parametrization of a smooth curve C in R?, the 
positive orientation of C is in the direction from its “starting point” r(a) to its “ending point” r(b). 


The orientation of a 1-manifold induces an orientation on its boundary. If r(t) = 
(rl (t),r2(t),r3(t)) (a < t < 6) is the parametrization of the curve C, then the boundary of C 
consists of its positively oriented ending point together with its negatively oriented starting point; 
that is, 
OC = r(b) + (-r(a)). 


43.1.2. CAUTION. If P and Q are points most people write Q — P for Q+(—P). Do not 
interpret this or the right side of the preceding formula in terms of the ordinary vector arithmetic 
on coordinates of points in R°. 


Oriented surfaces 


An example of a flat 2-manifold is a rectangle in R?. Let R be the rectangle [a1,b1]  [a2, be] 
in the xy-plane. Its positive orientation is the one determined by the unit vector k =i x j. This 
is often described as the “counterclockwise” orientation. Of course, the connection between these 
two descriptions is given by the familiar “right-hand rule”. 
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An orientation of a 2-manifold is induced by its parametrization. Suppose that 
r(u,v) = (r'(u,v),r?(u,v),r3(u,v)) (where ay < u < by and ag < v < be) is the parametriza- 
tion of a surface S. Then we take the positive orientation of S to be in the direction of its normal 
vector ry X Ly. 


An orientation of a 2-manifold induces an orientation on its boundary. Suppose that 
r(u,v) = (r*(u,v),7r2(u, v), r3(u,v)) (a, < u < by and ag < v < by) is the parametrization of a 
surface S and that S is bounded by a finite collection of simple closed piecewise smooth curves C}, 


..., Cp. We write 
Pp 
O08 =S°Cy 
k=1 


where we have chosen the orientation on each C; by selecting a parametrization of Cz, in such a 
way that at each point p where the parametrization is differentiable the binormal vector B(p) = 
T(p) x N(p) points away from the surface. (Here, T(p) is the unit tangent vector to the curve C;, 
at p and N(p) is the usual unit normal which results from normalizing r,, x ry.) A somewhat more 
informal way of saying the same thing is, “if you walk around each of the curves Ci; in a positive 
direction with your head pointing in the direction of N, then the surface will always be on your 
left.” 


Oriented solids 


An example of a flat 3-manifold is a rectangular parallelepiped in R?. Let R = [a,b] x [c,d] x[e, f] 
in R?. Just as we think of the positive (counterclockwise) orientation in R? as “going from the 
x-axis to the y-axis” we specify the positive orientation in R® by selecting first the z-axis, then the 
y-axis, and finally the z-axis. Any cyclic permutation of this choice (first y then z then 2—or— 
first z then x then y) is also regarded as positive. Other permutations (first y then x then z, for 
example) produce negative orientations. 


An orientation of a 3-manifold is induced by its parametrization. If r(u,v,w) = 
(rl (u,v, w),77(u, v, w), 73 (u,v, w)) (where ay < u < by and ag < v < by and a3 < w < 63) is the 
parametrization of a solid EF, the orientation of E is positive if the Jacobian of r is everywhere 
positive. 


An orientation of a 3-manifold induces an orientation on its boundary. Suppose 
that r(u,v,w) = (r'(u,v, w), r2(u, v, w), 73 (u,v, w)) (where ay < u < db, and ag < v < by and 
a3 < w < 63) is a positive parametrization of a solid E and that E is bounded by a finite collection 


of simple closed piecewise smooth surfaces $1, ..., S,. We write 
Pp 
OE= 5° St 
k=1 


where we have chosen the orientation on each S; by selecting a parametrization of S, in such a 
way that at each point p where the parametrization is differentiable the normal vector N(p) points 
away from the solid. That is, the positive orientation induced by a solid on its boundary is the 
“outward directed normal”. 
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43. MANIFOLDS AND ORIENTATION 


43.2. Exercises 


(1) Let R be the surface parametrized by 


NS 


SS 


NS 


SS 


r: [0,2] x [0,1] —+R?: (u,v) + (u,v,0). 
Then the (positive) orientation induced by r is determined by the unit normal vector, 
which is given by 
N(ui;u) ={ ; , ie 
We can write the boundary of R as the sum of four simple smooth curves 
OR=Ci+Co+C34+C4 


whose induced orientations are given by 


(a) ri(t)=(____, 0,0) where0<t<1, 
(b) ra(t) = (2, ,0) whereO<t<1, 
(c) r3(t)=(__ i 1,0) whereO<t<1, and 
(d) ra(t)=(0,_ 0) )~=—whereO<¢ <1. 


Let R be the surface parametrized by 
r: [0,2] x [0,1] —R?: (u,v) + (v, u, 0). 
Then the (positive) orientation induced by r is determined by the unit normal vector, 
which is given by 
N(u, v) = ( ; ; ie 
We can write the boundary of R as the sum of four simple smooth curves 
OR=Ci+Co+C34+C4 


whose induced orientations are given by 


(a) ri(t)=(0, 0) ~=whereQ<t<1 

(b) ro(t) = ( ,1,0) whereO<t<1, 

(c) rg(t) = (2, __ ,0) where 0<t<1, and 
(d) ra(t)=(___ 0,0) ~whereO<t <1. 


Let C' be the curve parametrized by 
r(t) = (cost,sint,2t) where —m<t< 3r. 


Then 0C = Q— P where P is the point whose coordinates are ( ; : ) 
and Q is the point whose coordinates are ( : ; 1 


Let D = {(u,v): 0 <u < 20 and 0 < u < 2v} and T be the region in the xy-plane given 
by the parametrization 


r(u,v): D—>R?: (u,v) > (zu | 5, Ju | 2). 
Then OT = (O, P) + (P,Q) +(Q, O) where O is the origin, P is the point with coordinates 
( ), and Q is the point with coordinates ( ie 


Let A be the rectangular solid [0,1] x [0,7] x [0,27] and E be the solid parametrized by 


’ o) 


R(u, v, w) = (usin vcos w, usin v sin w, ucos v) 


where (u,v,w) € A. List four geometric/topological properties which characterize the 
solid E: 


(c) ; and 
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We know that EF is positively parametrized by R because the Jacobian of R is given by 
TR(u, v, w) a det[dR(w»,w)| = ) 


which is positive for all (u,v, w) € A. 


Parametrize the boundary of EF by setting 
r: [0,7] x [0, 27] —+R?: (v,w) 6 R(1,v,w). 
The unit normal vector N to OF is given by 


Niy, w)=( ; ; )s 
We know that r is the parametrization of OE induced by the parametrization R of E 
because 


(6) Let E be the unit cube [0,1] x [0,1] x [0,1]. Also let 

5S be the face of the cube lying in the xy-plane, 
S2 be the face of the cube lying in the xz-plane, 
S53 be the face of the cube lying in the plane x = 1, 
S4 be the face of the cube lying in the plane y = 1, 
Ss be the face of the cube lying in the yz-plane, and 
Se be the face of the cube lying in the plane z = 1. 

In the following D denotes the unit square [0, 1] x [0,1]. By an “appropriate” parametriza- 

tion we mean one that produces the usual positive (outwards directed) orientation. 

(a) An appropriate parametrization for Sj is 


r: D—>R?: (u,v) 6 ( ; : F 
(b) An appropriate parametrization for S is 

r: D—+R?: (u,v) 4 ( ; } Ih 
(c) An appropriate parametrization for S3 is 

r: D—>R?: (u,v) 6 ( ; ; Hy 


(d) An appropriate parametrization for S4 is 
3: (u,v) > ( ; : ys 
(e) An appropriate parametrization for Ss is 
3 (u,v) + ( ; : J 
(f) An appropriate parametrization for S¢ is 


r: D—>R?: (u,v) 4 ( F : ): 


r: D— 


r: D— 
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43. MANIFOLDS AND ORIENTATION 


43.3. Problems 


(1) Let T be the triangular region consisting of all those points (x,y) in R? such that 2, y > 0 
and x + y < 1. Show by direct calculation that 0?T = 0. 


(2) Let T be the tetrahedron consisting of all those points (a, y, z) in R® such that x, y, z > 0 
and «+y+z <1. Show by direct calculation that 0?T = 0. 


(3) Sketch the boundaries of the following parametrized surfaces and use arrows to indicate 
the direction of orientation. 
(a) r(u,v) = sinucosvi+sinusinvj + cosuk with 0 <u< $ and0<v < 2r. 
(b) R(u,v) = sinusinvi+sinucosvj+cosuk with 0 <u < § and 0 <v < 2z. 


(4) Sketch the boundaries of the following parametrized surfaces and use arrows to indicate 
the direction of orientation. 
(a) r(u,v) =uit+vj+(1—u-v)k withu,v>O0andu+v <1. 
(b) R(u,v) = vituj+(1—u-—v)k with u,v >O0andut+v< 1. 


(5) Sketch the boundaries of the following parametrized surfaces and use arrows to indicate 
the direction of orientation. 
(a) r(u,v) =uitvj+(1—v)k withO<u<1land-l<v<1. 
(b) R(u,v) =vitujt+ (1 —u?)k with -l1<u<land0<v<1. 
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43.4. Answers to Odd-Numbered Exercises 
0,0, 1, 2t, t, 2—2t,1-—t 
—1, 0, —27, 0, 1, 97 


closed, ball, centered at the origin, has radius 1 (the preceding in any order), usinv, 
sinvcosw, sinusinw, cosv, the normal N is directed outwards 


CHAPTER 44 


LINE INTEGRALS 


44.1. Background 


Topics: line integrals, Green’s theorem. 


44.1.1. Definition. Let r: [a,b] —~R® be a parametrization of a curve C: 
r(t) = 2(t)it+y(t)jt 2(t)k 


If f is a scalar field in R? whose domain is an open set containing C, we define 


b 
[tess f rempir'olar 
C a 
It would seem appropriate to call this integral a curve integral; it is usually called a LINE INTEGRAL. 
Suppose next that F(z,y,z) = P(z,y,z)i+ Q(z,y,z)j + R(z,y,z)k is a vector field in R® 
whose domain is an open set containing C’. Then we define the 
INTEGRAL OF (THE TANGENTIAL COMPONENT OF) F OVER C by: 


/F dese [row \ dt. 
C 


(Some people remember this formula by pretending that the equation dr = dri + dyj + dzk 


actually makes sense, and then substituting 7 dt for dx, and so on.) Another notation for this 


integral is 7 F - Tds (where T is the unit tangent vector dr/ds). 
C 
Suppose finally that w is the 1-form 
P(a,y,z) dx + Q(a,y,z) dy + R(a, y, z) dz. 


fos fra 


Cc Cc 
where F is the vector field associated with the 1-form w. 


Then we define 
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44. LINE INTEGRALS 


44.2. Exercises 


(1) Let C be the curve given by r(t) =i+ 2j+??k for 0 <t< 1. Then [eva == 
C 
(2) Let C be the curve x = y? starting at (1,1) and ending at (9,3). Then 


[uae + say) = ; 
Cc 


(3) Let F(a, y, z) = xit+yj+zk and C be the curve given by r(t) = ti+tj+tkfor0<t<1. 
Then fF -dr = 
C 
(4) Let w be the 1-form associated with the vector field F(z, y,z) = xi+yj+ zk and let C 


be the curve given by r(t) =ti+tj+tk for0<t<1. Then fe = 
Cc 
(5) Let C, be the shortest path along the unit circle x? + y? = 1 from (1,0) to (0,1) and Cy 
be the line segment from (0,1) to (4,3). Also let w = ydx — «dy. Then / wW=a- 5b 
Ci1+C2 
wherea=  —— andb= 
(6) Let C be the curve given by r(t) = ti+ 2tj+ 3tk for0 <t <1. Then [ves =avb 


C 
where a = and b = 


(7) Let C be the curve given by r(t) =ti+ 309? j+tk for2<t<7. Then f S72 ds = 5 
yt2 
Cc 
where a = 


(8) The value of the line integral of the vector field i+ yj around the astroid x?/° + y?/3 = 1 
is 


(9) A thin wire has the shape of a quarter of the circle x? + y? = 64 with x > 0 and y > 0. 
Suppose that its density function is p(x, y) = x+y. Then the mass of the wire is 
and its center of mass is ( ; ; 


(10) A wire lies along the intersection of the sphere 7? + y?+z? = 1 and the plane r+y+z=0. 
Its linear density at each point (x,y,z) is x? grams per unit length. The mass of the wire 
is grams. 


(11) Let C be the curve y? = x? starting at (1,1) and ending at (1,1) and w be the differential 
form (5y — x) dx + x?ydy. Then ic = 
C 
(12) Let w be the 1-form associated with the vector field F(z, y,z) = ci+ yj+<zk and let C 
be the curve given by r(t) = (cost)i+ (sint)j for 0 <t < 2a. Then fe = 
Cc 
(13) Let w = xdx + ydy + zdz and C be the curve given by r(t) = t?i+ 3tj + 2t?k for 
-1<t<2. Then fw = 
C 
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(14) A particle moves in a force field given by F(z, y,z) = xi+yj+ 2k. The work done in 
moving the particle along the parabola y = 2? in the xy-plane from 2 = —1 to x = 2 is 


(15) Let C be the curve given by r(t) = (20 cos? t, 20 sin’ t) for 0 < t < 1/2 and let f(x,y, z) = 
1+ 4y. Then f f(x,y) ds = 
Cc 


(16) If the curve C is given by r(t) = ti+t"j where 0 < ¢t < 1 and nis a natural number, then 


[va + (3y° — x) dy 4 edz = ~~ where a = and b = 


C 

(17) If C is the portion of the parabola y = x? lying between (—2,4) and (1,1) and w = 
(2 — 2y?) dy, then fe = 

Cc 

(18) Let C be the path consisting of the straight lines segments connecting (in order) the points 

(0,0,0), (2,0,0), (1,3,—1), and (1,3,0). Let w be the 1-form yz dx + xz dy+axydz. Then 
wo= 

C 

(19) A thin wire has the shape of a portion of the helix x = t, y = cost, z = sint where 
0 < t < 22. Suppose that its density at any point is the square of its distance from 

2n2 


a 
the origin. Then the mass of the wire is a\/ab{ —— + 1) and its center of mass is 
C 


+1 
ase where a = ,b= ,andc= 
ab? +¢ 
(20) Let F(x,y,z) = 2ay%e7i + 3x?y2e*j + v?y%e*k and C be the curve given by r(t) = 
4te'i+ t?j + In(1 + 2t)k for 0 <t <1. Then f{F-dr = ae? where a = and 
Cc 
(ee 
(21) Let F(x, y) = e” cosyi—e* sin yj and C be the curve given by r(t) = (cost) i+ (sin t) j for 
O<t<§. Then { F- dr = (cosa) — b where a = and b = 
Cc 


2 yt yzt ayes. gt+azt+ xyz 

1+ ay? 1+22y? 

r(t) = (sin $t, 1 — cos St, t?) for 0 <t<1. Then fF -dr= 
C 


(22) Let F(z, y, z) j+ «yk and C be the curve given by 


T+a 


where a = 


(23) If C is the path given parametrically by r(¢) = (t® sin? $t) i+ ¢'°(1—cos® $t) j for0 <t <1, 
then f(x° — 2xy) dx — 3x7y? dy = a where a = 
Cc 


(24) Let C be the curve given by r(t) = ti+?¢?j+ tk for 0 < t < 2 and let F(z,y,z) = 
Qey?z4 it 3a7y224 j+427y3z2k. The vector field F is conservative because F = Vf where 
f is the scalar field f(x,y, z) = . Thus fF - dr = 2? where p = 
Cc 
(25) Let C be the curve given by r(t) = ti+ t?j4+ t°k for 0 < t < 2 and let w = 2ry324 dx + 
3a2y?z4 dy + 4x?y3z3 dz. The 1-form w is exact because w = df where f is the 0-form 
F(o2)= . Thus fe = 2? where p = 
Cc 
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26) If C is the path given parametrically by r(t) = t’/2i+ darcsind(t+1)j forO<t <1, 
3 2 


where a = 


then [(xycos xy + sin xy) dx + (x cos xy) dy = 
Cc 


(27) Let C be the path given parametrically by r(t) = (t — l)e“~¢i + (4t? — 1)j for 0 <t <1, 
then f(y — x?) dx + (x+y?) dy = 
Cc 


(28) Let F(a, y, z) = (2?+y?+27) (a it+yj+zk) and C be the curve given by r(t) = t? i+ ¢° j+t?k 
9 
for 0 <t<1. Then [Ex<dc= — where a = 
rat a 
yo. 2y 
(29) A force field in the plane is given by F(z,y) = —;i— —j. The work done in moving a 
x 
particle from the point (2,4) to the point (1,2) is : 


(30) Let F(x, y) = (a? sinz — y, 27 + y%e”), R be the rectangular region [0,2] x [0,1], and C be 
the counterclockwise path around the boundary of R. Then 


[Pea= 


Cc 


(31) Let F(x, y) = (2x — xy, 3y + ry) and let C, and Cy be the circles centered at the origin 
with radii a and 0, respectively, where a < b. Suppose that C% is oriented clockwise and 
C;, is oriented counterclockwise. Then 


prea [Par 


Ca Coy 


(32) Let C be the positively oriented path bounding the rectangle [0,2] x [0,3]. Then 


fe — vy”) dx + 2xy dy = . 
C 


(33) The integral of the differential form w = (y? — arctanx) dx + (32 + siny) dy along the 
curve which forms the boundary of the region {(x,y): y > 2? and y < 4} is "te where 
i= 

(34) The area of the region bounded by the curve r(t) = costi+ sin? tj (where 0 < t < 27) is 


a 
— where a = 


4 
(35) Let F(z, y) = (Qay—alnx)i+(a«?y+y7e")j, let R be the rectangular region [1,7] x [2,5], 
and let C' be the counterclockwise path bordering R. Then 


[Fra . 


Cc 


(36) Let C be the (positively oriented) triangle whose vertices are (0,0), (1,1), and (0,1). Then 


1 
[@+P dre Sais 


a 
c 
where a = 


(37) Let F(z, y) = (—y,x) and let Ca and C;, be the circles centered at the origin with radii a 
and 0, respectively, where a < b. Suppose that Cy is oriented clockwise and Cy is oriented 
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counterclockwise. Then 


preas [Par 


Ca Co 


(38) The area inside the astroid 22/3 + y?/3 = a?/3 is bra? where b = 
Hint. r(t) = (acos* t) i+ (asin? t) j (where 0 < t < 27) is a parametrization of the astroid. 


(39) Evaluate f ay dx + xy dy where S is the square {(x,y): |z| < 1 and |y| <1}. 
Os 


Answer: me where a = 


(40) Let D be the unit disk {(x,y): 2? + y? < 1}. Then $ zy dx — 3y? dy = a where 
oD 


a= 


(41) Evaluate (a? —y?) dx+(x?+y°) dy where R is the annular region {(x,y): 1 < 2? +y? < 9}. 
OR 
Answer: am where a = : 
(42) Let D be the upper half of the disk of radius 2 centered at the origin of the plane and F 
be a force field given by F(x, y) = i+ (a* + 3ry”)j. Then the work done by the field in 
moving a particle counterclockwise around the boundary of D starting at the point (—2,0) 
is am where a = 
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44.3. Problems 


(1) Suppose that the smoothly parametrized curve C’ has length ¢ and that the vector field 
F is bounded (that is, there is a constant M > 0 such that || F(z, y,z)|| < M for all 


(x,y,z) € R°). Show that 
| F.dr 
C 


(2) Let F(z, y) = F'(2,y)it+ F°(2,y)j= 


<iM. 


2 a i+ 2 no and C be the unit circle given 
its usual parametrization r(t) = (cost) i+ (sint)j for 0 <t < 2r. 

(a) Check that F(a, y) = F? (a, y) for all (x,y) in the domain of f. 

(b) Calculate [ F - dr. 


C 
(c) Either prove that F is conservative or prove that it is not. 
-y re 
dx 4 
x+y? Tg y? 
(4) Let R be a region in the xy-plane bounded by a simple closed curve C.. Use Green’s 
theorem to show that the area A of R is given by the following expressions 


A= § ndy=— 9 yde=} $ wdy—yde. 
Cc Cc Cc 


(5) Explain how to use problem 4 above to compute the area under one loop of the cycloid 
r(t) = a(t — sint)i+a(1 —cost)j (where 0 < t < 27). 


(3) Let w = dy. Show that w is a closed 1-form but that it is not exact. 


2 y? 


(6) Explain how to use problem 4 above to compute the area inside the ellipse a + po 1 
a 


(7) Use Green’s theorem to show that the coordinates of the centroid of a plane region bounded 
by a simple closed curve C’ are given by 


a 1 9 = 1 9 
PA Ae ae fy . 
where A is the area of the region. 


(8) Explain how to use problem 7 to find the centroid of the upper half of the disk of radius 
a centered at the origin in R?. Carry out the computation you describe. 
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44.4. ANSWERS TO ODD-NUMBERED EXERCISES 


44.4. Answers to Odd-Numbered Exercises 


N COIN + 
— —>~ a 
bal ae) Yor) 
ee? ~—" Nicaea 


(7) 38 


(9) 128,7+2,74+2 


(11) 4 


(13) 147 


(15) 150 


(17) 48 


(19) 2, x, 3 


(21) l,e 


(23) 5 


(25) x?y%z*, 20 


(27) 8 


(29) 0 


(31) = (4 — a!) 


(33) 96 


(35) 360 


(37) 2n(b? — a?) 


(39) 4 


(41) 120 


CHAPTER 45 
SURFACE INTEGRALS 


45.1. Background 
Topics: surface integrals. 


45.1.1. Definition. Let r: D —>R? be a parametrization of a surface S: 


r(u,v) = z(u,v)i+ y(u,v)jt+z(u,v)k 
If f is a scalar field in R? whose domain is an open set containing S, we define 


[f fas [f #0e(u.0)) |r x roll dude, 
8 D 


Suppose next that F(z,y,z) = P(z,y,z)i+ Q(2,y,z)j+ R(a,y,z)k is a vector field in R® 
whose domain is an open set containing S. Then we define 


i 


Thus 


Some people remember this formula by pretending that the equation 


dS = (dy \dz)i + (dz Adz)j + (dx A dy)k 
actually makes sense, and then substituting oly, 2 du /\ dv for dy A dz (see problem 2), and so on. 
u,v 
Another notation for this integral is / F-NdS where N(u,v) = dea) 
S 


|tu X Pell 


Suppose finally that w is the 2-form 


P(x, y,z) dy \dz+ Q(a, y, z) dz \dx + R(x, y, z) dx A dy. 


aay ee 


where F is the vector field associated with the 1-form *w. 


Then we define 
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45.2. Exercises 


(1) Let f: R?—=+R: (a,y,z) + xz. Then the surface integral of the scalar field f over the 
3 
triangle whose vertices are i, j, and k is v3 where a = 
a 


(2) Let F(z, y,z) = vi+yj+zk and S be the triangular region whose vertices are (2,0,0), 
(0, —4,0), and (0,0,3). Then [fF -dS = 
Ss 
(3) Let F(z, y, z) = —xi-—yj+z*k and S be that portion of the cone z = Ja? + y2 which lies 
between the planes z = 1 and z = 2. Then the surface integral of (the normal component 


of) the vector field F over the surface S' is 5m where a = 


(4) Let w = xdy A dz + ydz A dx + 2zdx A dy and S be the portion of the paraboloid 
z=5-— 2? —y? that lies above the ry-plane. Then the surface integral of w over S is ar 
where a = 


(5) If S is that portion of the unit sphere which lies in the first octant (that is, where z, y, 
z > 0), then [frauds + ydeds + 2dr dy = 
S 
(6) Let f: R?-——R: (2,y,z) Jl +a2+y?. Then the surface integral of the scalar field f 
over the helicoid given parametrically by r: [0,1] x [0,7]: (u,v) + ucosvit+usinvj+uk 


_ a 
is 3m where a = 


(7) Find the surface integral of the scalar field f(x,y, z) = xyz over that portion of the unit 
sphere centered at the origin which lies inside the cone z = \/x? + y?. Answer: 

(8) Let f: R?—+R be a smooth scalar field. Suppose we know that the the value f(p) of f at 
each point p depends only on the distance of p from the origin and that f(1,0, V3) = 7. 
Then the surface integral of f over the sphere of radius 2 centered at the origin is am where 
a= : 

(9) Let V be the solid region bounded by the cylinder x? + z2 = 1 and the planes y = 0 and 
x+y = 2, and let f: R’—+R: (z,y,z) > xy. Then the surface integral of the scalar field 


1 
f over the boundary of V is — (« + =z) a where a = 


ava 


(10) Let C be the solid cylinder {(z, y, z): 2? + y? <9 and 0 < z < 2}. Then 
[frre +2)as = ar where a = 
oc 
(11) Let F(z,y,z) = 2?yi— 3ry?j + 4y?k and S be that portion of the elliptic paraboloid 


z = x2? + y* — 9 which lies below the rectangle [0,2] x [0,1] in the zy-plane. Then the 
surface integral of (the normal component of) the vector field F over the surface S' is 


(12 


SS 


Let F(z, y, z) = —yi+aj+3zk and S be the upper half of the sphere of radius 4 centered 
at the origin. Then the surface integral of (the normal component of) the vector field F 
over the surface S' is am where a = 


Let F(2,y,z) = i+ yj+5k and V be that portion of the solid cylinder 27 + z? = 1 
which lies between the xz-plane and the plane «+ y = 2. Then the surface integral of (the 
normal component of) the vector field F over the surface OV is am where a = : 


(13 


SS 
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(14) Let w = ady A dz + xydz A dz + xzdx / dy and S be the (upward oriented) triangular 
region whose vertices are (2,0,0), (0,3,0), and (0,0,6). Then the integral of the 2-form w 


over S is , 
(15) Let w = xzdx + yzdy and H be the upper half of the (solid) ball of radius 2 centered at 
the origin. Then [a w= and fre=— = 


(16) If S is the surface z = x? + y? (where x? + y? < 1), then // 205 = ZT (ov5 +1) where 
a 


a= and b = 
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45.3. Problems 


(1) Let r(u,v) = x(u,v)it y(u, ao . eis v)k where u,v € D be a parametrization of a 
surface S. Define n(u,v) := Tu . Show that 
aly, 2, O(z,x) , | O(@,y) 
int ties k 
Olu,v) Ou, v)" — A(u, v) 


eee 


(2) Let r(u,v) = x(u,v)it y(u,v)j + z(u,v) k where u,v € D be a parametrization of a 
surface S. Let F = Pi+ Qj+ Rk be a vector field on some open set containing S and yu 
be its associated 1-form. 


(a) Show that dz A dy = aay) du \ dv. 
O(u, v) 
(b) Show that ifn =r, x ry and Fy = F-n, then Fy du A dv = * p, so that 


amie 


n= 


and that consequently 
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45.4. Answers to Odd-Numbered Exercises 
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CHAPTER 46 


STOKES’ THEOREM 


46.1. Background 


Topics: Stokes’ theorem, divergence theorem, Green’s theorem, generalized Stokes’ theorem. 


Here is perhaps the most important theorem in calculus. This is certainly the result that 
deserves to be called the fundamental theorem of calculus. 


46.1.1. Theorem (generalized Stokes’ theorem). Let M be a bounded smooth oriented k-manifold 
and w be a smooth (k — 1)-form on an open set containing M. If M has a nonempty piecewise 
smooth boundary OM given the induced orientation , then 


[ w= Ww. 

M OM 
[ w=. 
M 


If OM is empty, then 
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46.2. Exercises 


(1) Let F(a, y,z) = y?zit+azj+2y?k and S be that portion of the paraboloid z = x? + y? 
which lies inside the cylinder 2? + y? = 1. Take S to be oriented inward. Then the surface 
integral of (the normal component of) the vector field V x F over the surface S is 


(2) Let F(2,y,z) = 2? i+e¥j+(a?+y?)k and let P be the solid in the first quadrant bounded 
by the paraboloid z = 1 — 2? — y? and the coordinate planes. Use Stokes’ theorem to find 
the integral of (the tangential component of) the vector field F over the boundary of P. 


Answer: F-.dr = 


oP 


(3) Let F(a, y, z) = zi+ aj + yk and A be the upper half of the unit sphere centered at the 
origin in R°. 
(a) Without using any form of Stokes’ theorem evaluate the integral of the normal com- 
ponent of the curl of F over H. Answer: 


(b) Repeat part (a), this time making use of Stokes’ theorem. Answer: 


(4) (a) Let F(a,y,z) = (a@+y)it+ (y—2)j+ 22k. Then the surface integral of the normal 
component of the curl of F over the upper half of the unit sphere centered at the 
origin is ‘ 

(b) Let w = (x + y) dx + (y— 2) dy + 2° dz and S be the upper half of the unit sphere 
centered at the origin. Then f dw = ; 
Ss 


(5) Let w = x? dx + (2xy + x) dy + zdz and S be the closed unit disk centered at the origin 
in the plane z = 0. Then, using the generalized Stokes’ theorem, we get / dw = 
Ss 


Let F(a, y, z) = (e* + arctan(y?z)) i+y?zj+zk and S be that portion of the hemisphere 
x = \/9 — y2 — z? which lies inside the cylinder y? + z? = 4. Use Stokes’ theorem to find 


the surface integral of (the normal component of) the curl of F over the surface S$. Answer: 


Jf curlF - dS = —az where a = 
S 


(7) Let F(z, y, 2) = 4¢3zi + arctan(xyz) j — 3xe*k and P be the pyramid whose base is the 
square So = [0,1] x [0,1] in the xy-plane and whose vertex is (0,0,1). The pyramid has 
four slanting sides $1, S2, $3, and $4 (whose orientation in each case is induced by the 
outward unit normal). Then / i (V x F)-dS = 


S1+S2+$3+S4 


— 
(o>) 
eS 


(8) Let F(z, y,z) = z2it+y?j+zryk and T be the triangular region whose vertices are (1,0, 0), 
(0, 1,0), and (0,0,2). Then /F ar 5 wherea=___ 
oT 
(9) Let w = x dx + xy? dy + z? dz and S be the surface parametrized by 


r(u, v) = (2(u + v),3(u— v), 4uv) 
for (u,v) € [-1,1] x [-1,1]. Then fe = 


Os 
(10) Let w = (2? + y— 4) dx + 3ry dy + (Qxz + z”) dz and S be the surface x? + y? + z? = 16, 


z > 0. Then, using the generalized Stokes’ theorem, we get pu = 
S 
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(11) Let w be the 2-form (ax? — 9xz?) dy A dz + (3a7y + by?) dz A dx + cz? dx A dy and C be the 
curve parametrized by r(t) = costi+ sintj + cos2tk for 0 < t < 27. Find numbers a, b, 


and cso that’ | w has the same value for every surface S whose boundary is C. Answers: 


a= ie ,andc= 


(12) Let w = 3ydx — xzdy + yz* dz and S be that portion of the surface 2z = 2? + y? which 
lies below the plane z = 2. 


(a) Using the generalized Stokes’ theorem, we find that / dw = 
Ss 


(b) Without using any form of Stokes’ theorem, we find that [uw = 
S 


(13) Let w be the 1-form (y + sinx) dx + (z? + cosy) dy + a3 dz and C be the curve whose 


parametrization is r(t) = sinti+ costj+sin2tk for 0 <t < 27. Then ic = 
Hint. sin 2t = 2sintcost. o 

x+y? y 
x2 +y? 


(14) Let w = 


y 
Then / dw = 
Ss 


(15) Let F(z, y,z) = 3r2y2e" i + Qe3ye* J + arctan(1 + ay?z*)k. The following argument 
explains how we know that the integral of the tangential component of F around the unit 
circle C' in the xy-plane is zero. 


dx + dy + xy? dz and S be the surface x7 + y? + 22 =1,2>0. 


Since Fi} = , the of the of F over 
the , call it D, in the is zero. Since C’ is the 
of D, we know by that [F-dr = 0. 
Cc 


(16) Let F(x, y, z) = #°i+2xz? j+3y?zk and V be the solid region bounded by the paraboloid 
z=4-—27?-y? and the zy-plane. Use the divergence theorem to find the surface integral 


of (the normal component of) the vector field F over OV. Answer: / fi F . dS = az where 
Ga = ir 

(17) Let F(a, y,z) = xzi+ yzj and H be the upper hemisphere of radius 2 centered at the 
origin. Use the divergence theorem to calculate a F-dS. (What do we do about the fact 


that by itself H isn’t the boundary of sapien, Answer: am wherea= | 
(18) Let F(a, y, z) = yi+ zj+2azk and V be the solid region consisting of the set of all points 
(x,y,z) such that 2? + y? <z<1anda>0. Then [[¥-a = = wherea= 
OV 
(19) Let w = 3xy? dy A dz + 3a°ydz A dx + z° dx A dy and S be the unit sphere in R®. Then 
[oa Gr where a = : 
Ss 
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(20) Let F(z, y,z) = 2?yi— x2zj + yz?k and R be the rectangular box [0,3] x [0,2] x [0, 1]. 
Use the divergence theorem to find the surface integral of (the normal component of) the 
vector field F over the boundary of the box. Answer: | fi F-dS = 

OR 


(21) Let F be the vector field on R® defined by F(z, y, z) = x7i + zj + yzk and E be the unit 

cube (0, 1] x [0,1] x [0,1]. Also let 

5S; be the face of the cube lying in the xy-plane, 

S2 be the face of the cube lying in the xz-plane, 

S3 be the face of the cube lying in the plane x = 1, 

S4 be the face of the cube lying in the plane y = 1, 

Ss be the face of the cube lying in the yz-plane, and 

Se be the face of the cube lying in the plane z = 1. 
Then OF = S$; + S24+ $3 + $4 + $5 + S6. Giving each S; its positive (outwards directed) 
orientation compute the following integrals. 


(a) [f[Ps=__ 


(b) i 
So 

(c) [fP-s=__. 
S3 

(a) [ee 

(e) [f[P-s=__. 
S5 

(£) [eres 

(2) [fP-s=__. 
OE 


(h) fff divFav = 
E 


(22) Let F(x,y,z) = 3xyi + y?j — 2°y°k and T be the tetrahedron whose vertices are i, 
j, k, and the origin. Use the divergence theorem to find the surface integral of (the 
normal component of) the vector field F over the boundary of the tetrahedron. Answer: 

F-dS= eae where a = 
[Pas = 5, — 
oT 


(23) Let F(a, y, z) = e* arctany*i+ 2° In(a4+5)j+2zk. Find the (outward) flux of F across 
that portion S of the paraboloid z = 2 — x? — y? that lies above the plane z = 1. Answer: 


the flux of F across S is 5m where a = 


(24) Let S be the unit sphere in R® centered at the origin. Use the divergence theorem to find 
{{@a+7y +527) dS. Answer: i where a = 
S 
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(25) Let F(a, y,z) = 2? i+ y2j+2°k and S be the unit sphere in R®. Then [fF -dS = em 


where a = 
(26) Let F(a, y,z) = yit+zjt+azk and S be the set of points (z, y, z) such that 27+y? < z <1. 
Then ff P-ds = ___ 
Ss 
(27) Let E be the cylinder given by x? + y? < 1 and -1 < z <1. Then 


[fay nde + yds n de + yde A dy = 
OE 


(28) Let F(a, y, z) = 2xi+y?j+z?k and S be the unit sphere in R®. Then ye -dS = a 


where a = 
(29) Let E be the solid region bounded above by the paraboloid z = 5 — x? — y? and below by 
the plane z = —7 and F(z, y, z) = (a?yz?, sin(yz), xe”). Then Ifv x F-dS = 


Hint. Think. Don’t write anything down. an 
(30) Let w = adyAdz+ydzAdx+zdzx/ dy and E be the rectangular box [0, 2] x [0,3] x [0, 4] 
from which the cube [0, 1] x [0, 1] x [0, 1] has been removed. Then fe = adding, 


You should not have to write anything down to solve this. jE 
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46.3. Problems 


(1) Let M be aclosed bounded interval in R and let f be a 0-form on M (that is, a smooth real 
valued function on M7). What classical theorem do we get when we apply the generalized 
Stokes’ theorem to the 1-manifold M and the differential 0-form f? Explain. 


(2) Let M be asmoothly parametrized curve in R? and let f be a 0-form on some open subset 
U of R® containing M (that is, a smooth real valued function on U). What classical 
theorem do we get when we apply the generalized Stokes’ theorem to the 1-manifold M 
and the differential 0-form f? Explain. 


(3) Let R be a simple region in the plane R? whose boundary is a positively oriented simple 
closed curve, let F be a vector field on a region in R* containing R, and let w be the 1- 
form associated with F. What classical theorem do we get when we apply the generalized 
Stokes’ theorem to the 2-manifold R and the differential 1-form w? Explain. 


(4) Let S be a smoothly parametrized surface in R*? whose boundary is a positively oriented 
simple closed curve, let F be a vector field on a region in R® containing S, and let w 
be the 1-form associated with F. What classical theorem do we get when we apply the 
generalized Stokes’ theorem to the 2-manifold S and the differential 1-form w? Explain. 


(5) Let E be a simple solid region whose boundary has positive (outward) orientation, let F 
be a vector field on a region in R® containing E, and let w be the 1-form associated with F. 
What classical theorem do we get when we apply the generalized Stokes’ theorem to the 
3-manifold FE and the differential 2-form *w? Explain. 


(6) By direct computation verify Stokes’ theorem for the case of the vector field F(x, y, z) = 
xyit+yzj+2?k and the surface S$ which is the boundary of the unit cube [0, 1] x [0, 1] x [0, 1] 
with the face in the xy-plane missing. 


(7) By direct computation verify Stokes’ theorem for the case of the vector field F(z, y, z) = 
zi+aj+yk and the helicoid S whose parametrization is r(u,v) = (ucosv, usin v, v) for 
(u,v) € [0,1] x [0, dz]. 


(8) Suppose that C’ is a closed curve which is the boundary of a surface S and that f and g 
are smooth scalar fields. Derive the following formulas: 


(a) [tva-ar= [fovex ve) as: Sid 


C S 
(b) [94908 dr=0. 
C 


(9) Let w = (z — y) dx + (a — z)dy + (y — x) dz and E be the tetrahedron whose vertices 
are (0,0,0), (1,0,0), (0,1,0), and (0,0,1). Also let T be the face of FE lying in the plane 
xty+zz=41,C be the boundary of T, and 7), Ty, and 73 be the faces of E lying, 
respectively, in the yz-, xz-, and ry-planes. Compute separately and without using any 


version of Stokes’ theorem | dw, dw, and | w. Explain any variations in sign 


which occur. a Ty4T 47s C 


(10) Verify the divergence theorem directly for the special case where the simple solid region 
is the tetrahedron consisting of all those points (x,y,z) in R® such that x,y,z > 0 and 
x+y+z<1and the vector field is i+ yj+zk. 


(11) Verify the divergence theorem directly for the special case where the simple solid region is 
the unit cube [0,1] x [0,1] x [0,1] and the vector field is ri+yj+ zk. 


46.3. PROBLEMS 357 
(12) Explain how to use the divergence theorem (or the generalized Stokes’ theorem) to evaluate 
[fe +y+z)dS where S is the unit sphere in R°. Hint. To make use of the divergence 

S 
theorem the integral l i; (a? +y+z)dS must be expressed in the form / /F - dS (equiv- 


alently, if fi F-NdsS) eee F is an appropriate vector field and N is aie unit normal 


to S. 


(13) Verify the divergence theorem directly for the special case where the simple solid region 
is the upper half of the solid ball of radius a centered at the origin and the vector field is 


F(z,y,z) =a(e+y)italy—2)j+27k. 
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46.4. Answers to Odd-Numbered Exercises 


OR) 
Oo WwW 
a WwW UN — = ——~ — 
bo Ste Roan oe 
SS" SS" Mevasai” Pipes ints acai” Sree ieee 
NIW NW NI Oni re | © 
Nile 


PO 
bw bw 
oOo na 
acetal” haat Nace 
aes) 


Bibliography 


. Ralph Palmer Agnew, Differential Equations, McGraw-Hill, New York, 1942, 1960. 127 


2. Ross L. Finney and Jr. George B. Thomas, Calculus, Addison-Wesley, Reading, Mass., 1990. 103 


. Arnold Ostebee and Paul Zorn, Calculus: From Graphical, Numerical, and Symbolic Points of View, Saunders 
College Publishing, Fort Worth, 1997. 151 
. Michael Spivak, Calculus, third ed., Cambridge University Press, Cambridge, 1967, 1980, 1994. 157 


359 


Index 


(x,y) (dot product, inner product), 171 
0-manifold, 329 

1-manifold, 329 

2-manifold, 329 

3-manifold, 329 

f:S—>T: «+4 f(x) (functional notation), 11 


fF-d, fF - T ds (line integral of a vector field), 337 
c 


c 
ffF-dsS, ff F-NdsS (surface integral of a vector 
Ss Ss 
field), 345 


[if f dS (surface integral of a scalar field), 345 
ie (line integral of a differential form, 337 

5 fds (line integral of a scalar field), 337 

ie (surface integral of a differential form), 345 


s 

AN B (intersection of sets), 3 
AUB (union of sets), 3 

A \ B (set difference), 3 

A°B (complement of a set), 3 


0-form, 307 
1-form, 307 
associated with a vector field, 307 
2-form, 307 
3-form, 307 


absolute 

maximum, 27, 59 

minimum, 27, 59 
acceleration, 121 
accumulation point, 3 
action of a matrix, 204 
addition 

coordinatewise, 171 

in a vector space, 215 

of differential forms, 308 

of vectors in R”, 171 

pointwise, 219 
additive inverse, 215 
angle, 171 
angular momentum, 255 
arclength 

parametrization by, 263 
association between 1-forms and vector fields, 307 
average value, 89 
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B (unit binormal vector), 263 
ball, 172 
basis 
standard, 172 
binormal, 263 
bounded, 11 
above, 11 
below, 11 


centroid, 121 
chain rule, 229 
characteristic polynomial, 239 
closed, 172 

differential form, 323 
codomain, 11 
cofactor, 206 
column index, 203 
combination 

linear, 173 
complement, 3 
composite function, 11 
concave 

down, 59 

up, 59 
conservation of energy, 200 
conservative, 200 
continuous 

differentiability, 220 
cooling, 75 

Vewton’s law of, 121 
coordinate functions, 172 
coordinates 

spherical, 173 
coordinatewise 

addition, 171 
critical point, 39 
cross product, 172 
curvature, 259 
curve, 172, 329 

parametrization of a, 329 

smooth, 329 

unit speed, 263 
curves 

orientation of, 330 


dF p (differential of F at p), 223 
decreasing 
function, 49, 59 
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locally, 240 
sequence, 139 
strictly, 49, 59 
definite 
negative, 239 
positive, 239 
deleted neighborhood, 3, 172 
AF, (translate of F’), 223 
Ax, (length of a subinterval), 89 
6-neighborhood, 3, 172 
dependent 
variable, 33 
derivative, 223 
directional, 195 
partial, 189 
determinant, 206 
difference (of sets), 3 
differentiable 
at a point, 223 
continuously, 220 
function, 223 
infinitely, 223 
on a region, 223 
differential, 223 
form, 307 
addition of, 308 
closed, 323 
exact, 323 
wedge product of, 308 
differentiation 
exterior, 313 
directional derivative, 195 
distance, 172 
between two real numbers, 3 
domain, 11 
dom f (the domain of f), 11 
dot product, 171, 320 


e',...,e” (standard basis vectors), 172 
eigenvalue, 239 
energy 

conservation of, 200 

kinetic, 200 

potential, 200 

total, 200 
equation 

of a line in the plane, 7 
Euclidean 

norm, 171 
Euclidean space, 171 
exact differential form, 323 
expansion of a determinant, 206 
exterior differentiation operator, 313 
extreme 

value, 27 
extremum 

global, 59 

relative, 59 


field 
vector, 172 


INDEX 


fields 
scalar, 172 

fixed point, 27 

flat 
1-manifold, 329 
2-manifold, 329 

form 
differential, 307 

function, 11 
coordinate, 172 
locally invertible, 230 
of a real variable, 11 
real valued, 11 
smooth, 223, 329 

fundamental theorem of calculus, 97, 351 


generalized Stokes’ theorem, 351 
global 

extremum, 59 

maximum, 27, 59 

minimum, 27, 59 


Hessian matrix, 239 
Hodge star operator, 319 


i, j, k (basis vectors in R?), 172 
identity matrix, 205 
incompressible, 301 
increasing 

function, 49, 59 

locally, 240 

sequence, 139 

strictly, 49, 59 
indefinite, 239 
independent 

variable, 33 
index 

column, 203 

row, 203 
inequality 

Schwarz, 172 
infinitely differentiable, 223 
inflection point, 59 
inner product, 171, 320 
integral 

line, 337 

surface, 345 
intersection, 3 
interval, 27 
inverse 

additive, 215 
inverse function theorem, 230 
invertible 

locally, 230 
irrotational, 301 


Jacobian 
matrix, 223 


kernel, 216 
kinetic energy, 200 


Laplace 

equation, 320 

expansion, 206 
law of cooling, 75, 121 
length, 171 
limit, 21 
line 

integral, 337 
linear 

function, map, transformation, operator, 216 

map 

kernel of, 216 
matrix representation of a, 216 

linear combination, 173 
linearity 

of the inner product, 177 
local 

maximum, 27, 59 

minimum, 27, 59 
locally 

invertible, 230 
lower sum, 94 


manifold 
of dimension 0, 329 
of dimension 1, 329 
of dimension 2, 329 
of dimension 3, 329 
map, mapping, 11 
matrix, 203 
action of a, 204 
addition, 203 
determinant of a, 206 
Hessian, 239 
identity, 205 
Jacobian, 223 
multiplication, 204 
multiplication by scalars, 203 
representation of a linear map, 216 
subtraction, 204 
symmetric, 205 
transpose of a, 205 
maximum, 27, 59 
absolute, 27, 59 
global, 27, 59 
local, 27, 59 
relative, 27, 59 
value, 27 
minimum, 27 
absolute, 27, 59 
global, 27, 59 
local, 27, 59 
relative, 27, 59 
value, 27 
minor, 206 
momentum 
angular, 255 
monotone 
sequence, 139 
multiplication 
of differential forms, 308 


multiplication by scalars in R”, 171 


negative 
definite, 239 
neighborhood, 3, 172 
deleted, 3, 172 
symmetric, 3 
Newton’s law of cooling, 75, 121 
Newton’s second law, 200 
norm 
Euclidean, 171 
on R”, 171 
n-space, 171 


open, 172 
ball, 172 
operator 
exterior differentiation, 313 
Hodge star, 319 
orientation 
of curves, 330 
of points, 330 
of solids, 331 
of surfaces, 330 
orthogonal, 171 


p-series, 151 
p-test, 151 
parallel 

lines in the plane, 7 
parametrization 

by arclength, 263 

of a curve, 329 

of a solid, 329 

of a surface, 329 
partial derivative, 189 
partition, 89 

regular, 89 
perpendicular, 171 

lines in the plane, 7 
point 

accumulation, 3 
point of inflection, 59 
points 

orientation of, 330 
pointwise 

addition of functions, 219 


scalar multiplication of functions, 219 


polynomial 

characteristic, 239 
positive 

definite, 239 
positive definite, 177 
potential 

function, 200 
potential energy, 200 
product 

cross, 172 

dot, 171, 320 

inner, 171, 320 

scalar triple, 320 
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wedge, 308 


ran f (the range of f), 11 
range, 11 
ray, 240 
real valued function, 11 
regular partition, 89 
relative 
extremum, 59 
maximum, 27, 59 
minimum, 27, 59 
representation 
of a linear map, 216 
row index, 203 


sandwich theorem, 181 
scalar, 171, 215 
fields, 172 
multiplication 
in a vector space, 215 
pointwise, 219 
multiplication in R”, 171 
triple product, 320 
Schwarz inequality, 172 


second derivative matrix, 239 


second derivative test, 239 
separating, 240 

sequence, 139 

set difference, 3 


INDEX 


surfaces 
orientation of, 330 
symmetric, 177 
matrix, 205 
neighborhood, 3 


tangent, 223 

T (torsion), 264 
torsion, 264 

total derivative, 223 
total energy, 200 
transformation, 11 
transpose, 205 


union, 3 
unit 
speed curve, 263 
vector, 171 
upper sum, 94 


variable 
dependent, 33 
independent, 33 

vector, 171, 215 
addition of, 171 
field, 172 


associated with a 1-form, 307 
incompressible, 301 


irrotational, 301 
solenoidal, 301 


slope, 7 space, 215 

smooth, 223 addition in, 215 
curve, 329 scalar multiplication in, 215 
function, 223, 329 subtraction in, 215 
oe : oe 223 standard basis, 172 
soli i 

, unit, 171 

surface, 329 zero, 215 

mes 301 velocity, 121 

solid, 
parametrization of a, 329 wedge product, 308 
smooth, 329 

aelics zero vector, 215 


orientation of, 331 
spherical coordinates, 173 
standard basis vectors in R”, 172 
star operator, 319 
stationary point, 39 
Stokes’ theorem 

generalized, 351 
strictly 

decreasing, 49, 59 

increasing, 49, 59 
strictly decreasing 

sequence, 139 
strictly increasing 

sequence, 139 
subtraction 

in a vector space, 215 
surface, 329 

integral, 345 

parametrization of a, 329 

smooth, 329 


